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Abstract

This thesis examines how investment decisions made by two groups of agents in-
fluence the dynamics of a stock market. Both groups of agents are risk-averse and
form their demand based on expected returns and risk of a stock. They form ex-
pectations on future price and forecasts of variance of a stock’s return. One group
learns the coefficients of their expectation rule when new information is available.
Through recursively updating forecasts, learning agents slowly improve the knowl-
edge of the stock price. The other group does not learn and has constant parameters
in their expectation rule. The existence of non-learning agents creates additional
disturbance to the market and changes its dynamics. Real-time simulations under
decreasing-gain learning illustrate that learning agents may fail to reach the sta-
ble stationary equilibrium and often fall into a random walk equilibrium. I further
investigate the sensitivity of the model to selected exogenous parameters using bi-
furcation diagrams. I also show that under constant-gain learning, the model can

generate recurrent bubbles and crashes due to occasional large endogenous shocks.



CHAPTER 1

Introduction

Contemporary macroeconomics modelling emphasizes the role of expectations. In a
typical macroeconomic model, agents form expectations on some relevant variables
in an economy based on information available to them. Their expectations also in-
fluence the time path of the variables. A central aspect of expectations is that this
two-way relationship determines the dynamics of the economy (Evans and Honkapo-
hjal, 2001). Numerous examples demonstrate the importance of expectations. In a
stock market, prices depend on expected future prices and dividends. In business cy-

cles theory, expectations play an important role in determining output and inflation.

The standard methodology for modelling expectations is to assume rational ex-
pectations (RE) which has been well documented in the literature. This is a strong
assumption on information of agents since agents are expected to know the true
structure of the economy and all information is perfectly available to them. RE was
first formulated by |Muth| (1961)) in the context of a well-known cobweb model and
made its explicit appearance in the paper of Lucas (1972). Recent models relax
rational expectations and include imperfect knowledge, heterogeneous expectations
and learning which describes the evolution of expectation rules over time. All these

models are widely applied in different macroeconomic theories.

The main motivation of this thesis is to investigate how expectations affect mar-
ket outcomes. This thesis links adaptive learning, a common learning mechanism
for expectations, to dynamics of a stock market. Financial crises have always been
of interest to economists due to its ripple effect from one facet to the entire economy.
Kindleberger and Aliber| (2011)) presuppose the formation of bubbles starts off from
an unanticipated economic event which triggers abrupt shifts in expectations. This
view has been supported by historical financial crises. [Branch and Evans (2011)
adopt their view and develop a simple asset pricing model replacing rational expec-
tations with adaptive learning in order to identify channels through which learning
leads to recurrent bubbles and crashes in an economy where agents are concerned
about risk and returns of a stock. Occasional endogenous shocks lead agents to
adjust their expectations on future price and risk estimates. It thus results in devia-

tions from the fundamental value of the stock. However, their model only considers



a single type of agents in the stock market. The main contribution of this thesis is
an extension of this model to two types of agents. Both types of agents are con-
cerned about risk and returns of a stock. They form expectations on future price
and measure risk by the variance of the stock’s return. Learning agents actively
update their beliefs whereas non-learning agents have persistent beliefs. Through
recursively updating forecasts, learning agents slowly improve their knowledge of the
stock market and realise the existence of non-learning agents. This setting attempts
to bring the model closer to different behaviours of investors in a real stock mar-
ket where numerous investors forecast prices differently. Their forecasts determine
the time path of the prices. Some investors, who have the knowledge, resources and
time, may study the trends and patterns of the stock market using technical analysis
whereas other investors may not. Therefore, models with heterogeneous beliefs may
provide more insight into the dynamics of a real stock market. The main result of
this thesis is that the presence of non-learning agents creates additional disturbance
in the stock market and drives stock prices down comparing to the market with

representative learning agents.

I first analyse the asset pricing model with adaptive learning introduced by |Branch
and Evans| (2011)). I refer to their model as the Basic Model. Then I extend the Basic
Model to include heterogeneous beliefs where both learning and non-learning agents
exist in the stock market. I consider two cases. In the Homogeneous Variance Case,
learning and non-learning agents have different methods of forming expectations on
future stock price but have identical risk estimate. In the Heterogeneous Variance
Case, each group of agents has their individual method of forming expectations on
future stock price and has different risk estimates. For both cases, I run multiple
numerical simulations in order to validate my analytical findings and demonstrate
the dynamics of the model. I use bifurcation diagrams to examine the behaviour
of endogenous variables when changing the values of certain exogenous parameters.
Lastly I demonstrate the model can generate recurrent bubbles and crashes under
constant-gain learning when occasional endogenous shocks increase volatility in the

market.



CHAPTER 2

Literature Review

This chapter provides an overview of the relevant literature on possible sources of
bubbles and the role of expectations. Section explains the formation of a bub-
ble via credit cycles. Section examines rational models which assume agents
know the true structure of the economy and have perfect information. Other mod-
els can be viewed as deviations from the rational models in different directions.
Section [2.3| reviews explicit models of associated learning processes. Section [2.4] dis-
cusses heterogeneous-beliefs models which consider various types of agents in the

economy instead of only rational agents.

2.1 BuUBBLES AS EcoNnoMIC INVESTMENT CYCLES

Hyman Minsky’s model provides an early characterization of bubbles and crashes
(Kindleberger and Aliber| |2011). The Minsky model focuses on explaining the pro-
cyclical changes in money supply. When the economy is booming, the supply is high
whereas it decreases during economic downturns. His argument that fluctuations
in credit supply increase vulnerability of banking system explains earlier financial
crises in U.S., Europe and Japan from the 1980s to the end of 1990s.

Minsky distinguishes five phases of a classic bubble: 1) displacement phase where a
technological innovation or financial liberalization is introduced into the economy.
These shocks lead to expectation of economic growth. Individuals and businesses
anticipate profits in multiple sectors of the economy and would borrow to take ad-
vantage of these opportunities. The economy grows rapidly and it thus results in an
even more optimistic feedback. 2) boom phase where it involves credit expansion
and increase in investment. Asset prices rise first at a slower rate but then acceler-
ate. Asset prices eventually exceed the actual fundamental improvement from the
displacement shocks. A bubble is thus formed in the background. 3) euphoria phase
where investors trade the mispriced asset rapidly and push the prices even higher.
4) profit taking phase where sophisticated investors start selling their assets in or-
der to realise profits and 5) panic phase where investors dump the assets as they
recognise the mispricing. Most models in the literature only explain some phases of

the Minsky model but not all five phases.



2.2 RATIONAL MODELS

The literature on rational models draws an important conclusion that for an infinitely-
lived asset, a bubble can occur even when all agents are perfectly rational (Brunner-

meier and Oehmbke] |2012)). A rational bubble can be sustained if the bubble’s rate of
growth is equal to the discounted rate. In other words, all agents expect the bubble

to grow or at least not burst in the future. By definition of net return of an asset,

rir1 = (pey1 + dir1)/pe — 1 where p, is the price and d; is the dividend payment at

time t. Rearranging and taking rational expectations on both sides,

(2.1)

o= E [pm-l + dt+1:|

1+ Tta1

it shows that the current price is the discounted value of expected future price and
dividend payment in the next period. For simplicity, constant expected return (i.e.
Ey(riy1) = r) is assumed. Iterating equation ({2.1)) forward and using the law of total

expectation,

pe=Eq [Z ﬁdt—&—r (2.2)

T=1

T

the equilibrium price is governed by the expected discounted future dividend stream
from t + 1 to T" and the expected discounted price at time T" where T is the time
at maturity. Suppose the asset is infinitely-lived (i.e. T'— o0) and if the following

transveraslity condition holds,

1
lim By | ————— =0
500 {(1 + Tt T]
the equilibrium price is only governed by the dividend stream. It is commonly
referred as the fundamental value. Without the transveraslity condition, the fun-
damental value is no longer the unique solution for equation (2.2)). Instead, an
alternative solution for equation ([2.2)) can be decomposed into p; = v; + b; where vy

is the fundamental value and b, is the bubble component such that

1
bt = Et |:<1 +r)bt+1:|

This class of solution highlights that under rational expectations, a bubble only per-
sists if the asset price increases at rate r. Blanchard and Watson| (1982)) illustrate
this solution in their model where a bubble remains with probability 7 and crashes
with probability 1—7 each period. Hence the bubble only survives if it grows at rate
(1 +r)/m. This specific condition imposes an upper bound for the asset price. For

instance, an ever-growing asset would eventually be too expensive for investors who



will substitute it with other similar assets. In addition, if an asset’s required rate of
return r is higher than the growth rate of the economy, a bubble in this asset cannot
exist since it would outgrow the aggregate wealth of the entire economy. Therefore,
a rational bubble only exists when it grows at the rate of r which has to be lower

than or equal to the growth rate of the economy.

If an asset is finitely-lived, the bubble will surely burst at the end of the asset’s
life T" since no one would be willing to buy the asset at T'— 1, T'— 2 and so on given
that all agents have common knowledge of the asset’s life. By backward-induction
argument, a bubble cannot exist for a finitely-lived asset. However, |Allen, Morris,
and Postlewaite| (1993) show that a bubble could exist for a finitely-lived asset if
there is a lack of common knowledge that all agents know an asset is overvalued
but they do not know other agents know it as well. Morris, Postlewaite, and Shin
(1995)) further argue for a finitely-lived asset, the size of a bubble depends on how

far away agents in the economy are from perfect common knowledge.

2.3 LEARNING MODELS

Learning models depart from the rational expectations (RE) which conjectures
agents know more than typical economists who in general do not know the true
stochastic structure of the economy but estimate its parameters. Basic theories of
learning associated with expectation formation were developed in the 1980s and
1990s. This class of models suggests a more plausible view of rationality. It as-
sumes that agents act as econometricians. They have limited knowledge of the true
stochastic structure of the economy and revise their forecast rules in response to new
information available in order to gradually improve their knowledge on the economy
over time (Evans and Honkapohjal [2001). Since agents form their forecasts ratio-
nally given limited information and econometric tools, this viewpoint introduces a

specific form of ”bounded rationality” discussed in Sargent| (1993)).

Perhaps the most common learning mechanism is adaptive learning where agents
are assumed to estimate economic variables in their model, which is called perceived
of law motion (PLM). It has same functional form as the true stochastic process
of the economy. The parameters in PLM are updated by recursive least squares
(RLS), a common estimation method in econometrics. The forecast from the PLM
is mapped to the true stochastic process of the economy in order to illustrate eco-
nomic agents improving their knowledge of the economy. It eventually leads to a
temporary equilibrium which is commonly known as actual law of motion (ALM).
Adaptive learning operates in real time. An alternative approach is eductive learn-

ing which assumes common knowledge of rationality. Agents engage in a process



of reasoning about the possible outcomes knowing that other agents engage in the

same process. Eductive learning instead operates in mental time.

In numerous models, adaptive learning provides an asymptotic justification for RE
since when economic agents improving their knowledge of the true stochastic pro-
cess, it will theoretically converge over time to the RE hypothesis under certain
conditions on model parameters. This distinct relationship is formally known as ra-
tional expectations equilibrium (REE). Thus, the REE can be learned even though
economic agents initially have limited knowledge and are boundedly rational. More
importantly, the time path of convergence is of interest to economists since it pro-
vides insight into the dynamics of the economic variables in a stochastic model. In
addition, adaptive learning serves as an important role in the selection criterion to
determining the plausibility of a particular REE. Since models under RE hypothesis
may have multiple stationary equilibria, the learning approach establishes conditions
of stability for REE.

Branch and Evang| (2011)) develop an asset pricing model with least-squares learn-
ing. They demonstrate recurrent bubbles and crashes are endogenous responses to
fundamental shocks. Agents in the model are concerned about risk and returns of a
stock. They form expectations on future prices and estimate the variance of excess
returns. The paper identifies two channels through which their forecasts influence
stock prices. Occasional fundamental shocks may lead investors to lower their risk
estimates and increase their expected returns. Both effects drive the stock fun-
damentals up quickly. Estimates of risk under adaptive learning also explain how
bubbles crash suddenly. Along a bubble path, risk estimates increase until the per-
ceived risk is so high that asset demand collapses and the bubble eventually bursts.
These findings provide an intuition that rational learning by agents may still cause
large fluctuations in asset prices. Branch and Evans (2013)) extend their paper in
2011 and consider agents, who are concerned about risk and returns, perceive stock
prices to follow a random walk process. It shows random walk beliefs increase market
volatility. When agents update their risk estimates in real time under constant-gain
learning, recurrent bubbles and crashes can arise. Moreover, when agents update
their risk estimates using ARCH, it strengthens the risk effect has in generating

bubbles and crashes.

Adam, Marcet, and Nicolini| (2008)) also link learning to asset pricing. They intro-
duce bounded rationality in a consumption-based asset pricing model. The model
deviates from rational expectations in the model of Lucas Jr| (1978)) and assumes

investors have subjective beliefs about stock price but rationally learn from past



movements in prices. The adoption of adaptive learning leads to a significant im-
provement in the fit of the stock price time series data. Marcet and Nicolini (2003))
use a bounded rational learning model to explain recurrent hyper-inflation which
has similar properties of a bubble in the sense that hyper-inflationary paths are
unstable under least-squares learning. It shows that a small departure from full
rational expectations still explains recurrent hyper-inflations well. The falsifiability

of the model is remarkably solid and it can be further applied to policy evaluation.

2.4 HETEROGENEOUS-BELIEFS MODELS

Heterogeneous-beliefs models depart from the assumption of a representative agent
and introduce heterogeneity with different types of agents. In general, there is at

least one group of near rational or irrational agents in the model.

Miller| (1977)) provides a simple static model for overpricing with short-sale con-
straints and investor disagreement. Harrison and Kreps| (1978) extend Miller’s model
with dynamic setting which allows even higher levels of over-pricing. In their dy-
namic model, asset price may exceed the valuation of the most optimistic investor
since current owners of the asset optimistically believe they can resell the asset in
the future at a higher price. Other traders attracted by this option are willing to
buy the asset and thus push the asset price up. It only reverts back to the fun-
damental value when the market converges to a common belief that the asset is
over-priced or when the short-sale constraints are relaxed. Hong, Scheinkman, and
Xiong| (2006 further investigate the relationship between speculative bubble and
heterogeneous beliefs with short-sales constraints. Xiong (2013)) explains bubbles
and crises in financial markets through literature reviews on this class of models
and concludes that heterogeneous-beliefs lead to speculative investor behaviour and
thus endogenous price fluctuations. Empirical studies confirm the validity of this
class of models. Diether, Malloy, and Scherbinaj (2002) use dispersion in analysts’
earnings forecast as a proxy for heterogeneous beliefs and show that stocks with
high forecast dispersion seem to be overpriced. Chen, Hong, and Stein (2002)) follow
a similar approach and use dispersion of mutual fund ownership as a proxy. They
show stocks owned by a large cross-section of mutual funds tend to agree in price

comparing to those owned by a few funds.

Heterogeneous agent models typically consider two important types of investors,
fundamentalists and chartists, in a market. Fundamentalists base their trading
strategies upon market fundamentals and major economic factors (Hommes, [2006;
LeBaron, 2006). They invest in undervalued assets (i.e. below the fundamental

value) and sell overvalued assets (i.e. above the fundamental value). In contrast,



chartists do not take market fundamentals into account but make investment deci-
sions based on observed historical patterns in past prices and attempt to extrapolate
price trends using technical analysis. Brock and Hommes| (1998) consider combina-
tions of multiple belief types of agents, including fundamentalists and chartists, in
an asset pricing model derived from mean-variance maximization. They also allow
agents to switch between different belief types and investigate possible bifurcation
routes to complicated chaotic asset price dynamics. Brock, Hommes, and Wagener
(2005) further develop a theoretical framework to study the behaviour of many dif-
ferent belief types of investors in evolutionary markets. Hommes| (2013) summarizes
behavioural theory of heterogeneous expectations in complex economic systems and
discusses empirical validations through financial time series data. A more recent
paper by [Hommes and In’t Veld| (2015]) estimates an asset pricing model with fun-
damentalists and chartists. It suggests behavioural regime switching has significant

impact on explaining the dot-com bubble and the financial crisis in 2008.

De Long, Shleifer, Summers, and Waldmann| (1990a) consider a model with two
types of traders: noise traders who demand asset based on non-fundamental consid-
erations such as shifts in market sentiment and rational traders who are fully ratio-
nal about stock returns. They show noise traders may survive in the long run. The
model of De Long, Shleifer, Summers, and Waldmann| (1990b)) replaces noise traders
with feedback traders who do not consider the signals about fundamentals but the
latest observed price change only. The presence of rational investors in the model
is expected to stabilize the price. However, they draw an opposite conclusion that
the rational speculators ride the bubble and overshoot the asset’s fundamental value
even though they fully understand the overpricing will eventually collapse. |Abreu
and Brunnermeier| (2003)) also present a similar conclusion. Hong and Stein| (1997)
link heterogeneous-beliefs to formation of bubble and consider feedback traders and
news watchers who observe private news about the asset’s fundamental value. If
information diffuses slowly, prices under-react initially and feedback traders profit
from it. Eventually news watchers catch up with the market but cannot distinguish
whether they are trading early or late in the news cycle. Prices end up overshooting
the fundamentals. To sum up, modelling heterogeneity is an important direction in
explaining some features of real markets. In this thesis, I combine adaptive learning

with heterogeneous agent model.



CHAPTER 3
Asset Pricing Model with

Representative Learning Agents

The main feature of the asset pricing model introduced by Branch and Evans| (2011))
(hereafter referred to BE) is that learning agents are concerned about risk and re-
turns. They form expectations on future price of a risky asset by a simple forecast
rule based on information available to them. Since the true stochastic process of
risky asset price is unknown to agents, they update the parameters in their fore-
cast rule when new price is realized each period. Therefore, agents are viewed as
econometricians and learn recursively over time. It is thus interesting to investi-
gate how the parameters in the forecast rule behave and evolve over time as well as
whether agents eventually reach the true stochastic process through learning. I use

this model as a basis for my extensions and refer to it as the Basic Model.

3.1 SIMPLE LINEAR ASSET PRICING MODEL

The true stochastic process of risky asset price which I derive further takes a simple

linear form.
Pt = BE(pry1 + dis1) — Bao} 2y (3.1)

where
d;: the dividend stream at time ¢,
p¢: the price of the risky asset at time t,
[: the discount factor,

E,: the subjective expectation formed at time ¢ conditional on variables and infor-

mation up to time ¢ by agents,
a: the risk aversion factor,

o?: the variance of excess returns at time ¢ conditional on variables and information

up to time ¢,

zg: the aggregate supply of the risky asset which follows a stochastic process.

10



Equation (3.1)) has the following conditions on the variables and exogenous param-

eters:

0<pa< (3.3)

The conditions can be interpreted as follows. Stock price p; is always non-negative.
Discount factor g is the inverse of R where R = 1+ r. r is the interest rate. g =0
implies interest rate is infinite and § = 1 implies interest rate is 0. Therefore (3 is
always between 0 and 1. Risk aversion factor a = 0 implies risk-neutral since at
a = 0, the term Bac?zs becomes 0 and therefore agents do not consider risk. When
a gets closer to 1, Bao?zy becomes larger and therefore agents are more risk averse.
The variance of excess returns o7 is always non-negative. Considering risk-neutral
agents (i.e. a = 0), equation reduces to the Lucas asset pricing model with

risk neutrality.

The simple linear asset pricing model in equation (3.1) with @ > 0 can be de-
rived from the basic wealth maximization principle (see e.g. Brock and Hommes
(1998)). Consider an economy with one risky asset and one risk free asset. Let p,
denote ex-dividend price per share of the risky asset at time ¢ and d; denote dividend
per share of the risky asset. Let W, denote total wealth of agents at time ¢ and z4
denote aggregate demand for the risky asset. The risk free asset yields constant
return R = 37! > 1 and the risky asset yields dividend d;. Therefore,

Wiv1 = ROWi — przar) + (Pey1 + dis1) Zar (3.4)

Equation (3.4)) shows that wealth at time ¢t + 1 (W;4,) is determined by the return
from risk free asset and from risky asset at time ¢ + 1. At time ¢, agents purchase
zgr amount of risky asset which yields return (pyy1 + dy11) and invest the remaining

portion of wealth (W, — p;z4) into risk free asset which yields return R.

Each and every agent follows mean-variance preference. It simply implies that
the utility function of agents includes two arguments, mean and standard devia-
tion of wealth. The utility function is strictly increasing in mean and decreasing
in standard deviation in order to show agents seek a portfolio with the highest ex-
pected return for a given variance of excess returns or the lowest variance of excess
returns for a given expected return. Let E; and Var; denote the conditional expec-
tation and variance operators at time ¢, based on information set consisting of past

prices up to time t. As agents, who are concerned about risk, revise their estimate

11



2

on variance of excess returns each period, ¢ is endogenous and time-varying (i.e.

Vary(pis1 + dip1 — Rpy) = 02). Then, from equation (3.4)),

E\(Wi1) = E(RWy — pizar) + (Prs1 + dis1)Zar)
= RWy — peza) + zar Ee(prs1 + digr)
Var(Wigr) = Vard ROWy — pezar) + (pea1 + dis1) zar)

= 25, Vary(pe1 + deyr — Rpy)

2 2
= Zq10¢

The demand zg4 solves by maximizing the mean-variance utility function

Zat = HzliX{Et(WtH) —(a/2)Var{(Wii1)}

= max{R(W, — przat) + zaBy(pes1 + di1) — (a/2) 25,07}

Zdt

From the first order condition, the optimal z4 yields

0= —Rpt + Et(pt+1 -+ dt+1) — CLZdtO'tz
zat = Ey(pr1 + diyr — Rpy) Jaoy

At market clearing condition (i.e. z4 = zg), the equilibrium price follows

pi = BE(pr1 + diy1) — Baoizy

Adaptive learning, one of the main features in the Basic Model, moves beyond ratio-
nal expectations and assumes agents, who face limitations on knowledge about the
economy, are bounded rational. Hence expectation F; in equation (3.1)) is replaced

by E,. The risky asset equilibrium price yields
Py = ﬁﬁt(pt+1 +diy1) — 6aat2zst
3.2 SHARE SUPPLY AND DIVIDENDS

BE assume the dividend follows an exogenous process which yields
dt = do + Uy (35)

where u; is a white noise with variance o2 where 0 < 02 and 0 < dp. In this context,

the term white noise W N has the following properties:

1. Normally distributed

2. Mean and autocovariance are zero
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3. Constant and finite variance

BE assume share supply follows a multiplicative process which yields

24 = {min(so, ®py)} (1 + ﬂ) (3.6)

where v; is a white noise with variance o2 where 0 < ¢ and 0 < sg. v; is uncorrelated
with u;. Define ® as
=2
23
where p is mean stock price in the fundamental solution for rational expectation
equilibrium (REE) derived in Section and ¢ is a small value where 0 < £ < 1.
BE assign ¢ = 0.1 for simulation purpose. Equation shows share supply is
exogenous and equal to s + v; except at very low prices. Endogenous share supply

is meant to capture any publicly traded shares which perform poorly in the market.

2

This ensures that prices remain non-negative. The variances of dividend noise o,

2

and the share supply noise o

serve an important role in determining volatility in

the market.

3.3 RATIONAL EXPECTATIONS EQUILIBRIUM

Rational expectations equilibrium (REE) is an equilibrium in the model where rep-
resentative agents have rational expectations. This concept is discussed in numerous
literature related to macroeconomics. Section defines REE and explains its role
in adaptive learning. As a result, before examining the dynamics of the Basic Model,
BE solve REE in the simple asset pricing model in equation (3.1)). Blanchard and
Watson| (1982)) show two solutions for REE, the fundamental solution and the bub-
ble solution, in a simple asset pricing model similar to equation . They assume
rational expectations (RE) and agents are concerned about expected returns only.
The fundamental solution represents a stable equilibrium or the fundamental value
of the risky asset whereas the bubble solution represents an unstable equilibrium
or the explosive price of the risky asset. The Basic Model also yields two similar
solutions for REE. I derive the fundamental solution denoted by p{ . First replace
E, with E, and assume o2 = ¢2. Thus, equation yields

Pt = BE(pri1 + div1) — 5a022’st
Per1 = BE1(Pry2 + diy2) — BGUQZstH
Peve = BEio2(prys + digs) — Ba0225t+2

13



Iterating forward and substituting all p;;; for j = 1,2,... 00 to p; and using the law
of total expectation (i.e. E(y|z) = E(E(y|2)|z)). p! yields

o o0
p{ = Z 5jEt(dt+j) -8 Z 6ja02EtZst+j
j=1 j=0
It shows that the fundamental value of price which consists of the present value of
expected dividends stream declines with variance of excess returns. Equation ((3.5)
shows dividend is independent to price. Provided that share supply is exogenous

and therefore zy = s¢ + vy, equation (3.1)) can be expressed in an alternative form.

Pt = BE(pr1 + dev1) — Bao®zy
= BE(pig1) + Bdo — 5002(80 + v)
= B(do — ao?so) + BE(pi11) — Bacv,

Iterating forward, the fundamental solution can be expressed into the following form:

pl = Z B (dy — ac?sy) — Bac*v,
j=1

= ﬂ(d%&g%o) — Bac*v, (3.7)
The fundamental solution for REE in the Basic Model is different from that in
Blanchard and Watson| (1982) since BE assume agents learn in real-time and are
concerned about risk and returns whereas Blanchard and Watson| (1982) do not con-
sider adaptive learning but assume rational expectations and agents are concerned
about returns only. Later analysis justifies the fundamental solution is attainable

and stable under adaptive learning.

3.4 ADAPTIVE LEARNING

Evans and Honkapohja (2001) summarize the literature on adaptive learning. BE
follow this framework in their model. Agents forecast future stock price based on a
perceived law of motion (PLM) which has same functional form as the true stochastic
process of the economy which is the actual law of motion (ALM). The mechanism
of adaptive learning is that agents rationally estimate and revise the parameters in
their PLM based on information available to them in order to learn the parameter
values in the ALM. Section B.4.T] examines the PLM and ALM in the Basic Model.
Section - solve for equilibrium in the model and its stability. First BE

propose a crucial assumption on information available to agents.
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Initial values of parameters in PLM

e

Agents forecast p; 1 using PLM —

Demand is formed from

the forecast p;; 1 and the parameter o2 ,

Dividend and share supply shocks are realised . tj
and p; is obtained from ALM (market clears) 0t

After p; is realized, agents update their

parameters using recursive least squares

The updated parameters form next period’s forecast }7

Figure 3.1: Flowchart of adaptive learning process in the Basic Model

Assumption 3.4.1

1. At timet agents estimate parameters in the PLM based on information through
time t — 1, and that their forecasts are conditioned on variables dated t — 1 or

earlier

2. No contemporaneous variables including zs are observable to agents at time t

when they make forecasts.

This assumption restricts information available to agents. When agents forecast
future price p;.1 at time t, they do not observe p;, d; and other contemporaneous
variables including ¢Z. They only observe variables and information up to time ¢ —1.
I introduce Et('|Qt—1) which denote the subjective expectation formed by agents at
time ¢ conditional on variables and information €;_; up to time ¢ — 1. Under
Assumption [3.4.1] the best available forecast of price and variance of excess returns
for agents in equation is E, (pre1+di1/Q—1) and o2 | instead of E, (P11 +dit1)
and o?. Since dividend is independent to price, the true stochastic process of the

15



risky asset price becomes

P = 5{Et(Pt+1|Qt—1) + Et<dt+1mt—1)} — Bao} |z
= B{Eu(pe1|Q%-1) + do} — Bao}_, 2 (3.8)

Figure(3.1]illustrates the entire adaptive learning process in the Basic Model. Agents
form expectations on future price p;yq given their PLM and information available
up to time ¢ — 1. The variance of excess returns from last period o2 | is the best
available forecast for the current period (i.e. time t). Forecast of future price
and variance form the aggregate demand and price is realized at market clearing
condition. Agents update all their parameters from the last period. Then the

updated parameters become the best available forecast for the next period.
3.4.1 PERCEIVED AND ACTUAL LAwW OF MOTION

Recall that agents demand the risky asset depending on expected price p;1;. BE

assume PLM of agents is a simple AR(1) process
pt=ki-1+ capi1t+ e (3.9)

where g, is an unobserved white noise. The parameters k;_; and ¢;_; are time-varying
in order to illustrate the adoption of adaptive learning. Under Assumption [3.4.1],
only time-varying parameters k;_; and ¢;_; are available to agents rather than k;
and ¢; and agents forecast p;;; at time ¢ based on information without p;. The

expectation on future price thus yields
Et<pt+1|Qt—1) =ki—1(1+ cio1) + ¢ pia (3.10)

Agents demand the risky asset also depending on risk. The variance of excess returns
o7, in equation (3.8) is defined as

o, = Vary(p: + di — Bpr_1|Q4—1) (3.11)

Stock price p;_; is realized at time t. Section |3.2| shows dividend is independent to

price. Hence it becomes

of 1 = Var,(p + di| Q1)
= Ef(p: — EAt(ptIQpl) +d; — EAt(Pt\Qtfl))Z] (3.12)
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From the PLM in equation (3.9) and the dividend process in equation (3.5]), then

Et(pt|Qt—1) = ki1 +cim1pia
Ey(dy|—1) = dy

Then equation ([3.12)) becomes
o7 1 = Ef(pe — (ko1 + ci1pe1) + w)?] (3.13)

Intuitively, p, — (ki1 + ¢;—1pe—1) is the forecast error between price p; realized from
the ALM and the price forecast from the PLM and w; is the realised dividend noise.
Equation is the true variance of excess returns each period. Now I derive
the actual law of motion (ALM), which is derived from market clearing as I showed
before. Substituting equation into equation and assuming exogenous

stochastic supply of the risky asset z4 = so + vy,

Dt = 5(Et<pt+1|9t71) +dp) — Baaf_lzst
= B(ki1(1+ 1) + do) + B, 1pi1 — Bao} (0 + 1)
= B(dy + ki1 (1 + ;1) — ao? 50) + Bt pr_1 — Pact vy

Therefore, the ALM is the following process

pe = B(do + ki1 (1 4+ 1) — aaf,lso) + ﬁcf,lpt_l — ,Baafﬁlvt (3.14)
3.4.2 RECURSIVE LEAST SQUARES

BE assume agents use least squares to estimate k;_; and ¢;_; in the PLM and
the average forecast error to estimate the variance of excess returns o? ; using all
previous observations. The estimation is equivalent to expanding window as new
information is included in subsequent estimates. This can be compactly represented

by recursive least squares (RLS). The RLS equations are listed as follows

915 = et,1 + Vl,tSt_lXt(pt — (92_1Xt) (315)
St = Stfl + Vl,t(Xth — Stfl) (316)
O't2 = 0'25271 + V2.t ((pt — 91/571Xt + Ut)2 — O-t271) (317)

where 0, = (ki,¢;) and X; = (1,pi—1). S; is an estimate of EX; X[, vic,2), is a
sequence of gains. Gain determines the impact of a new observation at time ¢ on
the estimate. The LS estimator is equivalent to decreasing gain (i.e. v = 1/t).

Constant gain is equivalent to the LS estimator where higher weights are put on
the most recent observations. These three equations (3.15)) - (3.17)) describe the
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real-time learning algorithm. The first two equations (3.15) and (3.16) are the
typical recursive updating equations under adaptive learning introduced in Marcet

and Sargent| (1989)) and [Evans and Honkapohja/ (2001)). The third equation (3.17))
is similar to an error correction model. It describes how o? returns to the true

variance of excess returns through learning. Appendix [B| shows the proof of RLS
equation ((3.15) and (3.16]).

3.4.3 EQUILIBRIUM

Agents update k;_; and ¢;_; in equation (3.9 based on new information available to
them each period. The ALM in equation (3.14) governs the true stochastic process

of the price. Agents update ki1, ¢;—1 and o7, in equation ([3.15)), (3.16) and (3.17).

The issue becomes whether agents eventually learn the true stochastic process of
the price using their PLM over time. It happens when the parameters in the PLM
coincide with the parameters in the ALM. To investigate under which condition it
is possible, it is useful to introduce the concept of T-map. T-map translates the pa-
rameters of the PLM to the parameters of the ALM. Evans and Honkapohja (2001))
refer the solution of mapping from PLM to ALM as an equilibrium under learning.
Therefore, an equilibrium is the fixed point of T-map. The ALM in this model has
four state variables p;, k¢, ¢; and oZ. Each of them has a fixed point and therefore
all four fixed points constitute an equilibrium. Let p, k, é and &2 denote the fixed

point for p;, ki, ¢; and o?. T-map is defined as

k B(do + k(1 + ¢) — ac?sy)
Tl c|= Bc? (3.18)
- Ba2(o?)iot + o2

Hence p; can be written as

/

ki1
p=T1|c1| (1,pi—1,0) — Bao;_ v (3.19)
op
Note that o2 is the conditional variance of excess returns. Equation (3.11)) can be

expressed in an alternative form.

O-tzfl = Vary(p: + di — Rpi—1|Qu-1)
= Vart(ptmt_l) + Vaﬂ"t<dt|Qt_1)
= Vary(pe|Q—1) + 03

=0, +0, (3.20)
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where o7, | = Vary(p|Q—_1). Hence 0% = 02 + 0, where o> can be solved by taking
conditional variance of the ALM (i.e. 0]2) = (?a*0?0?). The T-map which captures
the time-varying parameters in the ALM can be interpreted as follows. If agents have
some initial non-equilibrium values for k;_; and ¢;_1 in their PLM in equation (3.9)
and their expectation on future price would be equation (3.10)). Then through up-
dating the parameters by recursive least squares equations, agents eventually take
the same functional form as equation but with parameters T'(k, ¢, 0?) instead
of the initial non-equilibrium values since the ALM and the PLM are equivalent at

equilibrium.

Solving for fixed points of the T-map,

k k
Tle|=1|¢
~2 52
Then,
B =¢
¢=0or B!

Each ¢ corresponds to a fixed point for k;. For ¢ = 0,

B(dy + k — ac?sg) = k
B(do — ad*so)

k= =5
For ¢ = 71,
Bldo+ k(14 571) —ad®so) = k
—6(615'280 — do) = —6/;
]_f = CL5’280 — do

Therefore, the two fixed points of T-map are (3(dy — ad?so)/(1 — f3),0,5%) and

(ac*sq — dy, 371,52). Then I solve for 2.
5% = f*a*(6*)%02 + o2

1+ /1 —-4a?3%0202
- 2a2 3202
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As py is stochastic, the fixed point is defined by its expectations E(p;) = E(pi—1) = p.
From equation (|3.14),

E(p) = B(do + ki1 (1 + c,1) — aoy_y80) + B, E(pi—1)
At equilibrium, k,_;, ¢,_; and o2 | converge to k;, & and &2 respectively. Therefore,

_ B(do+ k(1 +¢) — ad?sy)
b= 1 — Be2

For (B(d() — 06230)/(1 - /8)7 Oa 62)

p=23 (do+ /B(d%afs()) — a5280)

~ B(dy — ad?so)
— =3
For (ag?sy — dy, 371, 52%)

B(do + ((15'280 — do)(]. + 671) — a5'280>

ﬁ: 1—/6_1
. ﬁ(do — CL5'250)
1—p

Therefore, p has the identical form for both fixed points. All possible fixed points

P, k, ¢ and &2 are listed as follows.

B(dol__ag%()) (3.21)

B(do—a5?s0)

1-5 (3.22)

a1
I

a6230 — do

|
{3 329
|

B

14++4/1—4a2p20202 _
v ai

2023202

1—+/1-4a?pB%0202 N 5_3

2425202

(3.24)
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There are four equilibria in the Basic Model. Let [p, k, ¢,52] denote an equilibrium.

B(do —ac’riso) /B(do — &5‘3_80) O 5’2-
1 _5 ) 1 _ﬁ I +_
|:B<d0—a5'280) B(do —a&%so) 0 5_2_
e I T
[ﬁ(do-d&ié’o) ﬁ(do—aa'iSo) l _2-
-5 1-8 57
B(do — a&%so) ﬁ(dg - a&%so) 1 2_
S e i

3.4.4 STABILITY ANALYSIS

Once all the possible equilibria are solved, another question would be whether these
solutions are stable or not. Expectational stability or E-stability is introduced in
Evans and Honkapohjal (2001) as an important concept in adaptive learning. If an
equilibrium is (locally) stable, starting with non-equilibrium values (near the equi-
librium), the dynamic system will converge to the equilibrium. On the other hand,
if it is not stable, small deviations from the equilibrium will drive the system away

from the equilibrium.

In order to derive E-stability conditions, it is useful to consider stochastic approx-
imation which is substantially discussed in economics. Stochastic approximation
considers convergence of recursive system similar to equation - . This
technique is first introduced by Ljung (1977). |Marcet and Sargent| (1989) show
how this technique could be applied to the analysis of adaptive learning. |Evans
and Honkapohja (2001) summarize and explain the technical details of stochastic

approximation in adaptive learning.

BE follow their approach and consider a stochastic recursive algorithm of the form

¢t = 1 + W H(t, ¢r-1, Dy) (3.25)

where ¢, is a vector of parameter estimates and D is the state vector of information

or data at time t and v, is a sequence of gains. Define D; and ¢;

ki

2 .

t

Pi—1

D t — ¢t - Y4
Ut p2
V¢ t2

Oy

21



Effectively, this defines an extended T-map which has a larger dimension (i.e. T (¢)—
¢). Under decreasing-gain learning where v; = t~!, when ¢t — oo , 7, — 0. Hence
the system in equation (3.25)) reaches its equilibrium and becomes stationary (i.e.

¢r = ¢r_1 = ¢). The term t ' H(t, ¢;_1, D;) converges to 0 as t — oo.

I illustrate this concept by a simple example. Consider a system has only one
parameter and assume there is an equilibrium of the parameter which is equal to 0
(i.e. ¢ =0). If ¢;_; > 0 then the term H(t, ¢;_1, D;) should be less than 0 in order
to revert ¢, back to the equilibrium ¢ = 0 and vice versa. The term H(t, ¢,_1, D;)
can thus be viewed as an error correction function which revert any deviation from

the equilibrium back to the equilibrium.

Ljung (1977) shows that the behaviour of a stochastic recursive algorithm in equa-
tion (3.25]) is well approximated by the behaviour of its ordinary differential equa-
tions (ODE) for large ¢. [Evans and Honkapohja/ (2001]) suggest the following lemma.

Lemma 3.4.2 Given the recursive least squares equations expressed in the form in
equation , an equilibrium is stable if the eigenvalues of the Jacobian matriz of

h(¢) = lim EH(t, ¢ 1, D) (3.26)

evaluated at the equilibrium have negative real parts provided that the limit exists.

The implication of Lemma is briefly explained as follows. The main objec-
tive of local stability analysis is to investigate the dynamics around the equilib-
rium. The limit in equation transforms equation into an approximately
continuous-time system of equations. The dividend and share supply noise create
fluctuations in the system and so it is impossible to investigate the dynamics of a
static equilibrium. Expectation E in equation gives the average of the er-
ror correction term H(t, ¢:—1, D;) and eliminates the mean-zero noises. Imposing
h(¢) = 0 in equation yields an equilibrium and the Jacobian matrix of h(¢)
gives the local stability conditions of the equilibrium. Therefore, the stability of the
equilibrium solved in Section [3.4.3|can be determined by this stochastic approxima-

tion approach.

I redefine the T-map in equation (3.18)) as T(6;0?%) where 0 = (k,c)’ due to the
dependence of 6 on 02. Hence a column vector T'(f; 0?) can be viewed as a reduced
form of the T-map. Equation (3.19) can be written as

pe=T(O-1; 03—1)/(1729%1)/ - Baatz_lvt (3.27)
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I substitute equation (|3 into equation (3.15] - to and rewrite them in the

form in equation 3.25.

(9t = 6,571 + tilstlet(T(Ht,l; Ut2 1)/Xt — 6; 1Xt — 5@0’152_17)15)
= (915,1 + tilstilXt(X/( (Ht 13 Ut 1) Ht 1) ﬁaafﬁlvt) (328)
Sy =81+t X, X] — S;1) (3.29)

_ 2
O-t2 = O-tQ_l —I— t 1 <<pt —_ Qz_lXt—l —I— ut) - U§_1>
=07 +t7 (m2, —07) (3.30)
where
=Pt — ‘9,,5_1th1 + Uy
= (T(0;- 110t ) —01)'X aﬁatzqvt‘i‘ut

Since v; and wu; are white noises, the term z;2; yields
22y = (T(0r-15071) = 0 1) Xy X[(T(0r-1;07-,) — 1) + a*B*(07-1)%0f + uf
Then I express equation (3.28)) - (3.30) as the term H(t, ¢y_1, Dy).

Ho = S; ' X, (X ( (01507 1) — O 1) 5(1%271“1:)
HS — XtXt - St—l

Hyo = 22, — 02|
Then, apply Lemma [3.4.2] h(¢) become

hy = tlgglo ESt__llXt_l (X;_I(T(Qt 1,0t ) —0i1) — ﬁaaf_lvt)

= S7'M(9,0%)(T(9;0%) — ) (3.31)
hs = lim E(X; X — S;_1)
t—ro0
=M(0,0%) - S (3.32)
hy2 = tliglo E(zz — 07 )

= (T(0;0%) — 0) M(0,0%) (T(0;0%) — 0) + a*B*(0?)* 02 + o2 — o> (3.33)
where M = EX(0,0?)X(0,0%) which is a 2-by-2 matrix.

1 Ep
Ep Ep?
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Since S; is an estimate of EX; X, equation (3.32)) becomes S — M at equilibrium
(i.e. t — o00). Given S is invertible, ST*M — I. Therefore, only hg and h,2 are
relevant to determine the stability of the system. h(¢) is simplified to

hg = T(0;0%) — 0
hs = M(0,0%) — S
hy2 = (T(G; o?) — (9),]\/[(9, o?) (T(@; o?) — (9) +a*B* (0?02 + 02 — o?

The Jacobian matrix of the ODE evaluated at the equilibrium is

B(l+c)—1 Bk 0 O —Basy
0 26c — 1 0 0
OM(1,2)  OM(1,2) OM(1,2)
Ik Dc 9o (3.34)
OM(2,2)  OM(2,2) L aM(22)
ok Be 902
0 0 0 2d*B%c%0? -1

The first two rows are the derivatives of hy with respect to ¢;. The third and forth
rows are the derivatives of hg with respect to ¢; since M is a 2-by-2 matrix with only
two unique elements Ep and Ep®. Hence there are only two rows representing the
derivatives of hg. The last row consists of derivatives of h,2> with respect to ¢;. At
equilibrium, the derivatives of the term (T(6;02) — 8) M(6,¢2) (T(8;0?) — ) with

2 are 0 due to its symmetric property. Hence the first four

respect to ¢, except o
elements in the last row are 0. The eigenvalues of the matrix are on the diagonal of

the matrix due to specific structure of the matrix (confirmed in Mathematica):

—1+B+cp (3.35)
—1+2¢8 (3.36)
— 1+ 2d°B*c20” (3.37)

and repeated values of —1. The issue becomes which of the four equilibria derived in
Section [3.4.3| has negative eigenvalues. It is evident that the only stable equilibrium
corresponds to ¢ = 0. The only remaining state variable is 0. Section [3.4.3] shows

there are two roots for 5%: 02 and o7. Substituting each root into the eigenvalue in
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equation (3.37)),

1+ /11— 4a?B20202
a gy

1—/1—4a®B%0202
-1 +2a262012, ( \/2 262 25 O'UO'U) _ _\/1 _4(12&20-12)0-12)
a 0y

2

It can be easily verified that only the eigenvalue for ¢ is negative. Therefore, the

only stable equilibrium is

{5(d0—a6330) ﬁ(do—aa'zSo) 0 _2:|
-5 1-p 7

At this equilibrium, the ALM in equation (3.14)) has the following structural form:

= ﬁ(dgl—_agﬁso) — Bac’ v, (3.38)

The true stochastic process becomes a constant with some white noise v;. Hence
equilibrium asset price does not depend on its lag. More importantly, the fundamen-
tal solution for REE in equation derived in Section has the identical form
of equation and therefore is attainable and stable under adaptive learning.

Intuitively, adaptive learning allows agents to reach the true stochastic process.
3.4.5 RANDOM WALK BELIEFS

The equilibrium and stability analysis so far entirely depend on the T-map. It only
considers the case of stationary PLM but does not capture a possible case where non-
stationary PLM may also lead to an equilibrium of the model. This case happens
when agents perceive that stock prices follow a random walk. I refer this exceptional
equilibrium as random walk equilibrium in order to distinguish from the stationary
PLM equilibrium solved in Section to which I refer it as T-map equilibrium.
Let p, &If and 52 denote the fixed point of py, crfm and o7 at random walk equilibrium
respectively. The PLM in equation under random walk beliefs becomes

Dt =DPt—1 + &t
It can be expressed in an alternative form.

pe = Lp, + &
—(1-L) e (3.39)
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where L is the lag operator. Assuming o? ;| is at its fixed point 62, the ALM in

equation ([3.14]) under random walk beliefs becomes

pr = B(do — ad’s0) + Bpi—1 — Bad?v, (3.40)

It can also be expressed in the form of equation (13.39).

pe = B(do — ad’so) + BLp, — Badv,
. ﬂ(do — CL5'280)

1-5 + f(L)ve
where
g, =2
f(n = 2%

Given 0 < 8 < 1, express f(L) into a geometric series.

B —Bac?

(L) = =5 = —Pas” }_(BL)
=0

The ALM in equation (3.40) thus becomes

B(do — 05'280

= PO o3 (L) (3.41)
Therefore, the ALM under random walk beliefs involves infinite lagged v;. It intro-
duces serial correlation into the model which is not serially correlated at the stable
T-map equilibrium. If a sequence of random shocks leads agents to have random
walk beliefs in the PLM, these beliefs will last for a substantial period of time due to
its self-fulfilling behaviour. T-map could not capture the random walk equilibrium
since it cannot map the ALM under random walk beliefs in equation (3.41) which

does not involve p;_; to the PLM which does involve p;_;.

At the random walk equilibrium, the stock price (i.e. p) has the identical form
to that at the stable T-map equilibrium (i.e. p). Derive p by taking unconditional
expectation on both sides of the ALM in equation (3.41)).

E(p) =FE (ﬁ(d%%&?s@) — Bas® i(ﬁ@%)
1=0
_ B(dy — ad?sg)
P="—s
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Hence p and p in equation (3.21) have the identical form. They are only equal

if 62 = o%. However, random walk beliefs lead to a substantial amount of excess
volatility and thus the stock price at the random walk equilibrium is lower than
that at the stable T-map equilibrium. It can be shown by comparing variance of
price at the random walk equilibrium and at the stable T-map equilibrium. Taking

unconditional variance on both sides of the ALM in equation (3.41)),

Var(p,) = Var <_ﬁ(d01__a55250> — Bas? g(ﬁ[/)ivt>

a0

=B

At the stable T-map equilibrium where ¢ = 0, taking unconditional variance on both

sides of the ALM in equation (3.14)),

Var(p)) = Var (ﬁ(do + k(14 ¢) — ag?sg) + B pi_1 — ﬁa(r%t)
= Var (—Ba&QUt)

— (oo}

Even for 62 = 2, the variance of price at the random walk equilibrium is always
larger than that at the stable T-map equilibrium given 0 < 8 < 1, that is 5, > 7.

Moreover, variance of excess returns, o2

= o) + 0., as 6, > G, in equilibrium it
holds that 6% > 2. As a result, the stock price at the random walk equilibrium
is actually lower than that at the stable T-map equilibrium. Nevertheless, the
stability of the random walk equilibrium cannot be verified by the Jacobian matrix
in equation since it relies on the ODE derived from the T-map which does
not capture the random walk equilibrium. The only clear conclusion is that random
walk beliefs in PLM may lead to an equilibrium in the ALM which increases market

volatility and decreases the average stock price.
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CHAPTER 4

Heterogeneous Beliefs

The Basic Model analysed so far considers representative forward-looking agents
made investment decisions on demand for a risky asset. Agent recursively update
parameters in the PLM and estimates on variance of excess returns in order to im-
prove their knowledge of the stock market. Next I consider multiple types of agents
who use different methods to forecast future price and respond differently to new
information available to them. I combine adaptive learning approach with hetero-

geneous beliefs among agents.

The literature emphasizes the role of heterogeneous beliefs in stock markets is led by
Brock and Hommes| (1998). The paper investigates the dynamics of an asset pricing
model considering an economy where different groups of traders have different expec-
tations about future prices and answers questions whether heterogeneity in beliefs
may lead to market instability and non-rational traders can survive in the market or
be driven out of the market by rational traders. It suggests when agents who have
heterogeneous beliefs in a stock market frequently switch their prediction strategies,
the dynamics may lead to highly irregular, chaotic asset price fluctuations. How-
ever, this heterogeneous beliefs model does not take adaptive learning into account.
Goldbaum and Panchenko (2010]) consider an asset pricing model with heteroge-
neous beliefs, adaptive learning and switching although they have only a short-lived

risky asset.

The remaining part of my thesis investigates the dynamics in a simple stock market
where heterogeneous beliefs agents exist. In my model, agents also adaptively learn
the true structure of the stock market and are concerned about risk and returns as
in the Basic Model. Hence it can be considered as an extension of the Basic Model.
I examine a simple case where there are only two groups of agents. Both groups
form expectations on future prices and estimate variance of excess returns. Agents
in group 1 act as econometricians. They learn over time and revise the parameters
in their forecast rule or PLM whereas agents in group 2 do not learn and never
update their parameters. Intuitively, learning agents have the knowledge, time and
resources to analyse the stock market whereas learning agents do not. More impor-

tantly, learning agents do not realise the existence of non-learning agents but only
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observe prices realised from the market. The interaction between the beliefs of two

groups determine the dynamics of the stock market. I refer to this model as the

Two-Beliefs Model.
4.1 Two-BELIEFS MODEL: LEARNING VS NON-LEARNING

HOMOGENEOUS VARIANCE CASE

I first assume learning and non-learning agents estimate the variance of excess re-
turns identically and refer to this case as Homogeneous Variance Case. Section
relaxes this assumption and allows learning and non-learning agent have different

estimate on variance of excess returns. I refer to it as Heterogeneous Variance Case.
4.1.1 AGGREGATE DEMAND

I define the environment of the Two-Beliefs Model. There is one risky asset yields
a dividend stream d; and trades at ex-dividend price p; and also one risk free asset
that pays the rate of return R = 37! in the economy. Let n;, denote the exogenous

fraction of agent type h in the market.

2
Znh =1
h=1

The aggregate demand of the risky asset becomes weighted sum of the demands of

each agent type, z; 4 and 23 4.
Zdt = M121,dt T N2Z2.dt

The approach to derive demand for the risky asset in section [3.1] also applies to this
environment which is similar to that in the Basic Model. Hence the demand of each

agent type h is

Zhdt = Eh,t(]?t—i-l + dir1 — Rpy) /ac?}

[ assume risk aversion factor a is identical for all agents. At market clearing condition

(i.e. zgt = zat), it yields

Zst = N121,dt + N222dt

Zet =My {El,t(pt+1 +diq — Rpt)/aaf} + ng {EQ,t(pt-H +diq — Rpt)/aaf}

Given B8 = R™!, the true stochastic process of the risky asset price becomes

pe = {nlEl,t(pt+1 + diy1) + n2E2,t(pt+1 + diy1) — anZst}
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The Two-Beliefs Model has a functional form similar to the Basic Model in equa-
tion (3.1). It follows the conditions in equation (3.2)) - (3.3)) in the Basic Model and
also a new condition on the fraction of learning agents in the market n;. All the

conditions on variables and exogenous parameters are listed below

0<py,0t 0% 0° (4.1)
0<pB,a,n <1 (4.2)

For share supply zg, it follows the identical multiplicative process in the Basic
Model in equation . The Two-Beliefs Model also follows Assumption that
no contemporaneous variables and information are observable to all agents. Similar
to Et(pt+1\Qt,1) introduced in Section , I introduce EAh,t('|Qt,1) which denotes
the subjective expectation formed by agent type h at time ¢ conditional on variables
and information €2;_; up to time ¢t — 1. Hence equation becomes

pe=20 {nlEl,t(pt+1 + diy1[Q1) + n2E2,t<pt+1 + de1|-1) — CLUtZ,lZst}
Given dividend mean is constant at level dy, the equation becomes
pe =0 {do + nlEAl,t<pt+1|Qt71) + n2EA12,t(pt+1|Qtfl) - aailzst} (4.3)

4.1.2 PERCEIVED AND ACTUAL LAW OF MOTION

Agents forecast price based on a simple AR(1) process. Following the PLM in
equation (3.9)) in the Basic Model,

D = ki1 + P + &

Applying the idea of heterogeneous beliefs, the parameters in the PLM of learning
agents are time-varying in contrast to non-learning agents whose parameters in the

PLM are fixed. Under Assumption |3.4.1, the PLM for the two types is

Pt =K1+ P ey (4.4)
P2 = ko + Ccopr1 + €24 (4.5)

I impose a stationary condition on ¢y which yields

—1<ep <] (4.6)
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Derive the expectations of future price based on the two PLM

El,t(pl,t+1|Qt—1> =kit1(l4+crp1) + C%,t71pt—1 (4.7)
Es 1 (poga|Q1) = ka(1 + ) + 3pry (4.8)

Agents are also concerned about risk. In the Basic Model, agents are assumed
to forecast o7 ; by measuring the forecast error between the realized p; and their
forecast from the PLM. In the Homogeneous Variance Case, I assume that both
types use the same estimate of o2 ;. Equation shows that the variance of

excess returns can be decomposed into the variance of price 7, ; and the variance

of dividend noise 2. The former is an endogenous variance whereas the later is
. . 2
an exogenous variance. I assume both types of agents estimate o7, ; by sample

variance of price based on historical prices available. Now I derive the ALM. By
substituting equation (4.7) and (4.8]) into equation (4.3)), the ALM becomes

pe =P {do + nlEAl,t(pw%lyQtfl) + nZEQ,t(thrl‘Qtfl) - CLU?,lZst}
= B(do + k1 -1 (1 +c14-1) + nlcitﬂpt—l + noka(1 + ¢2) + nacapr_1) — Baoc;_ za

= B(do — aoi_yso + niky -1 (14 c14-1) + naka(1 + 2)) + B(nici,_y + n2c3)pi-1 — Bao; v,
(4.9)

Naturally, the ALM in the Two-Beliefs Model under the Homogeneous Variance
Case has a more complicated structure than the ALM in the Basic Model in equa-
tion ((3.14)).

4.1.3 RECURSIVE LEAST SQUARES

I follow the RLS equations in the Basic Model. Learning agents update parameters
k1 and ¢; in their PLM. Let 6, ¢ = (k14,¢1,4) and X; = (1, p;—1)". The RLS equations
for #;, and S; which is an estimate of X; X yield

9171: = 91,t—1 + ’Vl,tSt_lXt(pt - ,17t_1Xt)
Sy =Si-1+ ")/l,t(XtXtI —Si-1)

The updating equation for o2 | is different to the Basic Model. Agents in the
Homogeneous Variance Case are assumed to use sample variance of price based

on historical prices realized up to t — 1. When p; is realized, agents observe new

2 2
w Ot-1

enters the ALM at time ¢ as the best estimate for o2. I therefore look into the RLS

equations for Uit treating o2 as an exogenous variance. Noted that this is done to

information and update their sample variance. Combined with a given o

simplify exposition. I could have estimated it as a recursive sample variance as well.
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Let p; denote the mean of the price,

t
. 1
Pt = ; Zpk
k=1
. B 1 t—1
DPi—1 = F—1 Pk
k=1

Equation (4.10) and (4.11)) can be rewritten in a recursive fashion. For py,

t
. 1
Pt = ;;Pk

t—1
th =Y i+ D
k=1
tpe = (t — 1)pr—1 + pr

Pr=DP1+ (P — Pro1)

2
For o,

t—1
top, +07) =D _(pe)* + 1}

k=1
t(‘712>,t —I—pf) =(t— 1)(‘72,1571 +p?—1) —i—pf
t(afnt + pf) = to_ﬁ,t—l + tp§—1 - Oz,t—l - pt2—1 + pf
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The updating equations for the system are summarized as follows

Ore = 0141 + 7165, Xope — 07,1 X1) (4.12)
St = Si1 + 1 ( X X — Si-1) (4.13)
Pe =P+t (pe — pie1) (4.14)

012;,7: = z,t—1 ‘Hbf—l - pf + t_l(pf - J;QJ,t—l - p?—1) (4-15)
o] =05, + 0. (4.16)

4.1.4 EQUILIBRIUM

Similar by the Basic Model, T-map solves for equilibrium by mapping the PLM to
the ALM. Let p, ki, ¢ and & denote the fixed point for p;, ki, ¢14 and o2. The
ALM in equation (4.9) is expressed in the form of a T-map. For brevity, I do not

include o2 in the T-map but solve for it later. T-map is defined as

T k’l _ B(do — Cl0'250 + n1k1(1 + Cl) -+ nzkg(l + CQ)) (417)
& B(nici + nac3)
Hence p; can be written as
k !/
p=T ( 1’“) (1,pi_1) — Baoc? v (4.18)
C1,t—1

In the model, only learning agents update their parameters. Therefore, the T-map
only maps the PLM of learning agents in equation (4.4)) to the ALM in equation (4.9)).
Solving for fixed point of the T-map,

r(2)-()

5(”15% + TLQC%) =
1+ /1 —482n1nec3
C1 =
! 2,87%1

Then,

The fixed point ¢; only depends on a set of exogenous parameters. Let the discrimi-
nant 1 —43?n1nyc3 denote Agomo. As long as the conditions in equation (4.1f), (4.2))
and (4.6) are satisfied, Agomo is always greater than 0 and hence there are always
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two real roots for ¢;. To show this, check the condition on ¢,

1— 4ﬁ2n1ngc§ >0
1
26\/77/1712

This condition only matters if it imposes a narrower range on ¢, given the stationary

|02’ < (419)

condition on ¢y (i.e. —1 < ¢g < 1). The range of ¢3 in equation (4.19)) is minimized
when the term 1/23,/n1n; is minimized and thus the term 25,/nin; is maximized.
Given ny = 1 — ng, ny(1 — ny) is maximized when n; = ny = 1/2. Equation (4.19)
becomes |cy] < 1/8 where 0 < f < 1 and 1/ > 1. Hence the condition ¢y in
equation does not impose any further limitation on the range of c;. Then

solve for ky,

B(do — CL5'250 + nll_ﬁ(l + 51) + ngkg(l + CQ)) = ];71
ﬁ(do — CL5'280) + Bngk’g(l + CQ) = ]_€1(1 — Bnl(l + El))

T B(dy — ao?sg) + fnaks(1 + c2)
1= 1—Bni(14¢)

Different from &, k; depends on & and 2. Then I solve for p. Similar to the Basic
Model, taking unconditional expectation on both sides of the ALM. From the ALM

in equation (4.9)),
E(pt) = E [6(d0 — CLO't27180 + Tblkl,t_l(l + Cl,t—l) -+ ngl{?g(l + Cg)) -+ B(nlcitfl + TLQCg)pt_l}

As before, E(p;) = E(p;_1) = p. At equilibrium, k;,_1, ¢;_1 and o2 | converge to ki,

¢, and &2 respectively. Then,

ﬂ(do — CL5'280 + 7’L17€1(1 + El) + n2k32(1 + Cg))
1-— 6(7115% + TLQC%)

ﬁ:

Hence k; and p both depend on & and 2. I then solve for 2. From the definition
of variance of excess returns in equation (3.20) where 5> = G, + o7, I derive ;. by

taking unconditional variance of price on both sides of the ALM in equation (4.9)).

Var(p,) = Var(B(dy — ao?_ys0 + nikys1(1 + cri-1) + noka(1 + c2))
+ B(nici ,_y + noc3)pi—1 — Baoy_yvy)
= Va?“(ﬁ(nlcitq + n2c3)pi-1) + Var(—Bao;_yv;)
= Bl(nict g +n263)*Var(pe-1) + B2a® (07 )0y
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By stationarity, Var(p;) = Var(pi—1) = 62. At equilibrium, ¢; ;1 and o7_; converge

to ¢; and &2 respectively.

b

= 3*(ni] + n263)?a, + B2a*(6%) 0
(1262(5’2)20'12)

1 $2(n1E2 + nyc3)?

(4.20)

Substituting &> into 72,

202(=2\2 2
=2 _ a /8 (?- ) 0y —|—O'3
1-— 32(’010% + TQC%)Q

1

1-— BZ(mE% + TLQC%)T

This is a quadratic equation and can be easily solved. Let A =

52 = \a’B*(5%)%0% + o2
_ 1£/1—4)a?B%0202
B 2Xa? %02

1 - \/1 — 4832nynyc3 l
26711 ’ A

For ¢; = yields

1-— 62(7115% + ngc§)2

1 \/1 432 7\ ?
— — N1N9C
=1-— 52 nq ( 58n, L 2) —}—nzcg

2
g (1 — 24/1 — 482 nyc3 +B12— 48%n1nycs + 462n1nzc§>
4 sl

25711

2
_q (1 - \/1 - 462n1ngc§>

_ =2

1+ /1 —48%nnyc3
2Bn1 7

Similarly, for ¢; =
1-— 52(77/15% + 7@6%)2
=1-¢

1
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1
Hence \ = 7

—. I simplify 7% to
51

42222
(1-&) 1i\/1—LagU“]

2a% (%02

It shows &2 depends on &. Since ¢; and % both have two solutions, there are four
combinations of ¢, and 2. It indicates four equilibria in the Homogeneous Variance

Case. All possible fixed points p, ki, ¢ and &2 are listed as follows.

b= B(dg — CL5'280 —+ nll?q(l_;— 51) —Z ngkg(l + 02)) (421)
1-— ﬁ(nlcl + n202)
=2
];31 _ B(do ao So) + ﬁHQZCQ(l + 62) (422)
1—6ni(1+¢)

(1 1 — 432 2
ty 23 Sy = Ci 4
c) = n 4.23
“ 1—/1—4B8%nnec2 (4.23)
— C1.—
\ 20814 ’
) " i}
- 4a*B%020?
(1-¢2%) 1+\/I—W
! _o
= — — 0
2322 +
5? = R —— (4.24)
~ da*p oo
(1-c) 1—\/1——1_52
! _o
= — — 0~
\ 202 %02

Let [p, k1, €1, 5% denote an equilibrium.

[ 5(do — a&iso + 711]%1(1 +¢14) + noke(1+c2)) B(do — a(riso) + Brgks(1 + ¢3) —
1-— 6(n15%’+ + TLQCE) ) 1 — ﬁTll(l + EI’J,») y €14 _|__
(4.25)
[B(do — ag? s+ niki(1+ &11) + noka(1 4 ¢2)) B(do — ad? s9) + Bnska(1 + ) _ 02-
1-— B(nléi_’_ + TZQC%) ) 1— 5”1(1 + El’+) s C1 4+ __
(4.26)
[B(dy — a52 50 + niky(1+ &) 4+ naka(1 + ¢2)) B(do — ad2 s0) + Bngka(1 + ¢3) .
1— ﬁ(nléi_ + 'I’LQC%) ) 1 — 6”1(1 I 617_) y C1,—» +_
(4.27)
(B(do — aoso + miki(1 + 1) + naka(l + ¢p) Bldo —a02sy) + Broka(l+ca) ]
1— ﬁ(nléif + TZQC%) ) 1— /Bnl(]_ + 617_) y C1,—» 7_
(4.28)
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4.1.5 STABILITY ANALYSIS

The similar approach of stability analysis in Section applies to the Two-Beliefs
Model. To verify stability, I construct a Jacobian matrix of h(¢) in equation ,
Lemma . First, simplify 0-12;,7: in equation by substituting the updating
equation for p; in equation .

Uf;,t = i,tfl +p371 — (Pe—1 + t_l(pt _pt—l))2 + t_l(pf - O-i,t—l _pf 1)
= ;2),1&—1 + P71 — (P + 2t P (e —pt—l) + 7 (pr — pe1)?) + (P} — 02 )
=02, — 2t P (pr — pee) + (0] — pt L= Pi1) — (o — i)’
= Ui,t—l — 2t pea (pe — Prer) + (0} — pt L= Pry) (2o — P — Pry)

The second-order term t~2(2p;p;_1 — p? — p7_,) shrinks to 0 extremely quickly when

t — oo and therefore Jf,,t can approximately written as

Ui,t'\“ pt ha (217 1= 2Ppapy) H T l(pt pt 1 ??—1)
= pt A e Opt—1 — Pi1 — 2Peape + 2071)
= pt LW = 2+ B — fn 1)
*‘7 -1+ (( — Di— 1) _Ui,t—1>

All RLS equations are listed as follows.

el,t - 91,1‘/71 + tilstilXt<pt — Hi,tlet)
St - Stfl + til(XtXé - Stfl)
‘7;2;,15 = O-i,tfl +¢! ((pt - pt—1)2 - U;t,l)

I express the RLS equations in the form of a stochastic recursive algorithm in equa-
tion (3.25)) shown below.

&t = Pr1 + VH(t, 11, D)

Under decreasing-gain learning, v, = t~1. I redefine D, and ¢,.

F1
Dt
Ci1t
DPt—1
D, = th = Dt
Ut
2
2
(o
2
Op,t
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I redefine the T-map in equation (4.17)) as T'(6;;0%) where 8 = (ky,c1) due to the

dependence of #; on o2. Equation (4.18]) can be written as
pe=T(014-1; O't2—1>/(17pt71>/ - Baaf_lfut

I express the RLS equations as the term H(¢, ¢;_1, D;) in the form of a stochastic
recursive algorithm in equation ({3.25).

7‘[9 = St_lXt (Xé (T(917t_1; O'tQ_l) — 917t_1) — ﬁaaf_lvt)
HS - Xth - St,1
Hag = (pt - pt71>2 - U;tq

Then apply Lemma [3.4.2) h(¢) becomes

he = S~ M(01,07)(T(0150%) — 01)
hs = M(61,0%) — S
hez = lim El(pr = pe1)? — 05 ]
_ Bl(~afo*)? — o)

= aQBQUf,(Uf, +02)? - o2

P
292 2/ 212 202 2 2 2 | 2092 2 2\2 2
=a*f0,(0,)" + 20" B 0 0,0, + a0, (0,)" — 0,

Similar to Section|3.4.3| hg = M (6y,0?)—S and S — M where M = EX (6,,02%)X (6, 0?)
since Sy is an estimate of X, X, and hy, = T'(01;0°) — 0;. h(¢) is simplified to

h6’1 = T(Ql; 0'2) — 01
hs = M(91,0'2) -8

het = a*B02(02) + 2a° B2 0r002 + a*FPo2(02)? — o

The Jacobian matrix of h(¢) evaluated at the equilibrium is

frni(1+c)—1 Bniky 0 O —Basg
0 28nic1—1 0 0 0
oM (1,2) oM (1,2) 1 g oM (1,2)
Ok ey do?
oM (2,2) OM(2,2) 0 —1 OM(2,2)
Ok ey da?
0 0 0 0 2a°f%02(o)+0,)—1
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The eigenvalues of the matrix are on the diagonal of the matrix (confirmed in Math-

ematica):
— 1+ 206n1¢4 (430)
— 1+ 2a*8%0%(0) + o)) (4.31)

and repeated values of —1. First I check whether the first two eigenvalues are
1 —4832nynyc3
20m

negative. For ¢, = ¢ 4 = , the eigenvalues are

1+ /1 —452n1nyc2 1+ /1 —452n1nyc2
—1+Bny |1+ \/2ﬁnﬁ 122]:—1+6n1+ v 25 1272 (4.32)
1
1 1 —432 2
14 280, — v % Frmnacy _ \/1 — 4B2ninc (4.33)
ny
1 — /1= 48%n1nsc2
For¢, =¢_ = \/ 2 b n1n2027 the eigenvalues are
U3
1 — /1 —452n1nyc? 1 — /1 —452n1nyc2
—1+Bny |1+ \/mnﬁ 1“]:—1+5n1+ v 25 1272 (4.34)
1
1— /1= 48%n1nsC2
1oV > ﬁnﬁ MG — 1~ 482 (4.35)
1

The eigenvalues in equation and govern the stability of any equilib-
rium corresponding to ¢; ;. Similarly, the eigenvalues in equation and
govern the stability of any equilibrium corresponding to ¢; . All the eigenvalues
shown above depend on the discriminant Apom,. Section [4.1.4] shows Apome is al-
ways greater than 0. The eigenvalue in equation (4.33) is thus always positive and

thus ¢ 4 is unstable even if the eigenvalue in equation (4.32)) is negative.

For ¢ _, the eigenvalue in equation (4.35)) is always negative since Apgomo > 0.
Mathematica solves the eigenvalue in equation (4.34)). It shows as long as the condi-

tions in equation (4.1)), (4.2) and (4.6]) are satisfied, the eigenvalue is always negative.

Therefore, there are two possible stable equilibria combining ¢, — with 2 which has

two roots: 0% and o2. In order to check the stability of these two equilibria, I
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substitute each into the eigenvalue in equation (4.31). For o7,

42 2.2 2
H\/l_Lag%]
1_01

2a% 3202

4a? %0202
1 1 22 %0
W 1=a ]

— 1+ 2d*B*020?

162820202
1—@) 1= f1- 202 %%
( Cl)[ \/ 1—¢
2

2023202

B 4a2ﬁ2002

Hence the condition for eigenvalues for o3 and o2 can be simplified to

— 14 2a*p%0? a+

(1-d)

— 14 2a26%2

=—1+(1-¢)

For &2,

= —1+42d°B%

[ Aa2B20202
Eigenvalue for o7 : (1—c}) |1+ \/1 — % <1 (4.36)
— 2
[ 2325252 |
Eigenvalue for o?: (1—c})|1— \/1 — alﬁ %% <1 (4.37)

Both inequality can be solved by Mathematica. For equation (4.36]), it solves the

following conditions

0<B,a<1
0 <oy,
O<o, < 4.38
7 2af0, ( )
1
\/1 1250707 — 3 < ¢ < /1 —4a2B%0202 (4.39)

The first two conditions are included in the conditions in equation (4.1]) and (4.2)).
Equation (4.38) depends on o, and shows if the chosen value of ¢, is high, the range
of values of o, that can be chosen from is narrow. For equation (4.39), it can be
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rearranged to

da2B20202 —
\/ b <cl<\/1— 4a?[%0202

a’ /820-20-2

1_42 222
\/ a/BO-uO-fu <Cl<\/]—_ GQBQO- 0-2

2 —4a?p%020?

If 1 — 4a%B%0202 < 0 then it has complex solutions and is not considered. For

—4a?B%*0%0?% > 0, ¢; has a very narrow range to satisfy the condition in and
so the condition in equation (4.36[). Hence there is only a limited set of values of ¢;
that leads 7 to be stable. For 62, the inequality in equation (4 is satisfied if

the following conditions solved by Mathematlca are satisfied.

0<pB,a<1
0<o,
0<o, <
“ 2af0,
0<c <1 —4a2f20202 (4.40)

The only condition different from the conditions for the eigenvalue in equation (|4.36))
is the condition in equation (4.40). For 1—4a?8%0202 > 0, the greater 4a*f*020? is,
the narrower the range for ¢; is. However, equation (|4 allows a wider range for
c1 than equation (4.39). Therefore, the condition for eigenvalue in equation is
more likely to be satisfied than that in equation and thus 2 is more likely to
be stable than 53. Overall, there are four equilibria solved but only the equilibrium
corresponding to ¢; — and 5%77 in equation is likely to be stable.

4.1.6 RANDOM WALK BELIEFS

This section examines the PLM under random walk beliefs in the Homogeneous
Variance Case. Since T-map cannot capture this particular equilibrium, I refer to
this particular equilibrium as random walk equilibrium and the stationary PLM
equilibrium in Section as T-map equilibrium. Section illustrates major
properties of the random walk equilibrium in the Basic Model. Stock price at the
random walk equilibrium has the identical form to that at the stable T-map equi-
librium. The random walk beliefs lead to a substantial amount of market volatility
and thus lower the stock price at the random walk equilibrium comparing to the
stable T-map equilibrium. I follow the notations defined in Section m (i.e. p, 612,
and 2 denote the fixed point of p;, Uit and ¢? at random walk equilibrium respec-

tively). If learning agents perceive that stock prices follow a random walk, the PLM
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in equation (4.4) yields

Pt =Pi—1 T €1t
= Lpy + €1,

Assuming o7 ; is at its fixed point 62, the ALM in equation (4.9) under random

walk beliefs can be expressed as

P = B(do — ad?sg + naka(1 + ¢2)) + B(ny + nac3) Lp, — Badc?v,
(1 — B(ny +noca)L)p, = B(dy — adsg + noka(1 + c3)) — Bas?v,

ﬁ(do — CZ&QSO + 712]{‘2(1 + 62))
1 — B(ny + nacl) + [l

Pt =

where

—Bac?
1-— B(?’Ll + TLQC%)L

f(L) =

Hence the ALM under random walk beliefs in the Two-Beliefs Model has a similar
structural form to that in the Basic Model in Section [3.4.5, Similarly, express f(L)

into a geometric series.

—Bad? 4
f(L) = T r——y = —Bas? Z (ny + nacs) L)’

The ALM can be expressed into a similar form as in equation (3.41)) in the Basic
Model.

B(dg—aa So—f-ngk’g(l—f—CQ _5 ~22

4.41
1 — B(ny + naocl) (m1 + ma5) L)' (4.41)

pe =
Therefore, the ALM under random walk beliefs involves infinite lagged v;. It also in-
troduces serial correlation into the model. I then show in the Homogeneous Variance
Case, the stock price at the random walk equilibrium (i.e. p) has the identical form
to that at the stable T-map equilibrium (i.e. p). Derive p by taking unconditional
expectation on both sides of the ALM in equation (4.41]).

oo

ﬁ(do — CL(}QSO + n2k2(1 + 02 .
E =F i
(pe) < 1~ Blm + n2c%) 520 (ny + n202 L)'v,

B(do — CL5'280 + ngkg(l + Cg))
1 — B(ny + nacl)

p =
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Derive p by substituting ¢; _, ki and &2 into p in equation (4.28)).

ﬁ(do — a5250 —+ n2k2(1 + Cz))
1 — B(ny + nacl)

ﬁ:

Hence p and p have the identical form. They are only equal if 62 = 2. However,
random walk beliefs lead to a substantial amount of excess volatility. It can be
shown by comparing the variance of price at the random walk equilibrium and at
the stable T-map equilibrium. Then I solve for &2 by taking unconditional variance
on both side of the ALM in equation (4.41)).

B(dy — ac?sg + naka(1 + c3)) o — ;
Var(p;) = Var ( 0 - ﬁ(om +2n220§) 20— Bac* ;(5(711 + na¢3) L) Ut)

Fa(e*)'o!

2
P (1= B(ng 4 nac3))?

The issue becomes whether the unconditional variance of price (i.e. 62) at the
random walk equilibrium is higher than that at the stable T-map equilibrium (i.e.
62) in equation 1) It can be expressed as the following inequality.

~2 =2
» =~ Op
a2ﬁ2(62)203 a262(62)203

(1= B(ny +n9c3))? ~ 1= B2t + nacs)?

If 52 = &2, the inequality can be simplified to

1 1
> —
(1 —B(ny +n9c2))2 ™ 1 — B32(n1&? + nycd)?

(4.42)

Aslong as the conditions in equation , and are satisfied, the inequality
in equation is always satisfied. The variance of price at the random walk
equilibrium is thus always higher than that at the stable T-map equilibrium, that
is 62 > &2. Moreover, variance of excess returns o = o) + 0., as 4. > 0., at
equilibrium it holds that 62 > 2. Therefore, the stock price at the random walk
equilibrium is lower than that at the stable T-map equilibrium. It shows the random
walk equilibrium in the Homogeneous Variance Case follows major properties of the

random walk equilibrium in the Basic Model.

4.2 Two-BELIEFS MODEL: LEARNING VS NON-LEARNING
HETEROGENEOUS VARIANCE CASE

This section relaxes the assumption in the Homogeneous Variance Case in Section [4.1]

that learning and non-learning agents have identical estimate on variance of excess
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returns. In this case, each group has their individual estimate on the variance of
excess returns. The analysis of the model follows a similar approach as in the

Homogeneous Variance Case.
4.2.1 AGGREGATE DEMAND

Following the derivation of aggregate demand in Section[4.1.1] the individual demand
zn.ar With heterogeneous variance of excess returns (i.e. Varp(pir1 + dirr — Rpe) =

2
o}, ) becomes

Zh,dt = Eh,t(pt+1 +diyq — Rpt)/aai%,t

The aggregate demand z4 yields

2
Zdt = E NpZh,dt
h=1

2

= Z n, {Eh,t(thrl +dpy1 — Rpt)/aalzz,t}

h=1

At market clearing conditions zy = zg, it yields

A A

n1 (B¢ (prs1 + dip1) — Rpr) i no(Eoi(pry1 + div1) — Rpy)
aait aa%t

Og,tm(ﬁjl,t(pm +dyy1) — Rpy) + CTith(Ez,t(ptH +di1) — Rpy)

2 2
a0y 1034

= Zst

= Zst

2 g 2 p 2 2 2 9
U2,tn1E17t(pt+1 + dyy1) + Ol,tn2E27t(pt+1 + di1) — Rpt(%,tnl,t + Ul,tnzt) = Q0,09 1 %st

2 r, 2 r; 2 2
05 M B (Desr + diga) + 05 o Eoy(prya + digr) aoy 05 2t
2 2 - 2 2 =Dt
R(O-27tn1 + 0’17tn2) R(O’Qytnl + 01 n27t)

In the environment introduced in Section [4.1] non-learning agents do not update

parameters in their PLM. It is thus more natural to assume non-learning agents

also do not update their estimate on the variance of excess returns (i.e. o3, = 03).

Given 3 = R, the true stochastic process of the risky asset price becomes

_ ﬁagnlEl,t(pt+1 +diy1) + 50%,tn2E2,t(pt+1 + d41) B 5CLU%¢U§Z$& (4.43)

2 2 2 2
Ny + 07 ,N2 5Ny + 07 N2

Dt

The Two-Beliefs Model under the Heterogeneous Variance Case follows the condi-
tions in equation (4.1)), (4.2)) and (4.6)) in the Homogeneous Variance Case and adds
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two extra conditions on ait and o3. All the conditions are listed as follows.

0 < py, ait, o2, 0% 05 (4.44)
0<pB,a,n <1 (4.45)
—1<e <1 (4.46)

The model also follows Assumption that no contemporaneous variables and

information are observable to all agents. Following the notation EW(-\Qt_l) intro-

duced in Section equation (4.43) becomes

 Bo3mEyy(peis + dia [ 1) + 803, naB (o + dia | 1)  Baot, 03z

Pt 2 2 2 )
oyny + 014 1N2 03N + 074172

Given dividend is independent to price, it yields

- Bozna(do + El,t(pt+1|Qt—1)) + Bot ,_ma(do + EQ,t(pt+1|Qt—1)) Bao?, 052

Pt = 2 ) 2 )
03N + 07 N2 03Ny + 074112

(4.47)

The price process in this case is more complicated than that in the Homogeneous
Variance Case. In the Heterogeneous Variance Case, the variance of excess re-
turns o7, and o3 enters the ALM. They affects not only the share supply noise
vy weighed in the ALM as in the Basic Model and the Homogeneous Variance
Case but also the fractions of expectations weighed in the ALM. I refer the terms
osny/(o3ny + 07, 1ng) and 07 ,_ny/(05ny + 07, no) as the effective fractions. The
effective fractions determine the share of each group’s expectations on future price

contributes to stock price.

Intuitively, when o3 is relatively higher than o2, it implies that non-learning agents
perceive the stock is riskier to invest than learning agents believe. Since agents are
risk averse and follow mean-variance preference, non-learning agents have relatively
low demand in the risky asset so learning agents dominate the market and have a
larger influence on the price process in equation . Alternatively, when ait is

relatively higher than o2, non-learning agents dominate the market.
4.2.2 PERCEIVED AND ACTUAL LAW OF MOTION

The PLM of learning and non-learning agents are identical to equation (4.4) and
(4.5)) derived in the Homogeneous Variance Case. Learning and non-learning agents
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form expectations on future price same as before.

El,t(pl,t+1|Qt—1> =kit1(l4+crp1) + C%,t71pt—1 (4.48)
EQ,t(pQ,t+l|Qt—1> = ko(1+ o) + c%pt_l (4.49)

Since there are separated estimates on variance of excess returns ait and o2, the
forecast errors of learning agents can be derived from their PLM. Therefore, the
Heterogeneous Variance Case follows the approach in the Basic Model analysed in
Section [3.4.1] Learning agents estimate variance of excess returns by the forecast

error between realized p; and their PLM as well as the dividend noise ;.

Uitfl = Var((p1s+ di)|Q-1)
= Ei[(pr — El,t(pl,t|Qt—1> +d — Et(dt|Qt—1))2]
= E[(pe — Evo(prg| Q1) + up)?) (4.50)

I then derive the ALM. From equation (4.47)), (4.48)) and (4.49)), the ALM becomes

 Bo3ni(do + By y(pea|Qu-1)) + B3, yna(do + Eay(piea|Q-1))  Baot, 103z

Pt 2 ) 2 )
O3N1 + 07 N2 03Ny + 074112

_ Bozm (do + k(1 + crp1) + 4 ype—1) + BoF_yna (do + ko (1 + c2) + 3pi—1)
o3ny + 07, ng

2 2
Baoti, 1057q

B o3ny + o7, Ny
6 [Ognl(do + k17t_1(1 + C1,t_1)) + U%,t_lng(do + k‘g(l + CQ)) - (10%715_10%80}

2 2
0N + 074112

2, 2 2 2 2 2
5 (02n101,t—1 + 01,t—1”202) Pt—1 Baau_lagvt (4.51)
2 2 2 2 :
oM + 07 N2 M1 + 074112

The ALM here has a much more complicated structural form than that in the
Homogeneous Variance Case. The variance of excess returns aitfl and 032 enter
every term in the ALM. Define

O'%?’Ll
Wit—1 =
o3ny + 07, 1Ny
2
w - 01412
2t—1 =
o3ny + 07, 1Ny
2 2
- 071t-192
Y1 =

2 2
oany + 014112
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Weights wy ;1 and wy,—1 can be viewed as the effective fractions. Then the ALM

can be expressed in a form similar to that in the Homogeneous Variance Case.

pe = Blwi—1(do + ki—1(1+cry-1)) +wai—1(do + ka(1 4 c2)) — arhy_150]
+ 3 (wl,tflcitfl + wz,tch) Pi—1 — a1y (4.52)
4.2.3 EQUILIBRIUM
Similar to the Homogeneous Variance Case, T-map maps the PLM to the ALM.
Let p, ki, ¢; and &2 denote the fixed point for p;, ki, c1y and ait. The ALM in

equation (4.51)) is expressed in the form of a T-map. Noted that this excludes o?

which I derive later. T-map is defined as

Blo2ng (do + k(14 1)) + 02ng (do + ka(1 + ¢2)) — ac?o3sg

T ka1 _ Jgnl + O'%TLQ
= 2, .2 2, .2
c B (oanici + oinacy)

03Ny + oiny

(4.53)

Hence p; can be written as

/
Ky ac?, ov
ptZT( ) (L pir) — 72 (4.54)

2 2
C1t—1 TNy + 01 ;1M

Solving for fixed point of the T-map,
k k
C1 C1

2. =2, =2, 2
B (o5n167 + dinacs)
o3ny + 52ng

Then,

I
ol

1
5 (agnléf + 5’%7112C§) = 51(0'5711 + 5’%%2)
2 2 (2 2 5202 — 0
posnic; — ¢ (oang + a1ng) + fornec; =

4 2-2 2 2
(6%/”/2 + Ugnl) (1 —+ \/1 _ ﬁ 0-10-27117?/203

(02ny + 62ny)

Cl1 =
! 28031,

It can be expressed in an alternative form.

(02ny + 5ny) /(0301 + 53ng)? — 432620201 nac3
260'%77,1

C1 =
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2 all depend on & which only in-

In the Homogeneous Variance Case, p, k1 and &
volves exogenous parameters. However, ¢; in this case involves not only exogenous
parameters but also 2. Hence ¢, depends on 67 instead. Let the discriminant in ¢

as AHete

48%5203n1nyC3

(03n1 + G3ny)?

AHet: 11—

Discriminant A e > 0 is always satisfied given the conditions in equation (4.44)) -
(4.46)) and it imposes a condition on cs.

2 ~2\2 2.2 2 2
(o3n1 + aing)” — 4pG105n1n9c; > 0
2 ~2. \2
2 (0311 + 0ins)
2 4525%0377/1”2

o5ny + aing

255’10’2« /M1MN2

Similar to equation (4.19), the condition on ¢y in equation (4.55)) only matters if it

imposes a narrower range on ¢y given the stationary condition on ¢y (i.e. —1 < ¢p <
2

lea| < (4.55)

1). It involves 2. Later analysis shows 62 can only be solved numerically and thus

this condition can also only be solved numerically. Then I solve for k;

. B lo3ni (do + ki(1+ @) + ing (do + ka(1 + ¢2)) — adio3so)
1 prm—

03Ny + ainy
]2’1 [(agnl + 5’%712)
—Bagnl(l + 61)} = ﬁO’%TleQ + B&%ng (do + kz(l + CQ)) — Ba&fagso

b Blosnidy + ains (do + ka(1 + ¢3)) — adiosso)
! (0201 + 52ny) — Bo2ni(1+ )

I then solve for p. Taking unconditional expectation on both sides of the ALM in

equation (4.51)),

B [Ugnl (do + k17t71<1 —+ Cl’tfl)) + 0'% 1—1M2 (do -+ kQ(l -+ CQ)) — CLO'% t710'380]
E(pt) =F : 7

2 2
o3n1 + 07412
2, 2 2 2
B (‘72”101,1571 + 01,t71“202) Pt—1
2 2
oany + 01412

B [0§n1 (do + k1-1(L4+cr1e-1)) + O%t_lng (do + k2 (14 ¢c9)) — CLU%t_ﬂT%So}

2 2
03N + 071N

B (Ugnlc%,tq + 0-%,15—1”203) E(pi-1)

2 2
03N + 074172
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As before, define the fixed point of th price as E(p;) = E(p;—1) = p. At equilibrium,

kit-1, c14-1 and o2, | converge to ki, ¢; and &3 respectively. Then,

(o3n1 4+ Gin2)p = B [o3n1 (do + k1 (1 +&1)) + 67ns (do + ko (1 + ¢2)) — adio3so]
+ 4 (agnléf + 5’%71,26%) D
p [o3m (1 — 5&})
+ao1ns(1 — Be3)] = B [oona (do + k1(1+&1)) + 67ns (do + kao(1 + 2)) — ad703 0]
B lo3ny (do + ki(1+ @) + 0ing (do + ka(1 + ¢2)) — adio3so)

P - —
o3ni (1 — Bet) + otna(1 — Bc3)

Similar to the Homogeneous Variance Case, k; and p depend on &2 and ¢;. I then
solve for 67. At equilibrium, the PLM is equivalent to the ALM and the parameters
in the PLM k; and ¢, are equal to the T-map T'(ki,¢;) in the ALM. The variance
of excess returns in equation (4.50) becomes

_ 2
Baciosv
o T
o3ny + 01Ne

_ Pa(0)) (02 |

oi=F

v
(o311 + Giny)?

It can be simplified to

(07)*n3 + (07)*(2n203m1 — Ba*(03)* 0, — oyn3) + (07)((03)"nf — 2n20°naory,) = 0

1}_

Different from the Basic Model and the Homogeneous Variance Case, 6% is no longer

a quadratic equation. There are three solutions for 0. However, due to the compli-
cated functional form, 5% can only be solved numerically. There is also a high chance
that some of the solutions are complex and I only consider real solutions. Also the

real roots of 67 have to be non-negative. I denote each root of o7 as 67 ;55 All
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possible equilibria p, k;, ¢, and 5% are summarized as follows.

p

ky =

B o3n (do + ki(1+ @) + 5ins (do + ka(1 + ¢2)) — adio3so]

o3 (1 — Bet) + aing(1 — Be)
Blo3nido + atna (do + ka(1 + ¢2)) — adiogso]

(02ny + 6%ny) — Boini (1 + &)

(
43262 02nnyc?
(G3ng +o3ny) [ 1+ 4/1 — 5 ! 2_2 2
(o311 + aing) -
— C14
) 260’%711 '
, ) 43262 03n nyc
(G1ne +oym) | 1= [1 = — —
(o3ny + oing) B
— C1.—
\ 2Ba§n1
=
011
)
01,2
_o
o
(713

(4.56)

(4.57)

(4.58)

(4.59)

Combining two solutions for ¢; with three solutions for 6%, there are six equilibria

in the Heterogeneous Variance Case. Since p and k; are functions of ¢ and 7%.

Let [p(¢1,02), ki(c1,52),¢1, 52 denote an equilibrium. All six equilibria are listed as

follows.

4.2.4 STABILITY ANALYSIS

First recall the form of a stochastic recursive algorithm in equation (3.25).

Ot = G + VeH(L, di—1, Dy)

20



I redefine D; and ¢;.

) F1y
t
Cit
Pt—1
D, = O = Dt
Uy
2
2
(o
0%,1&

In this case, the RLS equations are very similar to that in the Basic Model and

listed as follows.

Ore = 0101+ 7105 Xe(pe — 01,1 X1) (4.60)
St = St—l + 71,t<XtX£ — St—l) (461)
Uit = Uit—l + Y2, ((pt - ell,t—lXt + ut)2 - U%,t—l) (4.62)

I redefine the T-map in equation (4.53)) as T'(6;;07) where 8 = (ky,c1) due to the
dependence of 6; on ¢?. Equation (4.54) can be written as

2 2

= T 0 —15 : ' 1 - -
Dt ( 1,t 1701,%1)( » Dt 1) O'%nl “"0-%,1‘,—1”2

I express the RLS equations as the term H(¢, ¢;_1, D;) in the form of a stochastic
recursive algorithm in equation (|3.25).

B Baot, o5
Hel = St lXt (X; (T(elyt—l; Uitfl) — Hl,t—l) - O’%?’Ll i O_itian (463)
Hs = Xp X; — Sia (4.64)
Moz = (22 — 014 1) (4.65)

where

Ba*(ot, 1)*(03)07

(o3n1 + 0F,_1n2)?

22y = (T(01,4-1; O-itfl)_el,t—l)/XtXé(T(el,t—l; O-itfl)_gl,t—l)‘i‘

Then, apply Lemma [3.4.2] h(¢) becomes

h@ = SilM(el,U%)(T(el; 0'%) — 91)

hs = M(Gl,af) - S

52652(0%)2(0%)203 1+ o2 — o2
(03n1 + 07ns)? TuT

hyz = (T(6:;07) — 01)/M(01,0f) (T(61;07) — 61) +
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Section shows hg gives S — M where M is EX(0;,0%)X (61,0%)" and hence
hg, becomes T'(01;0%) — 0;. The stability of the entire system is determined by the

stability of a smaller dimension system. h(¢) is simplified to

hg, = T(01;0?) — 0,

hs = M(6,,0%) — S

B*a*(07)*(03)%0 2 2
(03ny + o2ny)? towT o

hyz = (T(6:;07) — 91)/M(91,af) (T(61;07) — 61) +

The Jacobian matrix of h(¢) evaluated at the equilibrium is

Boini(1+ cp) 1 Boinik 00 B Baniojso
o3ng + oing osny + oing (0311 + ofng)?
0 2805ma Lo o Bningos(cs — i)
oany + oing oany + oing
OM(1,2) oM (1,2) 0 OM(1,2)
8k1 801 80%
IM(2,2) oM (2,2) . OM(2,2)
@kl acl ao_%
0 0 0 2a°3*n 00502

(o3ny + Uan)?’

The eigenvalues of the matrix are on the diagonal of the matrix (confirmed in Math-

ematica):

Boini(1+ )

-1 4.66
* Ugnl + O'%ng ( )
2B03n1c
Ly Zmme (4.67)
oany + oing
14 2a?3*n ot0S0? (4.68)

(o3ny + ang)g
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and repeated values of —1. Section solves six equilibria. First I check whether

the first two eigenvalues are negative. For ¢; = ¢; 1, the eigenvalues are

14 Boan, L+ (02ny + 02ny) + /(0311 + 03ng)? — 4B20703n1n9¢3
oany + oing 26030,
14 Boan, 1 /(02n) + oing)? — 43202 02n1nac3
B oiny +oing 2 2(c3ny + oing)
1 Bozn, 4820202n1n9C3
=— 51T 3 5+ ) 2, )2 (4.69)
2 o3ng +oing (o311 + oing)

14 2803, (02n1 + o?ny) + \/(U%nl + 02n,)? — 43202021 n5C2
oany + oing 28020,
= —1+ (03n1 + 0ing) + /(931 + 07n,)? — 4B%0fo3ningc3

oany + oing

:\/ | _ ABotopninacy (4.70)

(03nq + 0%ny)?

For ¢; = ¢, _, the eigenvalues are

—1+

Boan, [1 (02ny + ony) — /(0311 + 03ng)? — 4520%037117120%]

oany + oing 26030,

_ 1 N Boin \/ _ ApPoioiningcs (4.71)

2 o3ng 4 oing (0311 + oing)?

—14

2B02n, [(agnl + 02ny) — /(0301 + 0ny)? — 4620%05711@0%]

O'%nl +O'%7”LQ 2ﬁ0§n1

_ \/ | ABoioimnacs (4.72)

(0311 + 0%ny)?

The eigenvalues in equation and govern the stability of any equilib-
rium corresponding to ¢; ;. Similarly, the eigenvalues in equation and
govern the stability of any equilibrium corresponding to ¢; _. All the eigenvalues
shown above depend on the discriminant Age.. Section shows Apese 18 always
greater than 0. The eigenvalue in equation is thus always positive and hence
1+ is unstable even if the eigenvalue in equation is negative.

For ¢; _, the eigenvalue in equation (4.72)) is always negative since Ayt > 0. Math-
ematica solves the eigenvalue in equation (4.71). It shows as long as the conditions
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in equation (4.44)) - (4.46)) are satisfied, the eigenvalue is always negative. Hence ¢;
is stable. Overall, three equilibria corresponding ¢; ; are unstable. The stability of
the remaining three equilibria corresponding to ¢; _ depends on 67 and can only be

solved numerically.
4.2.5 RANDOM WALK BELIEFS

This section examines the PLM under the random walk beliefs in the Heterogeneous
Variance Case. Since T-map cannot capture this particular equilibrium, I refer to
this particular equilibrium as random walk equilibrium and the stationary PLM
equilibrium in Section [4.2.3| as T-map equilibrium. I first solve for random walk
equilibrium of price p and the variance of price 61%. If learning agents hold random
walk beliefs, the PLM in equation yields

Py = Lp + €1,

Assuming ait_l is at its fixed point 6%, the ALM in equation (4.51)) under random

walk beliefs can be expressed as

Blosnido + aina(do + ka(1 + c2)) — acio3s]

be = ~
o3ny + diny
2 =2 2 =2 2
B (o3ni + oinecs) Lpy  Baciozvy
oany + Fing oany + oing

(1 _ B(odn + 5inac3) L) Dy — Blognido + dina(do + ka(1 + 2)) — acio3se]  Basiodv,
osng + aing ! osny + aing ooy + Finsg

Bloinido + aina(do + ka(1 + ¢2)) — adtods]

b= 0%7114‘5%712
oing + 2naec? -t
(1-HZmasl) s
o5ny + 01Ne
2 d ~2 d ]{Z 1 522
by — B losnidy + aing(do + ka(1 4 ¢)) — adi03 5] D,

o2ny(1 — B) + d3ny(1 — Bc2)

where

F(L) = 0o (1_5<0%m+&%n2c3>L)—1

O'%?’Ll —1—6%2 Ugnl +&%n2
Ba&o}

(03ny + 63ng) — B(03ny + d3ngcd) L
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Express f(L) into a geometric series.
#(L) = Jucio;
(031 + &ina) — Blodn + Ginac3) L
ac?o? > o2ny + 62no) L'
___ [Padio; Z(ﬁ(zl 122))%

(0%711 + 5%712) U%TL1 + C}%ng

i=0
The ALM can be expressed into an alternative form.

Dy — Bloinido + Gina(do + ka(1 + c2)) — adto3so]
osni (1 — B) + aina(1 — Be3)
Bac?o2 e (6 (02ny + 5inaca) L)Z
172 1 v
(O'%nl + O'%ng) =0 O'%?”Ll -+ O'%?”LQ ¢

(4.73)

Therefore, the ALM in the Heterogeneous Variance Case also involves infinite lagged
values v; similar to the Basic Model and the Homogeneous Variance Case. I then
show the stock price at the random walk equilibrium (i.e. p) has the identical form to
that at the stable T-map equilibrium (i.e. p). Derive p by taking the unconditional
expectation on both sides of the ALM in equation (4.73)).

Blo3nidy + 5ina(do + ka(1 + c2)) — acto3s]
E(p) = E 2 _ ~2 — A2
o3ni(1 — B) + dina(l — Be3)

Bacios = (ﬁ (02ny + 5ingca) L)i
— — = /Ut
(02n1 + d2ny) Zz'_o oany + oing

Bloanidy + dina(do + ka(1 + c2)) — adiosso)
o3ni(1— ) + 6ina(1 — Bc3)

ﬁ =
Derive p by substituting ¢; - and k; into p in equation (4.56). Mathematica solves
for p.

/6 [O’%nldo + 6%n2(d0 + kﬁg(l + CQ)) — aa’%U%SO]
oini(1 = B) + aina(l — Bc3)

ﬁ:

Hence p and p have the identical form. They are only equal if 62 = 2. However,

p
random walk beliefs lead to a substantial amount of excess volatility. It can be
shown by comparing the variance of price at the random walk equilibrium and at

the stable T-map equilibrium. Then I solve for 512) by taking unconditional variance

95



on both sides of the ALM in equation (4.73]),

Blognidy + Gina(do + ka(1 + c2)) — adto3s]
ooy + Fing

Bacios =L (B (02, + 62nyc2) L'
— - g - v
(03n1 + ding) ooy + Fing !

i=0
R Badiosv
(03ny + d3ng) — B(03ny + 53nacd) L
Ba*(67)(03)% 03

(020, + 62ny) — B(o2ny + 62noc?))”

‘Mmm:VM(

2
2=
Similar to the Homogeneous Variance Case, the issue is whether &f, is higher than
6; which is

_ BPa?(61)*(03)%0y

2
P (o311 + F3ng)?
Therefore the inequality is as follows.

2

G2 > G
B*a?(67)*(03)% 0, F*a’(07)*(03) 0y
o2ny 4 62ns) — Blo2ng + 52nsc2))” (o3n1 + oing)?
2 i 2 1n263
If 7 = &7, the inequality can be simplified to
1 1

> (4.74)
((02n1 4 02ny) — Blo2ng + 02nscd))? ~ (03m1 + 07ng)?

As long as the conditions in equation (4.44]) - (4.46|) are satisfied, the inequality
in equation (4.74) is always satisfied. The variance of price at the random walk

equilibrium is thus always higher than that at the stable T-map equilibrium, that

is 62 > &2. Moreover, variance of excess returns o = o + 0., as 4, > 0.,

equilibrium it holds that 62 > 2. As a result, the stock price at the random walk

at

equilibrium is actually lower than that at the stable T-map equilibrium. As a result,
the random walk equilibrium in the Heterogeneous Variance Case of the Two-Beliefs
Model also follows all major properties of the random walk equilibrium in the Basic
Model.
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CHAPTER )
Results

Chapter {4 introduces the Two-Beliefs Model. It follows some features of the Basic
Model and investigates dynamics of a stock market where learning and non-learning
agents exist. Both groups of agents are concerned about risk and returns. Learn-
ing agents recursively update their forecast of future price and variance of excess
returns whereas non-learning agents always have static forecasts. In the Hetero-
geneous Variance Case, both groups of agents identically estimate the variance of
excess returns by sample variance of price based on historical prices. In the Hetero-

geneous Variance Case, they have separated estimates.

The Two-Beliefs Model combines heterogeneous beliefs with adaptive learning. Learn-
ing agents can be considered as rational traders who adjust their forecasts when new
information is available. Non-learning agents are irrational traders or those who do
not have knowledge or resources to adjust their forecasts. Non-learning agents cre-
ate additional disturbance to stock price. Although learning agents do not know
about the existence of the other group directly, they observe and react on changes

in prices caused in the past by the other group.

Section derives four equilibria in the Homogeneous Variance Case. The sta-
bility analysis shows there is only one stable equilibrium. Section solves six
equilibria in the Heterogeneous Variance Case. Stability analysis shows that three
of those six equilibria are unstable whereas the stability conditions of the remaining
three equilibria can only be solved numerically. In both cases, when learning agents
hold random walk beliefs in their PLM, it may also lead to an equilibrium in the

ALM that T-map cannot capture.

This chapter first discusses the choice of parameter values. It is followed by nu-
merical simulations to validate the analytical findings in Chapter {4 and bifurcation
diagrams which demonstrate how the state variables respond to changes in certain
exogenous parameters in the Two-Beliefs Model under the Heterogeneous and Ho-

mogeneous Variance Case.
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5.1 CHOICE OF PARAMETER VALUES

Since the Two-Beliefs Model follows a similar structure of the Basic Model, I start
numerical simulations using parameter values chosen by BE. The entire model has
two important exogenous shocks: the dividend shock and the share supply shock.
Section demonstrates that both shocks follow white noise processes with respec-

tive variances o2 and o2

dy ~ WN(do, o2)
zst ~ WN (s, 05)

Variances of shocks 02 and o2 in part determine the volatility of the stock market
since the share supply shock v; enters the ALM whereas the dividend shock u; enters
the RLS equation for the variance of excess returns. At equilibrium, the variance of

excess returns 2 in the Homogeneous Variance Case and 7 in the Heterogeneous

2 2

u o are, the

Variance Case depend on o2 and o2. The larger the values of ¢2 and o
higher the market volatility is. Different values of 02 and ¢? may lead to different
simulation results. I consider two circumstances: 1) Large noise where o, = 0.9 and

o, = 0.5 and 2) Small noise where o, = 0.09 and o, = 0.05.

15} a dy So Oy o, M1 ko ¢ 09
(a) Large Noise (LN) 095 075 1.5 1 09 05 05 05 0.8 0.25
(b) Small Noise (SN) 0.95 0.75 1.5 1 0.09 0.05 05 0.5 0.8 0.25

Table 5.1: Parameter values

Table|5.1]lists all parameter values for numerical simulations under Large and Small
Noise. The only difference between Large Noise and Small Noise are o, and o,.
Discount factor 8 = 0.95 is equivalent to the interest rate r = 5.26%. Risk aversion
factor a = 0.75 indicates that all agents are risk averse. The Two-Beliefs Model
introduces the fractions of learning and non-learning agents in the market n; and
ny as well as the parameters in PLM of non-learning agents ks and co. I choose
ny = ng = 0.5, ko = 0.5 and ¢, = 0.8. When n; = ny = 0.5, half of agents in the
market learn whereas the remaining half does not. When considering ky = 0.5 and
cs = 0.8, the PLM of non-learning agents in equation becomes

P2t = 0.5+ 0.8pi—1 + €2

It indicates that non-learning agents are optimistic about future price and believe
stock price depends on its lags. In the Heterogeneous Variance Case, there is an

extra exogenous parameter o2 which is the non-learning agents’ estimate on variance
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of excess returns. I choose g9 = 0.25. I use these two sets of parameter values in
Table for numerical simulations in Section for the Homogeneous Variance
Case and Section [5.4| for the Heterogeneous Variance Case. The sensitivity of results
to parameter values is analysed with bifurcation in Section and

5.2 NUMERICAL SIMULATION: HOMOGENEOUS VARIANCE CASE

The main purpose of numerical simulations shown in this section is to investigate the
dynamic behaviour of the system and verify the analytical findings from Section [4.1]
A long period of simulation demonstrates the time path and the dynamics of state
variables. It also gives the converged values or the end points of the state variables

which may not exactly be to the theoretical equilibrium, but are close to these values.

Reminded that I refer to T-map equilibrium as the equilibrium for which the PLM
is stationary as opposed to random walk equilibrium for which the PLM is random
walk and thus non-stationary. Table [5.2] and first twelve rows of Table [5.3] list the
numerical solutions for all theoretical equilibria and the corresponding eigenvalues
in the Basic Model and in the Two-Beliefs Model under the Homogeneous Variance
Case respectively. The considered parameter values are listed in Table |5.1] Each
row indicates one equilibrium. The numerical equilibria in Table confirm the
analytical result in Chapter |3| that there is only one stable T-map equilibrium (i.e.
Eq || for Large Noise and Eq [10| for Small Noise). Under Large Noise, all random
walk equilibria are complex and hence are not attainable. Under Small Noise, there

are two real random walk equilibria.

In the Homogeneous Variance Case, Eq (13| to[16|refer to the T-map equilibria under
Large Noise. An equilibrium is stable if all the eigenvalues have negative real parts.
Eq (13 and [15| are not attainable since 5% in Eq[13[and p in Eq[L5|are negative. Not
all the eigenvalues of Eq[13] to [15] are negative and therefore they are unstable. All
eigenvalues of Eq [L6] are negative. Hence only Eq [16] is stable for the considered
values of parameters under Large Noise. Eq [19] to [22] refer to the T-map equilibria
under Small Noise. All eigenvalues of Eq [22] are negative whereas the other three
equilibria Eq [19| to [21] are not. Hence only Eq [22]is stable for the considered values
of parameters under Small Noise. The numerical solutions in Table validate the

derivation of equilibrium and its stability analysis in Section [4.1.4] and |4.1.5| which

show any equilibrium corresponding to ¢; 1 is unstable. Eq (13| and [14{ under Large
Noise as well as Eq |19 and [20| under Small Noise corresponding to ¢; ;. are unstable.
It further shows that combination of ¢, _ and 7 _ is more likely to be stable than
¢1,— and o7 ,. Here it shows only Eq |16 and [22] corresponding to & _ and 57 _ are
stable whereas Eq |15 and [21| corresponding to ¢; - and 6%7 4 are unstable.
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09

D k c o2 Eigenvalues
eq.(3.21) eq.(3.22) eq.(3.23) | eq.(3.24) [ eq.(3.35) | eq.(3.36) | eq.(3.37)
Eq 1 —70.7186 —70.7186 1.0526 6.9627 0.9500 1.0000 0.7673
T-map equilibrium Eq 2 15.4379 15.4379 1.0526 0.9166 0.9500 1.0000 —0.7673
Large Noise Eq 3 —70.7186 —6.6569 0.0000 6.9627 —0.0500 —1.0000 0.4899
Eq 4 15.4379 15.4379 0.0000 0.9166/ —0.0500{ —1.0000, —0.7673
Random walk equilibrium g?l 2 Complex solutions

Eq 7 |—11199.4547|—11199.4547 1.0526 787.9266 0.9500 1.0000 1.0000
T-map equilibrium Eq 8 28.3846 28.3846 1.0526 0.0081 0.9500 1.0000 —1.0000
Small Noise Eq 9 |—11199.4547|—11199.4547 0.0000 787.9266 —0.0500 —1.0000 1.0000
Eq 10 28.3846 28.3846 0.0000 0.0081| —0.0500{ —1.0000, —1.0000

Random walk equilibritm Eq 11 28.3841 0.0000 1.0000 0.0081

Eq 12 0.5457 0.0000 1.0000 1.9617

Notes: Bold font indicates stable equilibria.

Table 5.2: Equilibria and eigenvalues in the Basic Model
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D ky ¢ 52 Eigenvalues
eq.(4.21) eq.(4.22) eq.(4.23) eq.(4.24) eq.(4.29) | eq.(4.30) [ eq.(4.31)
Eq 13 62.0935 —45.7481 1.7368 —16.6599 0.3000 0.6499 —5.2287
T-map equilibrium Eq 14 5.8920 —4.3410 1.7368 0.7724 0.3000 0.6499 —0.8039
Large Noise Eq 15 —10.5415 —6.6569 0.3685 5.8697 —0.3500 —0.6499 0.4899
Eq 16 5.3529 3.3803 0.3685 0.9397 —0.3500f —0.6499| —0.7615
Random walk equilibrium Eq 17 Complex solutions
Eq 18
Eq 19 | 51304895 |—3779.9452 1.7368 |~ 1588.7518 0.3000 | 0.6499 | —5.0327
T-map equilibrium Eq 20 8.3562 —6.1566 1.7368 0.0081 0.3000 0.6499 —1.0000
Small Noise Eq 21 |—2186.9237 |—1381.0379 0.3685 680.9300 —0.3500 —0.6499 0.7284
Eq 22 8.3562 5.2769 0.3685 0.0081 —0.3500f —0.6499, —1.0000
Random walk equilibrium Eq 23 8.3562 0.0000 1.0000 0.0081
Eq 24 | —115.6617 0.0000 1.0000 38.4574
. (a) LN 5.3685 3.4239 0.3685 0.9338
End points Figure p.1] (b) SN 8.3563 5.2769 0.3685 0.0081
— RN 3.3432 0.3750 0.9403
: (b) SN 8.3237 0.5629 0.9320 0.0144

Table 5.3: Equilibria, eigenvalues and end points in the Homogeneous Variance Case

Notes: 1) Bold font indicates stable equilibria; 2) The end points listed are the average of the last 100 points from the corresponding simulation.
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Figure 5.1: Numerical simulation (baseline) in the Homogeneous Variance Case

Figure |5.1| shows a simulation of length 10,000 with Large and Small Noise. The
initial values are near Eq for Large Noise and near Eq for Small Noise in
Table |5.3. The top panel plots the stock price p,. The two middle panels plot the
estimated time-varying parameters in the PLM for learning agents ky 4, ¢ and the
fixed parameters for non-learning agents ks, co. The bottom panel plots the variance
of excess returns o2. It shows that stock price realized from the ALM is stationary
under both noises. As I would expect, all state variables p;, ki;, c1; and of are

more stable under Small Noise than under Large Noise. Since ¢ in equation (4.23)

2
v

and o2, Figure shows ¢+ converges identically despite the

different size of noises given. The variance of excess returns o?

does not involve o
under Small Noise
is much lower than that under Large Noise. Therefore, the stock price under Small
Noise is higher than that under Large Noise. It justifies that stock price declines

with variance. This resembles real markets where stock prices typically decline after
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turbulent periods. Table shows that the end points of Figure (a) LN and
(b) SN are very close to Eq [16{ and Eq [22| respectively. Therefore, the simulation
confirms the model converges to the theoretical stable T-map equilibrium for both

noises.

5.2.1 STABILITY

Another issue is whether the model reverts back to the stable T-map equilibrium if
there is a small deviation from it. I choose some initial values away from the stable
T-map equilibrium and run a long period of simulation. The analysis in Section 4.1.5
only considers local stability of an equilibrium which is bounded by the region of
attraction (ROA). If the chosen initial values are out of the region, the model may
not necessarily converge to the theoretical stable T-map equilibrium even though

that equilibrium is theoretically stable.

10 T T T T T

1.5 T T

0.5~ N

0 I 1 \ I I I I I 1 =
0 1 2 3 4 5 6 7 8 9 10
x10%

Figure 5.2: Numerical simulation (stability) in the Homogeneous Variance Case
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Figure shows a simulation of length 100,000 with Large and Small Noise. The
initial values are p = 5, k; = 5, ¢; = 0 and 02 = 0.5. I run a longer period of
iterations here since when the initial values are non-equilibrium values, the model
requires more time to converge. Comparing to Figure [5.2, all state variables require
more time to converge and eventually become stable. More importantly, different
noises lead to different results. Table |5.3| shows the end points of Figure [5.2| (a) LN
are close to the stable T-map equilibrium Eq [16] However, under Small Noise, it
does not converge to the stable T-map equilibrium. The end points of Figure (b)
SN are closer to the random walk equilibrium than the stable T-map equilibrium.
Intuitively, learning agents starting from some non-equilibrium beliefs eventually
learn the true stochastic process of the stock market when market volatility is high.
In the case of Small Noise, when random walk beliefs are attainable, learning agents

converge to the random walk beliefs.

If some sequence of shocks leads learning agents to hold random walk beliefs, these
beliefs due to its self-fulling nature would persist for a substantial amount of time
when market volatility is low. In addition, learning agents cannot distinguish the
random walk equilibrium from the stable T-map equilibrium since stock prices are
close at both equilibria. Even though the ALM is not a random walk, under random
walk PLM, the price becomes highly persistent. High persistence of the price is a

realistic behaviour of real stock markets.

Figure 5.1 and show in the Two-Beliefs Model where learning and non-learning
agents exist, ¢; in the PLM of learning agents converges to some positive value,
but not to the beliefs of non-learning agents c;. Comparing to the Basic Model
which only considers homogeneous learning agents, ¢ in the PLM converges to 0.
At the stable T-map equilibrium, the PLM of learning agents and the ALM in the

Homogeneous Variance Case are

PLM: pre = ki + Gipi—1 +E1y (5.1)
ALM: Db = ];71 + Elpt_l - ﬁaﬁzvt (52)

While the corresponding PLM and ALM in the Basic Model are

PLM: p=k+¢g (5.3)
ALM:  p, =k — Bac*v, (5.4)

Hence the ALM in the Two-Beliefs model is an AR(1) process with some white
noise v;. Therefore, the REE in the Basic Model which has the structural form
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of a constant with some white noise v; in equation is not attainable in the
Two-Beliefs Model. However, it does not imply the REE is never attainable. For
example, when n; = 1 where all agents are learning, the Two-Beliefs Model reduces
to the Basic Model and the REE is thus attainable. Moreover, Table [5.2] and
show stock price at the stable T-map equilibrium in the Homogeneous Variance Case
is lower than that in the Basic Model for Large and Small Noise. It illustrates that
the existence of non-learning agents creates additional disturbance in the market

and decreases the average stock price.
5.2.2 PROFIT OF LEARNING AND NON-LEARNING AGENTS

So far I select the shares of learning and non-learning types exogenously. One way to
justify the existence or prevalence of one type over another is through their profits.
This section examines profit of learning and non-learning agents. I denote 7, as
the profit of group h at time ¢ and II;, as the average profit of group h. 7, is defined

as

Tht = (Pe41 + dey1 — Rpe) 2 e
= (pg1 + dip1 — Rpy) [Ehyt(]?tﬂ +di1 — Rpt)/aaf_l}

= (P41 + dip1 — Rpy) [(Eh,t(pt-i-l) +do — Rpt)/CWtQ—J (5.5)

Profit at time t is realized when p;,; is realized at time ¢t + 1. When simulating T’

periods, only T" — 1 periods of profits are realized. II;, is therefore defined as

1
Hh = ﬁ Z 7Th,t (56)

Profit of each group depends on the excess returns (p;y1 + dip1 — Rp;) and their
demand zj 4. At equilibrium, the excess returns can be simplified to dy —rp. When
stock price increases, the excess returns decrease and vice versa. Since the excess
returns are realised from the market and identical for both groups, the profit dif-
ference between the two groups entirely depends on the difference in demand zj 4
driven by the difference in expectations on future price Em(ptﬂ). Positive demand
implies the expectations on future price Eh,t(pt+1) is higher than the cost of invest-
ing in the risky asset Rp;. Therefore agents receive future dividend d;.; and price
pir1 but pay Rp,;. Alternatively, negative demand implies short selling and agents
pay future dividend and price but receive Rp;. They earn profits only if stock price

decline next period.

Table shows average profit of each group from a simulation of length 10,000.
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Learning agents earn significantly higher profit than non-learning agents. Actively
updating forecasts requires time, knowledge and resources. This induces costs to
the learning agents. Since the model does not impose a cost on learning, the result

that learning group perform better is expected.

I 2.2756

Large Noise
I1, 0.4020
- (I | 184.9637

Small Noise
IT,|—182.8434

Table 5.4: Average profits in the Homogeneous Variance Case

Under Large Noise, the expectations on future price of learning agents are higher
than that of non-learning agents but both are positive. The difference in expecta-
tions leads to difference in demand. Therefore, the profit gap exists. Given that
profits are positive, both groups may coexist. Under Small Noise, when the vari-
ance is lower, the stock price is higher and therefore the excess returns decrease.
However, the higher stock price also leads to a larger difference in demand between
the two groups. For non-learning agents, the cost of investing in the risky asset is
much larger than their expectations. Therefore, their demand switches from barely
positive under Large Noise to negative whereas learning agents’ positive demand
increases significantly. It thus creates a larger profit gap between the two groups
under Small Noise. In this case, the existence of non-learning agents in the market

is unlikely.

5.3 BIFURCATION: HOMOGENEOUS VARIANCE CASE

This section discusses how the state variables and profit of each group respond to
changes in the selected exogenous parameters using bifurcation diagrams. Among
all the exogenous parameters, the discount factor /3, the belief of non-learning agents

co and the market share of learning agents n, are the most intriguing to look into.
5.3.1 METHOD

The method I used to generate bifurcation diagrams is as follows:

1. Starts withn = 1, ..., N evenly spaced points of an exogenous parameter H (i.e.
B, co or ny) with the range in Table while all other exogenous parameters

are fixed.

2. Arbitrarily choose a value for pg
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3. Create a relatively close neighbourhood around py (i.e. £10%) with & =
1,..., K evenly spaced points in this neighbourhood and each of these points

is considered as an initial value for p;

4. Initial values of other state variables k;;, ¢;; and o} are slightly away from

their theoretical stable T-map equilibrium values (i.e. +1%).
5. For each k, all state variables p;, k14, ¢1; and of converge after T iterations

6. The last 50 points of the simulation are plotted on the bifurcation diagram for

each state variable.

7. After repeating for all K, the end point of p; converged from py becomes the

new pg for n + 1.

8. Repeat Step 3 to 7 for all N

Lower bound | Upper Bound
B 0.80 0.99
Co —0.95 0.95
ny 0.05 0.95

Table 5.5: Range of 5, co and n; in bifurcation

Bifurcation diagrams capture convergence of state variables when changing values
of a single parameter holding others fixed. There are different methods to generate
bifurcation diagrams. I adopt multiple methods with different settings and the
results are very consistent regardless of which method I used. Therefore, I decide to
show bifurcation diagrams generated from the above method since by allowing initial
values to be a changing neighbourhood around price instead of a static value, it takes
the impact of different initial values on simulations into account. In addition, Step 4
allows the model does not start exactly at the theoretical stable T-map equilibrium
values otherwise it eliminates any possibility that the model does not converge to the
stable equilibrium. The considered parameter values for the bifurcation diagrams
are (b) Small Noise in Table . When the dividend and share supply noise are
small, the convergence is theoretically clearer than using Large Noise. For the
Homogeneous Variance Case, pyp = 5, T' = 15,050, K = 21 and N = 500.

5.3.2 DiscouNT FACTOR

Panel (a) to (c) in Figure show p, ki and ¢; against discount factor 5. When
[ increases, stock price increases. This relationship can be interpreted as follows.

In the model, there are only risky and risk free asset. When interest rate is high
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(i.e (5 is low), the perceived risk to invest in the risky asset is high as the outside
option that agents can invest in the risk free asset yields a relatively high return.
Therefore, the demand for risky asset and its price are low and vice versa. This
explanation also applies to k; and ¢; which also increase with 3. Learning agents
observe the increasing trend of price and adjust their forecast accordingly over time.
Their expectations on future price formed from the PLM are higher. Non-learning
agents also have higher expectations since their PLM is an AR(1) process. These

expectations enter the ALM and thus push the stock price up.
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Figure 5.3: Bifurcation diagrams (3) in the Homogeneous Variance Case

Panel (d) shows o barely responds to 3. The market volatility is fairly stable ex-
cept when [ gets closer to 1, the variance slightly increases. This increase is likely
due to numerical accuracy and finite number of iterations rather than any explicit
relationship between 0% and 3. Under Small Noise, the impact of variance on stock
price is minimal and therefore the increasing trend of stock price against [ is fairly

consistent. As a result, the discount factor § has an increasing relationship with
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state variables p, k; and ¢; except o2 in which 8 does not have much influence.

Panel (e) and (f) show profit of learning and non-learning agents calculated from
equation . Learning agents always earn higher profit than non-learning agents
for all 5. It illustrates the advantage of learning. Comparing to learning agents,
non-learning agents always have lower expectations on future price which translate
to negative demand and thus they short sell. The profit difference between the
two groups rapidly increases as [ increases. When interest rate decreases, more
agents invest in the risky asset since investing in the risk free asset becomes less
attractive. With more learning agents trading in the market and stock price thus
increase, learning agents benefit from it whereas non-learning agents are punished

more heavily from not willing to learn.
5.3.3 BELIEF OF NON-LEARNING AGENTS

Panel (c) of Figure 5.4 shows ¢; has a very symmetric relationship against c¢o. Recall

€1 in equation (4.23)).

1 £ /1 —4B2nnack
C1 =
! 2/8711

Section shows Agome is always greater than 0 and there are two real fixed
points of ¢;. Since any equilibrium corresponding to ¢; 4 is unstable, the model
should theoretically always converge to ¢; . The sign of ¢y does not affect ¢; since
co is squared in ¢;. It thus creates the symmetric behaviour of ¢; against ¢y and also
shows ¢; _ is minimized and equal to 0 when ¢, = 0. Since the beliefs of learning
and non-learning agents ¢; and ¢, enter the ALM, the symmetric property creates a
ripple effect to other state variables. Therefore, all bifurcation diagrams for ¢, also

have a symmetric shape.

Panel (d) plots o2 against c,. The variance of excess returns increases dramati-
cally when ¢, gets close to its end values. For other values of ¢y, 02 are fairly stable.
Although equation shows &2 does not directly involve ¢, it involves ¢, which
has a symmetric relationship with c,. Hence o2 also follows a symmetric behaviour
against c;. The impact of 02 on p is minimal since variance is small under Small

Noise. The higher values of o on both ends thus do not decrease stock price.

Panel (a) and (b) shows p and k; also follow the symmetric behaviour of ¢; and
o2 since p and k; depend on & and 2. However, they are not as symmetric as ¢
against ¢y since stock price responds more extensively to positive ¢, than negative

co. For negative ¢y, ¢; converges to some positive values and it implies that the
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learning group believes opposite to what the non-learning group believes. There-
fore, two opposite beliefs force stock price to decrease. Alternatively, for positive
c9, ¢1 are also positive. Hence the two beliefs are coherent and push the stock price

even higher.
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Figure 5.4: Bifurcation diagrams (c2) in the Homogeneous Variance Case

Panel (e) and (f) show learning agents earn higher profit for all 5. More interestingly,
the profit gap increases when |co| decreases and reaches its largest level when ¢, =

c¢; = 0. At that point, the PLM of learning and non-learning agents becomes

P = ki1 + ey
ot = ko + 2y

The only difference between the two PLM is k; ; and ks. Panel (b) shows k; at ¢ =0
is around 3 whereas ks is fixed at 0.5. As a result, the difference in expectations on

future price between learning agents and non-learning agents is largest. It translates
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to the largest difference in demand among all ¢, as well. In addition, when ¢y = 0,
stock price is lowest and the excess returns are thus highest. Combining both effects,

the profit gap is thus largest when ¢y = 0.

5.3.4 MARKET SHARE OF LEARNING AGENTS
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Figure 5.5: Bifurcation diagrams (n1) in the Homogeneous Variance Case

Another important parameter in the model is the market share of learning agents 7.
When n; = 1, the Two-Beliefs model reduces to the Basic Model. Panel (c) of Fig-
ure shows when learning agents dominate the market (i.e. ny gets close to 1), ¢;
decreases gradually to 0. This result justifies the stable T-map equilibrium in the Ba-
sic Model (i.e. Eqin Tablewhereﬁ = 28.3845, k = 28.3845,¢ = 0,52 = 0.0081
given the parameter values in Table[5.1] (b) Small Noise). When non-learning agents

dominate the market (i.e. ny gets closer to 0), ¢; slowly increases.

Stock price p in Panel (a) increases with n; since when more learning agents trade
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in the market, the negative impact of non-learning agents on stock price decreases.
It again justifies the stable T-map equilibrium in the Basic Model where p is signif-
icantly higher than p in the Homogeneous Variance Case. Panel (d) of Figure
illustrates the variance of excess returns o2 barely responds to n;. When n; is
roughly above 0.6, the variance increases slightly. The increase is more likely due
to numerical accuracy and finite number of iterations rather than any explicit rela-

tionship between o2 and n;.

Similar to 8 and ¢y, Panel (e) and (f) show learning agents earn higher profit for
all ny. They always have positive demand. When more learning agents enter the
market, the profit advantage for learning is diversified by the new comers and slowly
shrinks to zero. Non-learning agents who face negative demand for all n, always
suffer loss. Moreover, when n; increases, the demand of learning agents decreases
slowly whereas the demand of non-learning agents decreases at an accelerating rate.
Therefore, the profit gap increases with n,. It demonstrates that the non-learning
group is more severely punished from not learning when more agents are willing to

learn in the market.

5.4 NUMERICAL SIMULATION: HETEROGENEOUS VARIANCE CASE

This section shows numerical simulations in the Heterogeneous Variance Case where
learning and non-learning agents have different estimates on variance of excess re-

turns in order to validate the analytical findings in Section [4.2

Table lists the numerical solutions for all theoretical equilibria and the corre-
sponding eigenvalues given the parameter values with Large Noise and Small Noise
in Table 5.1 Eq [25] to [30] refer to the T-map equilibria under Large Noise. Four of
them are complex solutions and only Eq 29| and [30] are real solutions. All eigenvalues
of Eq[30]are negative whereas two eigenvalues of Eq[29]are positive. Therefore, Eq[30]
corresponding to ¢; _ is stable but Eq corresponding to ¢; 4 is unstable. Similarly,
for the T-map equilibria under Small Noise, Eq [34] to 37| are complex solutions. The
eigenvalues show only Eq B9 corresponding to ¢; _ is stable whereas Eq [§| corre-
sponding to ¢; 4+ is unstable. It is consistent with the derivation of equilibrium in
Section which shows any equilibrium corresponding to ¢; 4 is unstable. Since
two of the three solutions for ¢? are complex, it leads to the complex equilibria

under Large and Small Noise.

Figure |5.6| shows a simulation of length 10,000 with Large and Small Noise. The
initial values are near Eq [30] for Large Noise and near Eq [39 for Small Noise in
Table |5.6 The top panel shows stock price is stationary for both noises. The three
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middle panels show all other state variables k¢, ¢;; and ait are fairly stable after
2,000 iterations. Their end points listed in Table (a) LN are very close to Eq[30]
and (b) SN are very close to Eq[39 Therefore, the numerical simulation confirms

the model converges to the theoretical stable T-map equilibrium for both noises.
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Figure 5.6: Numerical simulation (baseline) in the Heterogeneous Variance Case

The last panel in Figure shows the effective fraction wy; in the ALM defined
in equation . Under Large Noise, the effective fraction of learning agents
is roughly 0.4. Since learning agents have higher estimate on variance than non-
learning agents (i.e. o3 = 0.5), they are unwilling to purchase risky asset. Therefore,
non-learning agents dominate the stock market. Under Small Noise, ait is signifi-
cantly lower than 2. The learning agents dominate the stock market instead and

wy ¢ 1s close to 1.
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D ky ¢ o7 Eigenvalues
eq.(4.56) | eq.(4.57) | eq.(4.58) | eq.(4.59) | eq.(4.66) | eq.(4.67) | eq.(4.68)
Eq 25
Eq 3(73 Complex solutions
T-map equilibrium 4
Large Noise Fq 28
& Eq 29 5.6888 —8.0046 2.4071 0.8608 0.1893 0.6804 —0.9566
Eq 30 5.6888 3.0848 0.4577 0.8608| —0.4912] —0.6804| —0.9566
Eq 31 .
Random walk equilibrium| FEq 32 Complex solutions
Eq 33 4.9535 | 0.0000 | 1.0000 | 1.5728
Eq 34
Eq 2653 Complex solutions
T-map equilibrium d
Small Noise Eq 37
Eq 38 25.7387 —1.5418 1.0599 0.0081 0.9257 0.9817 —0.9999
Eq 39 25.7387 25.4869 0.0098 0.0081| —0.0560| —0.9817, —0.9999
Eq 40 .
Random walk equilibrium| Eq 41 Complex solutions
Eq 42 25.7064 | 0.0000 | 1.0000 | 0.0082
: (a) LN 5.6200 3.0739 0.4559 0.8662
Figure 5.6] (b) SN|  25.8455 |  25.4724 0.0146 0.0080
. (a) LN 5.6222 3.0851 0.4590 0.8639
S Figure[p.7] (b) SN|  25.6134 0.0464 0.9982 0.0085
P i ure@ (a) LN 5.6479 2.7446 0.5181 0.8569
& ' (b) SN 25.5642 0.0026 0.9999 0.0087
: (a) SN 25.2279 0.0045 0.9998 0.0098
Figure 5.9] (b) SN| 257762 |  25.4431 0.0130 0.0081

Table 5.6: Equilibria, eigenvalues and end points in the Heterogeneous Variance Case

Notes: 1) Bold font indicates stable equilibria; 2) The end points listed are the average of the last 100 points from the corresponding simulation.



5.4.1 STABILITY

Similar to Section [5.2.1], this section examines whether the model reverts back to
the stable T-map equilibrium when starting from some non-equilibrium values. Fig-
ure shows a simulation of length 100,000. The initial values are p = 5, k; = 5,
c1 = 0 and 02 = 0.5. The top panel shows the stock price is still stationary for
both noises. For Large Noise, state variables k14, ¢1; and o7, in the three middle
panels quickly converge and become fairly stable. The end points in Table (a)
LN are fairly close to Eq[30 For Small Noise, it does not converge to the stable
T-map equilibrium Eq[39} Instead, the state variables converge to the random walk
equilibrium since the end points in Table (b) SN are close to Eq[42] This result
that the system responds differently for different noises is identical to the Homoge-
neous Variance Case. Eventually, learning agents hold random walk beliefs when
market volatility is low whereas they learn the true stochastic process when market

volatility is high.

Figure [5.6] and Figure show ¢; in the Heterogeneous Variance Case converges
to some positive value. At the stable T-map equilibrium, the PLM of learning
agents and the ALM are

PLM: pre=ki+ap1 + ey

ALM: e =k +apor — M
o3ny + 0Ne

The ALM in the Heterogeneous Variance Case is an AR(1) process with some white
noise v; similar to that in the Homogeneous Variance Case in equation ((5.2]). The
structural form of ALM in the Heterogeneous Variance Case is different from that
in the Basic Model which is a constant with some white noise v;. Therefore, the
REE is also not attainable for the considered parameter values in the Heterogeneous
Variance Case. In addition, the existence of non-learning agents in this case also
creates additional disturbance to the market and leads average stock price to be
lower than that in the Basic Model.

More interestingly, all the stable T-map and random walk equilibria in the Het-
erogeneous Variance Case yield higher stock price than that in the Homogeneous
Variance Case since learning agents estimate variance by measuring the forecast error
between the observed price and their estimated variance from last period. They ac-
tually underestimate the variance as they do not take the non-learning group’s fixed
estimate on variance into account explicitly. The underestimated variance leads to

higher demand and thus pushes stock price up in the Heterogeneous Variance Case
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comparing to the Homogeneous Variance Case. It shows that when learning and
non-learning agents have different risk estimates, the stock market is less affected

by the disturbance created by non-learning agents.

30 T T T
- 20 ﬁ 1T —— P
10 " Pon
0 ! ! ! x | ! ! ! !
0 1 2 3 4 5 6 7 8 9 10
x10*
10
Kin
5 . ] Kisn
R :
oE—7——— 1 1 [— 1 ———
0 1 2 3 4 5 6 7 8 9 10
x10*
1 i i i
(T ”””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””””” SN
o~ 05 — . Gy 8N
________ c,
0 ! ! ! ! ! | ! ! | ]
0 1 2 3 4 5 6 7 8 9 10
x10*
15
1w . UiLN
Sy 5 N O-f,SN
e 2
0 C I I I I 1 I I I I 2
0 1 2 3 4 5 6 7 8 9 10
x10*
1 C T T
o WiIN
e W LN
=00 Wisn
0 Lo [ T [ [ e B [ i Wa.sN
0 1 2 3 4 5 6 7 8 9 10
x10*

Figure 5.7: Numerical simulation (stability) in the Heterogeneous Variance Case

5.4.2 PROFITS OF LEARNING AND NON-LEARNING AGENTS

Profit 7, is calculated similar to the Homogeneous Variance Case. Since learning

and non-learning agents have different estimates on variance, equation ([5.5|) becomes
Tt = (pt+1 +diy — Rpt) [(Eh,t<pt+1) +do — Rpt)/aa%,tfl] (5-7)
T = (et + diss = Bpy) | (Bna(pe) + do — Bpy) faod| (5:8)

The average profit of each group II, follows equation (5.6)). Table shows the

average profit of each group from a simulation of length 10,000. Similar to the
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Homogeneous Variance Case, learning agents earn significantly higher profit than
non-learning agents. Under Large Noise, although the estimate on variance of ex-
cess returns by learning agents is higher than that by non-learning agents, learning
agents, who have much higher expectation on future price, still earn higher profit
than non-learning agents. Under Small Noise, the difference in expectations are
even larger and the demand of non-learning agents switches from positive to nega-
tive. In addition, the estimate on variance by learning agents is lower than that by

non-learning agents. As a result, the profit gap is even larger.

In addition, the profit gap under Small Noise is significantly smaller comparing
to the Homogeneous Variance Case. In the Heterogeneous Variance Case, learn-
ing agents always underestimate the variance of excess returns and pushes stock
price up. The excess returns decline with stock price and therefore the profit gap
is smaller. However, for Large Noise, the profit gap remains similar to the Homo-
geneous Variance Case. Any underestimation of variance is amplified under Small
Noise whereas it becomes minimal under Large Noise since variance under Large
Noise are much larger than that under Small Noise. As a result, profit gap in the
Homogeneous and Heterogeneous Variance Case are much closer under Large Noise

than under Small Noise.

I 2.2730

Large Noise
II, 0.2834
I 3.4514

Small Noise
II,] —3.1630

Table 5.7: Average profits in the Heterogeneous Variance Case

5.4.3 RANDOM WALK EQUILIBRIUM

This section checks for the existence of random walk equilibrium by running a long
period of simulation where initial values are near random walk (i.e. p =20, ¢; =1
ki = 0, 0> = 0.5). Table lists the theoretical random walk equilibria. Under
Large Noise, two of the three random walk equilibria are complex and there is only
one real random walk equilibrium Eq[33] This is different to the Homogeneous Vari-
ance Case where they are no random walk equilibrium under Large Noise. Under
Small Noise, only Eq may be attainable. Moreover, both theoretical random
walk equilibria yield higher variance but lower stock price than the stable T-map
equilibria. It justifies the finding in Section that random walk beliefs increase

market volatility and decrease average stock price.
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Figure [5.8 shows Large and Small Noise give different simulation results when learn-
ing agents start from random walk beliefs. Under Small Noise, ¢; starting from 1
first drops to around 0.7 and eventually converges back to random walk after 100,000
iterations. Stock price then recovers quickly and becomes stable after 10,000 iter-
ations. However, under Large Noise, c¢; also starts from 1 and drops to 0.7 but it
continually decreases to 0.5181. The end points of Figure (a) LN in Table
are fairly close to Eq[30] which is the stable T-map equilibrium. Under Small Noise,
the end points of (b) SN are close to Eq[42] Therefore the model converges to the
stable T-map equilibrium under Large Noise and random walk equilibrium under

Small Noise, which I also observe in the Homogeneous Variance Case.
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Figure 5.8: Numerical simulation (random walk) in the Heterogeneous Variance Case

The remaining difference between the end points and the theoretical equilibrium
can be explained by the slow convergence. The end points of k; and ¢; at 10,000
and 50,000 iterations in Table further shows the model is slowly converging to
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the stable T-map equilibrium under Large Noise and to random walk equilibrium
for Small Noise. Similar to the Homogeneous Variance Case, it shows high market
volatility allows learning agents to escape from the random walk beliefs whereas low

market volatility does not.

Large Noise Small Noise

Iterations| 10,000 50,000 10,000 50,000
kq 2.1166 2.5670 0.0029 0.0026
c1 0.6204 0.5447 0.9999 0.9999

Table 5.8: Values for k; and ¢; in Figure

Another finding related to random walk equilibrium is under Small Noise, the model
starting near the theoretical stable T-map equilibrium (i.e. Eq[39in Table may
converge to the random walk equilibrium instead. Neither the Basic Model or the
Homogeneous Variance Case illustrates this result since both models converge to the

stable T-map equilibrium when starting near the stable T-map equilibrium.

Figure [5.9| compares this exceptional case to the normal case. In the exceptional
case, k1 and ¢ quickly converge to random walk and become fairly stable. The top
panel shows the stock price suddenly drops from its initial value and slowly increases
over time. After 500,000 iterations, the stock price eventually reverts back near its
original position. The end points of the exceptional case which is (a) SN in Table|[5.6
are close to the theoretical random walk equilibrium. In the normal case, all the
state variables consistently stay at the stable T-map equilibrium. The end points of
normal case which is (b) SN in Table are close to the theoretical stable T-map

equilibrium.

One possible explanation of the drop in stock price in the exceptional case is the
abrupt increase in o?. At the beginning of the simulation, variance increases rapidly
to above 30 in a very short period of time. It thus decreases stock price and pushes c;
and k; away from its stable T-map equilibrium. Since the two equilibria have nearly
identical stock price and variance, learning agents are incapable of distinguishing
the two equilibria by only observing stock prices. In some occasions, they result in
holding random walk beliefs. The non-stationary PLM of learning agents still leads
to an equilibrium and stock price slowly recovers. Moreover, this exceptional case
suggests the region of attraction (ROA) of the random walk equilibrium may be
larger than that of the stable T-map equilibrium. The sudden drop in price forces
the state variables away from the ROA of the stable T-map equilibrium and enters

the ROA of the random walk equilibrium instead. Hence it never reverts back to
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the stable T-map equilibrium but converges to the random walk equilibrium.
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Figure 5.9: Numerical simulation (exceptional case) in the Heterogeneous Variance

5.5 BIFURCATION: HETEROGENEOUS VARIANCE CASE

Case

This section discusses how the state variables and profit of each group respond to

changes in the selected exogenous parameters in the Heterogeneous Variance Case.

Bifurcation diagrams are generated from the same method described in Section [5.3.1]
For the Heterogeneous Variance Case, po = 5, T' = 150,050, K = 21 and N = 500.

Since the exceptional case demonstrated in Section|5.4.3|may arise in some occasions,

the model requires more time to converge and I therefore run a longer period of

simulation than the Homogeneous Variance Case where T = 15, 050.
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5.5.1 DiscounNT FACTOR

Panel (c) of Figure shows ¢; converges to two equilibria. When g is low, ¢
converges to the theoretical stable T-map equilibrium since majority of ¢; is close
to 0. It starts to converge to random walk as ( increases. When f is around 0.97,
c¢; always converges to 1. The random walk in ¢; causes stock price in Panel (a) to
bifurcate into two trajectories. The upper trajectory shows stock price increases with
B. When [ increases, the perceived risk of investing in the risky asset decreases and
the outside option yields higher returns. The demand for risky asset is higher and
thus the price increases. However, the lower trajectory shows stock price decreases
with [ when it gets closer to 0.99.
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Figure 5.10: Bifurcation diagrams () in the Heterogeneous Variance Case

Before explaining this non-trivial behaviour of stock price (i.e. the lower trajectory),
I examine the theoretical stable T-map and random walk equilibria for all £ in this

range. Stock price of both equilibria increases with § and the values are very close
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to each other for all 3. The theoretical stable T-map equilibrium values of o2 barely
respond to 8 whereas the theoretical random walk equilibrium values of 02 increase
slightly with 8 but to a much lesser extent than Panel (d) shows. The higher simu-
lated values of 02 on Panel (d) are likely due to slow convergence in the exceptional
case described in Section [5.4.3] Since one of the eigenvalues of the stable T-map
equilibrium gets closer to 0 when [ increases, the equilibrium is on the border of
stability and potential instability around it may arise. Therefore, the status of the
stable T-map equilibrium may switch from stable to unstable when noises in the
model shift the eigenvalues from barely negative to non-negative and vice versa.
In some occasions, an abrupt increase in o2 leads stock price to drop significantly.
Since learning agents cannot distinguish the two equilibria by only observing stock
prices, random walk equilibrium occurs. The sudden but significant drop in price
takes extremely long period of time to recover due to slow convergence. As a result,
even after 150,050 iterations, p and o} do not recover and the end points plotted on
the diagrams of p and o2 are still relatively far from the theoretical random walk
equilibrium. Therefore, the upper trajectory only captures the incomplete conver-
gence path of the random walk equilibrium against 5 unlike the lower trajectory

which captures the full convergence of the stable T-map equilibrium.

Panel (e) and (f) show learning agents always earn higher profit than non-learning
agents similar to the Homogeneous Variance Case. The profit of learning agents
increases when f is around 0.95 to 0.98. It is followed by a sudden drop at the end
of . Since profit strongly depends on stock price, the drop in profit basically follows
the behaviour of stock price. The profit gap increases with [ since learning agents

have higher expectations on future price than non-learning agent when [ increases.
5.5.2 BELIEF OF NON-LEARNING AGENTS

I first examine the theoretical stable T-map equilibrium and random walk equilib-
rium for all ¢y in this range. Stock price of both equilibria has symmetric behaviour
against ¢y and their values are very close. The stable T-map equilibrium values of 7
barely responds to ¢y. The random walk equilibrium values of o7 have a symmetric
behaviour against ¢, and are higher than the stable T-map equilibrium but lower
than Panel (d) shows. It can again be explained by the exceptional case in Sec-
tion Similar to the case of (3, after the sudden drop in price due to an abrupt
increase in variance, p and o7 do not converge very close to the theoretical random
walk equilibrium due to slow convergence. However, they recover much quicker than
the case of [ since the eigenvalues in this case are close to 0 for all ¢ but not as
close as in the case of 5. Potential instability around the theoretical stable T-map

equilibrium still arises but less frequently comparing to the case of 8 and thus the
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convergence of state variables is likely to be faster.

Figure shows state variables follow the symmetric behaviour against ¢o demon-
strated in the Homogeneous Variance Case. Panel (c¢) shows ¢; always converges
to 1 for all ¢5. In some occasions, it also converges close to 0. It happens when ¢,
gets close to its end values but less frequently when —0.5 < ¢; < 0.5. The random
walk in ¢; causes stock price in Panel (a) to bifurcate into two trajectories. The up-
per trajectory represents the stable T-map equilibrium whereas the lower trajectory
represents the random walk equilibrium. Since the instability issue is less severe for

¢, the two trajectories are very close to each other as the two theoretical equilibria

suggest.
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Figure 5.11: Bifurcation diagrams (c2) in the Heterogeneous Variance Case

Panel (e) and (f) show learning agents earn higher profit in both equilibrium for all ¢,
since they have higher expectations on future price and thus positive demand. Non-

learning agents have relatively lower expectations than learning agents. Although
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their expectations are still positive, these expectations are lower than the cost of
investing in the risky asset. Therefore, non-learning agents have negative demand
and short sell. Given the excess returns are always positive for all ¢y, the non-
learning group always suffers loss. Similar to the Homogeneous Variance Case, the
profit gap between the two groups is largest when ¢y = 0. When ¢y, = 0, ¢; always

converges to 1. At ¢; = 0, the PLM of non-learning agents yields

Pt =Kii—1+ Cra1pri—1 + €1t
pos = ko + 2y

where ki ;1 is close to 0 and ¢; 1 is very close to 1. The expectations of non-learning
agents reach its lowest level when co = 0 (i.e. EAt(pt+1|Qt,1) = ko) whereas the
expectations of learning agents reach its highest level (i.e. El,t(pt-l-l’Qt—l) = pi1).
The largest difference in expectations translates to the largest difference in demand.
Since stock price is lowest when ¢y = 0, the excess returns are highest among all ¢,.

Combining both effects, the profit gap is largest when ¢y = 0.
5.5.3 MARKET SHARE OF LEARNING AGENTS

I first examine the theoretical stable T-map equilibrium and random walk equilib-
rium. Stock price of both equilibria increases with n;. Similar to the case of § and
o, the values of the two equilibria are very close. The stable T-map equilibrium val-
ues of o7 barely respond to n;. The random walk equilibrium values of 0% decrease
with ny. The values are also higher than the stable T-map equilibrium values but
are lower than Panel (d) shows. Similar to the case of ¢y, it can again be explained
by the exceptional case in Section [5.4.3] The eigenvalues are close to 0 for all ny
but not as close as in the case of S. Similar to co, the instability and the slow

convergence may still arise but less severe than the case of (.

Panel (c) of Figure shows when most agents are willing to learn (i.e. np is
close to 1), no random walk equilibrium occurs and the model always converges
to the stable T-map equilibrium. This result is consistent with that in the Basic
Model since BE show the beliefs of learning agents ¢ is 0 at REE. They also shows
no random walk equilibrium occurs under decreasing-gain learning. However, if
non-learning agents dominate the market (i.e. m; is close to 0), only random walk
equilibrium occurs. At the random walk equilibrium, learning agents are no longer
considered as rationally learning agents in the market. Instead, there are two types
of agents who have "fixed” parameters in their PLM. One has ¢; = 1 and the other
has c; = 0.8. The beliefs of learning agents start shifting from random walk equi-

librium to the stable T-map equilibrium when n; is around 0.3. Panel (a) shows
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that stock price bifurcates into two trajectories. Similar to ¢y, the upper trajectory
represents the stable T-map equilibrium whereas the lower trajectory represents the
random walk equilibrium. The two trajectories are very close as the theoretical
equilibria suggest. Since stock price increases with nq, it identifies the major finding
of the Two-Beliefs Model where non-learning agents create additional disturbance

to the market and decrease the average stock price.
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Figure 5.12: Bifurcation diagrams (n) in the Heterogeneous Variance Case

Different from 8 and ¢y, Panel (e) and (f) show learning agents do not always earn
higher profit than non-learning agents. When non-learning agents dominate the
market (i.e. n; = 0.05), learning agents earn highest profit where they hold random
walk beliefs. The profit advantage of learning are diversified by the new comers
when all investors are willing to learn. More interestingly, the profit gap does not
grow when more learning agents in the market. Instead, the profit of non-learning
agents seems to increase with n;. Eventually, when learning agents dominate the

market, the non-learning group earns higher profit.
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5.6 CONSTANT-GAIN LEARNING

All the results shown so far are under decreasing-gain learning where v, = 1/t.
BE illustrates constant-gain learning where 7, is a small and fixed constant allows
learning agents to be more reactive to structural change and put a higher weight on
the recent observations. Under constant-gain learning, the state variables converge
to a stationary process around the equilibrium instead of a static equilibrium. This
section briefly provides insight into how the state variables in the Two-Beliefs Model
respond under constant-gain learning. However, I do not investigate this case in

details and leave it for further research.
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Figure 5.13: Numerical simulation (constant-gain learning) in the Homogeneous
Variance Case

Figure [5.13] shows a simulation of length 10,000 in the Homogeneous Variance Case.
The initial values are near the theoretical stable T-map equilibrium (i.e. Eq (16| for
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Large Noise and Eq [22] for Small Noise in Table .The gain parameter 7, is set
to be 0.01 in equation (4.12)) and . The simulation is corresponding to that
in Figure [5.1] under decreasing-gain learning. The only difference between the two
figures is the time-varying estimates of learning agents, k; and c¢;. Both converges
to stationary process around the theoretical stable T-map equilibrium. Under Large
Noise, k; is higher than that under Small Noise whereas ¢; converges to similar value

regardless of the size of noise given. This result is consistent with that in Figure|5.1]
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Figure 5.14: Numerical simulation (constant-gain learning) in the Heterogeneous
Variance Case

Figure[5.14] shows a simulation of length 10,000 in the Heterogeneous Variance Case.
The initial values are near the theoretical stable T-map equilibrium (i.e. Eq 30| for
Large Noise and Eq [39| for Small Noise in Table [5.6). The gain parameters follow
the setting in the Basic Model where v;; is set to be 0.01 in equation and
and s, is set to be 0.04 in equation . Under Small Noise, around pe-
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riod 250 to 350, there is a huge jump in ¢? from around 0.05 to over 82. It causes
stock price drops significantly. Learning agents respond to the endogenous shock
and hold random walk beliefs as ¢; quickly converges close to 1. The stock price
then recovers to its original position. After this initial crash in the market, learning

agents continue to hold random walk beliefs.

Moreover, the top panel demonstrates multiple crashes in the stock market un-
der constant-gain learning. Each crash seems to be driven by a sudden increase in
variance. After each crash, the price recovers back to its original value while learning
agents keep holding random walk beliefs in the entire simulation. The effective frac-
tions in the bottom panel switch positions shortly when there is a crash. When price
recovers to its original position, the effective fractions revert back to its pre-crash
position. It shows occasional endogenous shocks are the major cause of recurrent
crashes in the model. Given these features, the model with constant-gain learning

has greater potential to reflect the price behaviour in actual stock markets.
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CHAPTER 6

Conclusion

This is predominantly a theoretical work where I investigate the relationship between
expectations and risky asset prices. The Basic Model of BE is extended to include
heterogeneous beliefs under adaptive learning. The Two-Beliefs Model introduces
two groups of agents: learning agents and non-learning agents. I consider two cases.
In the Homogeneous Variance Case, both groups have identical estimate on variance

of excess returns. In the Heterogeneous Variance Case, they have different estimates.

In the Basic Model, BE solve four equilibria and identify a unique stable equi-
librium which corresponds to the rational expectations equilibrium (REE). They
also discuss the PLM under random walk beliefs may lead to an equilibrium which
T-map cannot capture. As I extend the model, in the Homogeneous Variance Case,
I find four equilibria. Similar to the Basic Model, there is only one stable equilib-
rium although it does not necessarily correspond to the REE. In the Heterogeneous
Variance Case, I find six equilibria. There is only one possibly stable equilibrium
whereas the others are either non-attainable or complex solutions. In addition, when
learning agents perceive stock price follow a random walk, it may also lead to an
equilibrium in the model for both cases. However, the stability of the random walk

equilibria remains unsolved.

The results of numerical simulations validate my analytical finding and suggest that
non-learning agents create additional disturbance in the stock market and decrease
average stock price. Learning agents need to adjust their forecasts and demands in
light of the existence of non-learning agents. Random walk equilibrium occurs even
under decreasing-gain learning. It happens more frequently when two groups have
different risk estimates. Due to its self-fulfilling nature, random walk beliefs last for
a substantial amount of time. Since stock price at the random walk equilibrium and
the stable T-map equilibrium are nearly identical, learning agents who only observe
prices realised from the market are not capable of recognising the difference between

the two equilibria and fall into the random walk equilibrium.

Moreover, profits can be considered as motivation for learning since learning agents

always earn higher profits than non-learning agents except when learning agents
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dominate the stock market and diversify the profit from learning extensively. In
addition, bifurcation diagrams show the dynamics of the Two-Beliefs Model when
changing three important exogenous parameters in the model, including the discount
factor, the belief of non-learning agents and the market share of learning agents. In
the Heterogeneous Variance Case, stock price bifurcates into two trajectories since
the belief of learning agents converges to either the random walk equilibrium or the
stable T-map equilibrium. Instability around the theoretical equilibrium may arise
when changing values of certain parameters and further creates additional volatility

in the market.

Although the Two-Beliefs Model under constant-gain learning is not investigated
in detail, I observe that heterogeneous beliefs under adaptive learning may generate
recurrent bubbles and crashes. Occasional endogenous shocks drive learning agents
from their stable equilibrium toward random walk beliefs. Recurrent crashes lead
the effective market share of learning and non-learning agents to switch positions
temporarily. My analysis assumes the non-learning group has fixed estimates and
therefore the arbitrary chosen values of the exogenous parameters in simulation
have strong influence on the results. Further research, including the role of non-
learning agents in generating recurrent bubbles and crashes as well as extending the
Two-Beliefs Model to allow multiple groups of agents who forecast prices differently,
would be useful. Furthermore, it would be interesting to investigate endogenous
switching as in Brock and Hommes (1998). Another possible avenue for future re-
search is to estimate the parameters of the developed theoretical model from the

actual stock prices.
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APPENDIX A

Pesudocode

Algorithm 1: Homogeneous Variance Case

input : 3, ky o dy so a ny ny 02 02T

output: p; ki c1p 07 Vt=1,..,T

while ¢; = NaN do
Assign initial values for ki ¢; pr_1 R 02 P ;
fort=1to T do
vy ~ WN(0,02)
Actual law of motion
Zst = S0 T+ U
b =
ﬂ[(dO"i_nlkfl,t—l(1+Cl,t—1)+n2k2(1+02))+(n10%7t_1+n203)]pt—1_Bao-tz_lzst;
Assign values
01 — [kl,tfl;cl,tfl]S
X = [Lpeals
Recursive equations
010 =011+t S Xe(pe — 011 X1);
Sy =511+ t’l(XtX,é — Si1);
Py = D1+t (Dr — Pr-1);
Uz,t = Ui,H +p1%*1 - P? + fl(?? - Uﬁ,H - p?—l) ;
af = 027,5 + 05;

Updating the state variables

kl,t = et(1>;
Cit = 9t(2)§
kl,t—l = kl,t;
Ci1,t—1 = C1t,
Pi—1 = Pt;
opy = 0};
end
end
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Algorithm 2: Heterogeneous Variance Case

input : 3, ky o dy S0 a ny ny 05 02 02T

output: p; k1y ¢y 07, Vt=1,..T

while ¢; = NaN do

end

end

Zst = S0 + V¢

bt =

B [o3ni(do + ki1 (14 c14-1)) + 08, _yna(do + ko (1 + 2)) — aot ,_103s0) N

Assign initial values for k; ¢; p;_1 R 07 ;
fort=1to T do

u; ~ WN(0,02%)
vy ~ WN(0,02)

Actual law of motion

2 2
05N + 074112

B (Ognlcit—l + J%,t—1n263) Pr—1

2 2
/Ba0_17t_10_2/0t

2 2
oany + 014112

Assign values

01,1‘,71 — [kl,tfﬁcl,tfl];
X — [1§pt—1];

Recursive equations

2 2 1
oany + 014112

O =011+ 1S X (pe — 9/1,t71Xt)?

Sy =51+ Yf_l(XtXt/ — Si-1);

J%,t = U%,t—l + 1t ((pe — 01, 1 Xe1+ u)* — O%,t—l);

Updating the state variables

kie = 91,1&(1);
1y = 014(2);
/ﬁ,t—l = kl,t;
Ci1,t—1 = C1t,

Di—1 = Dr;

2 2.
O1t—1 = 01,
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APPENDIX B

Proot of Recursive Least Squares Equations

Ljung and Soderstrom (1983)) provide a detailed proof of recursive least squares
equations. Here I show the derivation of equations (3.15) and (3.16)). First the

standard least squares equation gives

T -1 /7
Or = (Z Xin{> (Z Xipi)
=1 =1

where T" is the total period of time. The estimate of 6; given information available

at time ¢ is .
t - t
0, = (Z Xixg) (Z Xz-pZ) (B.1)
=1 i=1

It can be rewritten to a recursive fashion. First denote

t
i=1
t—1
=Y XiX]+ X\ X]
i=1
t—1
gt,1 = ZXlel
i=1

Then from equation (B.1)),

0, =S;! (i Xz-pi) (B.3)

t
Z Xipi = gtet

i=1

Similarly,
t—1

ZXipi = 511011 (B.4)

i=1
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From equation (B.3) and -

()

(Z szz + tit)

= 5'_ t—10i—1 + X lpt)
=51 [(St X{) 01 + Xipy]
St_ [Stgt—l + X (_Xtet—l + pt)]

= 0,1+ S, Xy (pr — X[0,-1)
=01+ 5, X, (pt - ‘9,,5_1Xt)

From equation (B.2)),
Sy =81+ X X,

Define

St - t_lgt
Sip=(t—1)""S1

From equation (B.2), equation (3.16|) is derived.

Sy =17 (S 1 + X, X))
= (-t 'S+t X, X]
- St—l + t_l(Xth - St—l)

Combining the two equations, I obtain the system of recursive equations with de-

creasing gain v, =t~ 1.

0= 0, 1 +t1S71 X, (p — 0, X,)
Sy = Si1 XX, — S 1)
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