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SUMMARY: Investigations into pointing to sharp, high and low

contrast targets in photogrammetry have revealed that pointing accura-
ci;as are linearly dependent on the width of the annulus or "edge ribbon",
around the meaéuring mark for large annuli. For very small annuli,
however, the relationship is more complex. While no firm explanations
have as yet been put forward which explain the processes involved,

the Mach phenomena has been proposed as a contributing factor.

Based on the method developed by the author in a previous work, a study
of images actually seen by the visual system has been carried out, in

an effort to explain pointing accuracies via this image, rather than by

purely geometric properties in the annulus.

The work combines physiological data on the visual system with
current data on pointing by other scientists. The spread function,
which is the spreading effect of the visual éystem on very small objects,
is combined by convolution with the annulus using computational methods.
Analysis of the image seen by the visual system has led to the postu-
lation of simple criteria on which pointing to small annuli is based.
It is maintained that a similar analysis on pointing to blurred targets

will reveal criteria consistent with those deduced from sharp targets.




1. EXPERIMENTAL DATA ON POINTING.

1.1, Introduction.

The measurement of photograph or model coordinates in aerial
triangulation involves pointing to photographic targets with a measuring
mark., Pointing is, in effect, the task of centring a dark circular
measuring mark on a bright, roughly circular target. Such targets
can be either photographed premarked ground points, or artificial
px.'icked points in the emulsion of the photograph. Under magnification,
the edges of these targets appear blurred and ill-defined. Each step in
the formation of the photographed points adds to the degradation in the
‘quality of the image; some of the causes of degradation are atmospheric
effects, image movement, imperfection in the camera lens, blurring
effects of the emulsion, and granularity. The edges of pricked points
are also ill-defined mainly due to physical factors in the formation of
the points. A full study, including microphvotogr;aphs of the point,
has been made on pricked points by Hempenius (1964, 301-314),
Pointing therefore cannot be considered as simply centring one sharp
circular measuring mark on another., The additional factors of unsharp
edges, variable contrast around the target, photographic grain and non-
circular shape, all add to the difficulties in the pointing task, and
therefore lower the accuracy.

In photogrammetric practice an estimate of accuraciesin

pointing to such targets using photogrammetric instruments with an
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optical magnification of 10x is about 3-4u. In contrast with this figure
stereocomparators are capable of pointing accuracies of 1-2 microns.

On the other hand, the accuracy to which we should ultimately aim

according to Schmid (1964) is 1 micron or better. Investigations

aimed at closing the gap between the present and desired accuracies

must analyse all aspects in aerial photography, measuring equipment

and techniques, in order to develop a set of circumstances which will

combine most efficiently to produce the best possible pointing accuracies,
Since the human eye is a basic‘factor in pointing, any research

must incorporate investigations into its characteristics and capabilities.

However, vision as such does not stop at the eye itself. Images projected

onto the retina of the eye are transmitted to the brain where processing

of size,' shape',. colour and density are carried out. Piychological

factors may therefore also be involved (Hempenius, 1966a; 1966b).

1.2 Available Data.

Very few workers in the field of photogrammetry have adopted a
fundamental approach to investigations on pointing in relation to the eye.
However, O'Connor (1961) at the I,T,C, investigated monocular and
stereoscopic pointing to sharp and blurred targets of different sizes
using a number of different measuring marks. These expe riments
were made on Wild STK1 and Zeiss Pulfrich Stereocomparators. The
investigations revealed that monocular pointing accuracy was linearly

related to the width of the annulus between the edges of the target and
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measuring mark, above a certain width of annulus, and constant below
this level. The level of constant pointing accuracies became greater
as the image quality deteriorated. The reader is referred to Hempenius
(1964, 318) for full graphs of these investigations. They are plotted
on a logarithmic scale with both the annulus, and pointing accuracies
expressed in terms of angular subtense at the eye, in radian measure.
Subsequent experiments on the eye by O'Connor (1967) have been
carried out on monocular pointing accuracies using special instrumen-
tation and very sharp targets of high to low contrast. The instrument
had no optical elements as did tiqe stereocomparatdr, except two reflecting
mirrors. This allowed him to use targets with edges of the utmost
sharpness, since the instrument had a minimum effect on the quality of
the image. In addition, the least count of this instrument was con-
siderably lower than that of the stereocomparators used in the first
experiment, The second series confirmed his belief that capabilities
of the eye, at least in pointing to sharp targets, were considerably
better than the least count of stereocomparators in general use.
Investigations in his second series were made firstly in terms

"edge ribbon' between the measuring

of one variable - the annulus size or
mark and target, i.e. keeping contrast and image quality constant.
Additional experiments were carried out substantiating the conclusions

already reached in the first series, that measuring mark sizes are of

minor importance in the determination of pointing accuracies (O'Connor
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1962, 31; 1967, 7). After the analysis in terms of one variable -
annulus width - a second variable, i.e. contrast of the target relative to
its background, was added. Extension of O'Connor's investigations
further could introduce additional variables, such as edge unsharpness
and photographic grain.

The experiments so far have been carried out using ideal sharp
targets which are far removed from those which occur in normal photo-
grammetric practice. However, the investigations have commenced
from the simplest situation with a minimum of variables. Based on
this work, additional variables may be :added, thus bringing the investi-
gations more into line with practical conditions.

The results of O'Connor's second series will be presented in the

following section.

1.3 Graphical Presentation of Data.

In O'Connor's second study, extensive experimentation has been
carried out on sharp targets of varying diameters using a number of
different measuring mark (MM) diameters, at high, medium and low
contrast. Results of these experiments are presented in Figs. 1 (a),

1 (b),

The curves have been plotted on logarithmic scales with the

annulus or "edge ribbon'' between MM and target on the abscissa scale,

and pointing accuracy plotted on the ordinate scale. Each scale is
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graduated in angular sﬁbtense expressed in radians, (1 min. of

arc = 0.291 mrad = 291 wrad; 1 sec. of arc = 4,85 urad.) The approxi-
mate size of the fovea and the approximate minimum width over which
all small details are seen by the visual system (the spread function),
have' been added.

The curves in fig. 1(a) represent accuracies obtained in pointing
in the x and y directions expressed as standard deviations, from repeated
observations, using a MM of 0,99 mrad (3.41 min. of arc), 0.645 mrad
(2.25 min. of arc) and 5.1 mrad (17,75 min. of arc). The x-direction
is parallel to the eye-base, and the y-direction at right angles to it.

Results of pointing to low and medium contrast targeis and high
contrast targets based on dark adaptation have been presented in fig. 1 (b).

The interpolated curves in fig. 1 are those determined by
Hempenius (1964) and also presented by the author in the previous work
(1965, 6). The determination of an interpolated curve for the results
ig rather vague. O'Connor computed an exponential curve for points
above aﬁ annulus of 250 wrad, and a straight line below this level. In
fgct for the present study, the shape of the interpolated curve is of minor
importance., However, there seems some justification for the present
figure since, as will be seen in Sec. 3, separate criteria have been
deduced over each section of curve in fig, 1.

A full statistical investigation has been made by O'Connor. It

has been established that pointing accuracies in the x and y directions
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tended to differ in some cases for annulus widths less than 1.2 mrad
(4 min. of arc) but differences were insignificant for annulus widths
greater than 1,2 mrad. For the present study, curves in fig. 1 have
been interpolated using both x and y observations. On viewing the
results, there are no large systematic differences between x and y errors.

Observations were carried out by several observers, both

experienced and inexperienced. These tended to differ significantly,
although the same pattern resulted. For this reason, only the obser-
vations by O'Connor will be treated in this paper. Itis believed that

these differences are due to personal factors, and not to any variations

in the basic criteria used in pointing.

1.4 Current Interpretation.

Pointing accuracies to high contrast targets seem to follow a
complex relationship with annulus width, but are basically independent
of MM size. As presented in fig. 1 (a), below point B pointing accuracies
increase steeply following an approximate 8 O/ o relationship. Between
‘B and C, pointing accuracies appeared to be constant, and above point C
accuracies slowly increased, following approximately a 1-2° /o
relationship with annulus width.  Pointing accuracies to low contrast
targets followed the same pattern as for high contrast targets, except
for annuli less than 250 urad where at a certain point, depending on the

density of the background, accuracies decreased sharply.
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The level at which pointing accuracies were constant in these
experiments, was 17-20 urad for the x and y directions. The constant
level for the previous experiments by O'Connor (1961) varied from
42 urad to 120 urad, depending on the image quality of the targets. It
is apparent that increased blurring at the edges of the targets, causes
higher pointing errors.

O'Connor (1961) has indicated that for annuli in the range greater
than 1 mrad, where éccuracies tend to follow the 1-20/0 relationship,
Weber's Law applies. Weber's Law is used in the study of differential
sensitivity of human senses (or limen), and its general form states that
a sensation increment is proportional to the ratio of

just noticeable stimulus
total stimulus.

O'Connor has indicated values for the visual system varying from 10/0
to Zo/o. These results are generally based on mean variations of
settings in equating lengths (and not standard deviations), with the
provision that lengths must not be too long or too short. O'Connor has
further proved that it is possible to equate areas or widths on each side
of the MM to Weber's Law. Stated in terms of pointing, Weber's Law
can be rewritten as

Pointing error ° /o
Annulus Subtense’

In his second publication, O'Connor proposed that pointing

accuracies for the small annuli, were dependent on adjacency effects
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at the edges of the targets. Neural correlates appeared to be a con-
tributing factor in pointing accuracy rather than strict geometric
properties of the targets. He further concluded that the Mach
phenomenon could be a significant fact or contributing to adjacency
effects. However in the experiments to sharp circular targets to
date, Mach bands have not been consciously observed, although the
possibility of their existence subliminally is not precluded. It was
noted that a pronounced contrast at the border was observed for the
lowest contrast targets.

Although'investigations in this paper are not based on the Mach

phenomenon, a brief description will follow.

1.4.1 Mach Phenomenon.

As explained by O'Connor (1967, 41) when a one dimensional
luminance distribution is viewed by an observer (e. g parallel bright
and dark areas separated by a transitional area), a bright band
apparently brighter than the original pattern is seen along the edge of
the bright region. Also, along the edge of the dark region, a dark
band is seen, which itself is darker thaﬁ the original pattern. These
bands are called Mach bands. A number of investigations have been
carried out on the width and intensity of these bands which are described

by Ratliff (1965, Chap. 2).
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In pointing to small targets the size of the luminance distributions
can be described as microscopic - in the order of 1 mrad. Experiments
on this type of profile have been carried out by Charman and Watrasiewicz
(1964) and Watrasiewicz (1966). Their investigations found the same
bright and dark bands, but in addition, at least one smaller secondary
dark band adjacent to the luminance intensity change. Also, as the
contrast between the light and dark areas decreased, the secondary bands
disappeared, but the contrast of the observed pattern became accentuated.
According to Watrasiewicz (1966, 501) at a contrast similar to that in
the observation to targets of 0.3 background density, this accentuation
was as much as two-fold. Such an accentuation in the apparent contrast,
as mentioned previously, was noted by O'Connor in the observations to
low contrast targets. It is also noteworthy that Watrasiewicz found
that the Mach bands disappear completely for retinal illuminances
below 15 trolands*., This is equivalent to a target luminance of
approximately 0.7 mL, for a pupil diameter of 3 mm, ignoring the

Stiles-Crawford effect.

#* Retinal illuminance is defined as L.S. trolands, Graham (1965, 11-13)
where L is the luminance of the stimulus in candelas/sq. m.2(3. 1
candelas/sq.m = 1 mL), and S is the area of the pupil in mm., A
number of difficulties arise in the use of retinal illuminances:-

(i) amount of light at the retina is not constant with wavelength;

(ii) area of pupil can vary for different observers;

(iii) light entering the marginal areas of the pupil is less effective
to retinal stimulation than light entering the centre of the pupil.

This is known as the Stiles-Crawford effect. The loss in effective
illuminance for a 3 mm diameter pupil is about 5 /o Walsh (1953, 60)

Because of the indefinite nature of the retinal illuminance, no attempt
is made to correct for this difference.
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1.5 Outline of Investigations and Definition of Terms.

. Proposals on edge effects have resulted in no firm conclusions.
Investigations in this paper will therefore treat the problem from a
different point of view. The image of the annulus as seen by the visual
systerﬁ will be investigated for the purposes of finding some correlation
between this image - the image, in fact, used by the observer for
pointing - and the curves of fig, 1. No further pointing experiments
will be carried out. Instead, pointing accuracies derived by O'Connor
as in fig. 1 will be combined with physiological data on the visual
system.

The term "brightness" in this study will be replaced by the
physical terms ''radiance' and "luminance' and brightness will be
restricted to the visual sensation of a luminance stimulus. If the
pattern of brightness over an object either reflected or transmitted,
e.g. a line is measured by a light sensing instrument, the profile
resulting is termed a luminance or intensity profile. = The abscissa
scale refers to the position x on the object, while the ordinate scale,
the intensity readings either in relative or absolute units, for each
position x, see fig. 2.

The visual system is capable of discerning differences in widths
or differences in light intensity or luminance within an image, i.e.

differences in width or differences in levels of intensity in an intensity

profile.‘ The shape of the intensity profile as seen by the visual system

therefore will be resolved in terms of width and intensity distributions.
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For this, the spread function, which is the blurring effect of the visual
system, is combined by convolution with the luminance profile of the
annulus to derive the luminance profile seen by the visual system, in
the following section.

Before proceeding, however, the difficulties encountered in
resolving the width of the annulus actually seen by the visual system
must be mentioned. For instance, looking at the line in Fig. 2, where
should we measure the width of this line, and at what level on the profile
is this width measured? A limited amount of research has been
carried out on this question. Reference will be made to these
investigations in Section 2.4.2. Width determination ideally could
be incorporated as part of the experiment. However, it Waé not
carried out as part of O'Connor's experiments. It is probable that a
particular level or contour on the luminance profile, depending on the
adaptation level, is used for width determination. At this stage, such
a level is unknown. TFor the purposes of these investigations two
criteria have been adopted. Although these criteria may not be correct,
it is felt that errors introduced will not influence conclusions appreciably.

2. INVESTIGATIONS - CONVOLUTION OF ANNULUS AND SPREAD
FUNCTION OF VISUAL SYSTEM,

2.1 Spread Functions.

All image-forming systems cause a spread or ''loss in edge

sharpness' and a blurring of small details in an image, depending on
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the design and fabrication of the imaging system. This spread, which
is formulated by a spread function, is the resulting intensity or
luminance profile across the image formed by the optical system, of
a very small detail, either a line or a point. The resulting functions,
i.e. line spread function (LSF) and point spread function (PSF) are the
basic functions which can be used to determine the projected images
of an object of any shape or size. Such functions characterize the
standard of imaging quality of the system.

The line spread function of a lens for instance, can be found by
scanning the image formed by the lens, of a very thin sharp line with a
slit much narrower than the line itself. A measurement of the light
passing through the slit at each successive position gives the resultant
LSF, similar to the profile in fig. 2. In a similar manner, the PSF
can also be determined, If the image point being scanned is asymmetric,
a number of scans in different directions may be necessary. The
graphical representation of the PSF must be in 3 dimensions. Alter-
natively it can be represented by"contours' in a 2-dimensional diagram.

The characteristics of the optical system of the eye can also be
described by a LSF and a PSF. However, spread functions derived for

the eye should apply to the complete visual system since the visual
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process involves not only the optics of the eye, but-also the inter-
pretation by the brain and neural processing* between the eye and brain,
Therefore, the word "eye'" in the following will be replaced by the words
"visual system. "

2.2 Spread function of the Visual System.

Early investigations made on the visual system by Krauskopf
(1962), Westheimer and Campbell (1962) and Réhler (1962) to find its
SF only explored characteristics of the optical system of the eye itself
withouticonsidering the function of neural processing in the cortical or
other centres of the visual system. As stated by Gubisch (1967, 407)
results from such measurements indicated a much poorer performance
of the visual system, than was obtained by acuity tests. This led
some physiologists to believe that image sharpening mechanisms
accounted for the difference. The previous work by the author (1965)
was based on a PSF computed as a Gaussian approximation from the
PSF determined by Rohler (1962).

However, subsequent investigations carried out by Patel (1966),
Gubisch (1967), Fry (1965) and others, indicate a higher imaging
quality than that formerly determined. Patel's investigations which
have produced SF's for the total visual system present curves for

the LSF of the visual system, for a number of retinal illuminances,

% It is not intended to discuss the complex processing of the visual infor-
mation between the eye and brain. A very comprehensive description
of this section is given by O'Connor (1967, Appendix A)
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while Gubisch has computed the PSF for 8 pupil diameters. A significant
feature of these investigations on the visual system is that imaging quality
changes with retinal illuminance. This feature is noticeably different
from a purely physical lens system which is independent of luminance
over a wide range of intensities. In Patel's publication an interesting
comparison is given of the LSF of the optics of the eye derived by
Westheimer aﬁd Campbell, and Krauskopf, with that of the total
‘visual system.

Gubisch determined the PSF for the optical system for a number
of pupil diameters, for the purposes of computing the sizes of images on
the retina of small test targets including annuli, and also for determining
glare in the retinal image. O'Connor's (1967) adaptation level was
based on a screen with a luminance of 10 milli-Lamberts {mL). This
would result in a pupil diameter according to Walsh (1953, 55) of approxi-
mately 3 mm. The instrument used in the experiment had an artificial
pupil of 4mm diameter. The PSF for a 3 mm pupil according to Gubisch
follows closely a gaussian curve whose 2¢-width is 200 urad. It has been
found that this PSF compared well with that determined by Fry (1965).

Patel found the LSF to have a 2¢-width of approximately 400 urad
for a comparable pupil size. It has been proved (Trinder, 1968) that the

LSF can be derived from the PSF by dividing a line into a number of points
each of which is spread by the PSF. (See also Section ¢.3.2) Using a

gaussian PSF, the 20-width of the resulting LSF will equal that of the PSF.
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The 2c-value of Patel for the total visual system can therefore be compared
with that of Gubisch and Fry for the optical system.

Values of the PSF given above represent those strictly of the
visual system. However, the instrument used by O'Connor incorporates
two reflections on mirrors before projection into the eye. Consequently
the combined imaging quality of the instrument and visual system may
well be slightly lower than that of the pure visual system. It was felt,
therefore, that a gaussian PSF with a Zo-width of 400 urad would be a

suitable value for the investigations.

The equations for the PSF and LSF therefore are respectively:-

2
exp {-(X +y2)/80, 000} , where x and y, in urad

f(x, y)

2
f(x) exp i-x /80, 000} represent the coordinates

on the point or line

A basic assumption made in using this approach is that the
spread function is invariant over the small variation in luminance levels
used in these'investigations. The results of Patell and Gubisch indicate
that for large variations in luminance this is not the case. In addition,
the visual system is assumed to respond linearly to intensity variations.
There are reasons for believing that this may not be the case for large
differences in intensity, (O'Connor 1962, 50) but any errors caused by
this assumption should be insignificant for the present study. Such
assumptions were made by Lowry and De Palma (1961) and Patel (1966)
in their investigations on the visual system, Good agreement between

their values is an indirect justification of the above assumptions.
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The radiance profile of the annulus actually seen by the visual
system is derived by convolving the luminance profile of the annulus

with the PSF in sec., 2.3,2, *

2,3 Convolution of Annulus and Spread Function of the Visual System.

2.3.1 Introduction.

When a lens forms an image, for instance, of a line with a given
intensity profile, the quality of the resulting image will not be as good as that
of the object. All imaging systems cause such a loss in quality of the image.
This is manifested in an intensity profile of the image, the slopes of which
are not as steep as those of the original profile, and maximum intensity
probably reduced. When viewing the 1ii'1e, this would be interpreted as a
greater blurring than the line had previously, as well as a loss in brightness.
This process can be formulated as follows: the object intensity profile is
affected by the imaging quality of the lens - described by the spread function
of the lens - to produce the image intensity profile. The process of combining
the object intensity profile and the SF in mathematical terms is called Con=-
volution. Convoiution is described (Jennison, 1961, 6) as ''the operation
whereby a structure under observation is smeared or spread out by the

!

response or resolution of an instrument or mathematical operation.' Here,

the structure is the intensity profile of the object, the "instrument', the lens.

* Although the PSF above is said to apply to the total visual system, it is not
held that it completely covers all neural effects particularly lateral
inhibition. However since these effects have not been accurately formu-
lated, the above value will be adopted as a close approximation to the
correct value of the PSF for the total visual system.
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The general formula for the convolution of a two dimensional
object and line spread function is:-

+ag
nix) = J ttx-z ).g(z ).dz (Jennison, 1961, 47) ....... (1)
- o0 .
where h(x) is the ordinate at point x after convolution, and f(x) and g(z)
represent the two fur').ctions to be convolved., Each element dz of
the function g(z), must be multiplied by the relevant value of f(x)
i.e, f(x-z), and the total effects added.

Convolution can also be considered as the function f(x) being
scanned mathematically by the function g(z) (Hempenius, 1964),
(Jennison, 1961, 4-9), in the same manner as a slit scans the luminance
pattern of an object. At each position x of the scanning function g(z),
every element of g(z) is multiplied by the corresponding element of
f(x) i.e., f(x-z). The addition of results after multiplication of
corresponding elements, for all coordinates z, produces the ordinate
of h(x).

The scanning can be carried out physically as well as mathe-
matically, Fig. 3(a) shows the scanning of intensity profiles, with
the associated multiplication and addition. Fig, 3(b) demonstrates
the scanning of a slit in close contact with the luminance pattern.
Summation is carried out here because the total light passing through
the width of the slit is measﬁred at each slit position. Each procedure
gives identical results.

The physical approach of scanning must be used carefully,

because convolution is not only addition. Formula (1) shows that the




21.

relevant values of each function must be multiplied before addition is
carried out. When one of the functions has a simple intensity profile,
as for instance the slit, the multiplication factor of the slit is constanf
throughout, and therefore no multiplication is required if only relative
values are needed. If however, the convolution involves two fuhctions
similar to fix), the physical scanning must be carried out using a slit
of variable transmittance, e.g. a transmittance profile similar to that
of the blurred line. Provided this is done, the convolution will be
correct,

One feature that should not be forgotten, is that either function
can be used as the scanner. Logically it can be seen from fig. 3, that
the same result must be obtained whether g(z) or f(x) is used as the scanning
function, (Hempenius, 1965) (see also Trinder 1965).

To maintain constant energy before and after convolution, the
ordinates h(x) must be normalized. This is done by dividing h(x) by the
area under the original scanned function f(x). In the following discussion,
only relative differences are required, and therefore the coordinates are
not normalized.

A number of techniques are available for carrying out
convolution in the more complex cases, particularly those which
involve the PSF, namely, analogue, graphical and computational methods,
(Trinder, 1965). The computational methods used in these investigations

based on the scanning concept, will be explained in the following section.
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2.3,2 Convolution of the Three-Dimensional PSF and Annulus. Profiles.

("PSF _method").

Extension of the formula (1) to the 3-dimensional case is as

follows:-
1o +®

kix, y) = //f(x-z, y-w)g(z, w)dzdw .............. (2)

-0d -

Mathematical integration of this formula for the functions in hand
proved to be more difficult than the scanning technique.
The profiles of annulus and PSF are shown in fig. 4. The
intensity profile across AA, can be determined, by scanning AA by
the PSF. At each scanning position of the PSF, the products of the
ordinate g(x, y) of the PSF, are multiplied by the corresponding
ordinate of the annulus f(z, w) over the entire annulus. The sum of
all products then gives the ordinate for the scanning position on AA,
The annulus was divided into small segments approximately
5 wrad square. Because of the simplicity of f(z, w), where the relative

ordinate is either 1 or 0, the computation amounted to evaluating the

ordinate of the PSF for each small segment using the distance from scanning

point to the segment centre., Summation of these ordinates then gave the
required value for each point along AA.,

The influence of each element is proportional to its volume, by
the law of conservation of energy, i.e. the volume of each element after
spreading must equal the volume of the element before spreading. The
correct relative influence of each element was therefore obtained by

multiplying the evaluated ordinate of the PSF by the volume of the
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g(zw)=1 if polar coord n<r<r,

g(z,w)=0 if pclar coord r>r>r,

PSF
f(x,y) zexp[-(x+ y*)/ 267]

— X

Annulus intensity profile

FIG. 4 PICTORIAL REPRESENTATION OF PSF, f(x,y) AND
ANNULUS INTENSITY PROFILE g(z,w) TOGETHER
WITH RESULT AFTER CONVOLUTION.
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element.

The size of the elements, although finite, proved to be
sufficiently small. Investigations were carried out to find a practical
sized element. The use of elements approximately 5 urad square
introduced errors of less than lo/ o, which was acceptably low for
these investigations.

In the computer program, provision was made to introduce
small displacements of the MM on the target, along the line AA, so
that variations in the intensity profile could be observed as the MM is
varied. Displacements equal to the errors in pointing were introduced
so that just perceptible changes in the radiance profile for varying
annulus widths could be determined.

Output from the convolution were ordinate values of the con-
volved curve at intervals of 50 urad along AA., This interval was
sufficient for the interpolation of maximum values and widths as
mentioned in Sec. 2.4.

2.3.2(a) Medium and Low Contrast Targets.

Convolutions of the targets with background densities of 0,3,
0.9 and 1.2 were carried out in a similar manner, but the profile had
to be divided into 2 sections, and the effect of one subtracted from the
effect of the other. This was the technique used by Gubisch(1967, 412)

to determine the profile of an annulus. (See Appendix B for full details. ;)
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The profile was divided as shown in fig. 5.

: ¥ = fgﬁ\ FaN
:>\\/_' +- \/
FIG.5 DIVISION OF INTENSITY PROFILE INTO 2 SECTIONS,

EACH OF WHICH IS CONVOLVED SEPARATELY
AND THEN ADDED.

N

The section above the background luminance level was convolved in the
usual manner, i.e. as if the annulus had an infinite background density.
The MM section below the background level was then convolved. This
had a negative effect, that is an effect which caused a decrease in
luminance level. Subtraction, therefore, gave the resulting profile
which was asymmetric.

Cross-section graphs of the convolution have been presented
in Appendix C for the three measuring marks at a number of annulus
widths. In addition, results for the medium and low contrast
targets (MM=0.99 mrad) have been presented in Appendix C.

Interpretation of these convolutions will follow. However,
firstly the more simple convolution of the LSF and linear elements
of different widths will be carried out. This is particularly applicable
to annuli using MM of 5.1 mrad where the annulus tends to a linear

object, for short intervals.
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2.3.3 Convolution of Line Element and LSF ("LSF Method").

The computation was carried out using formula (1)

where f(x) = exp (-%xz/ovz) for -veg x4+ °0
glz) =1 for - c¢z<&+ ¢
= 0 for = cyz¥+ c

and the annulus width is 2c. See fig., 3(a).

Annulus widths were chosen to represent widths when the MM
was correctly centred and when the error in centering equallea those
in fig. 1. Sample curves from this convolution have been pre-
sented in Fig, 6.

In the following section, the results from this convolution,
and those using the PSF have been interpreted in terms of maximum
levels of luminance, slopes of the sides and widths of the intensity

profiles.

2.4 INTERPRETATION OF CONVOLVED CURVES,

2.4.1 Maximum Luminance Levels,

2.4.1(a). High Contrast Targets.

Fig, 7 indicates the variations in maximum intensity on each
side of the MM, for displacements of the MM equal to errors in fig, 1,
They are expressed as percentages of the maximum intensity,(Ima)z,
when the MM is correctly centred, on the ordinate scale, with annulus

width as ahscissa.
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FIG.7 THE RELATION BETWEEN PERCENTAGE CHANGE iN INTENSITIES OF

EACH ANNULUS IN THE CONVOLVED PROFILE, AGAINST ANNULUS
WIDTH. THE CURVE HAS BEEN COMPUTED BY THE LSF METHOD.
THE RESULTS BY THE PSF METHOD HAVE BEEN ADDED
ACCORDING TO THE LEGEND.
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The curve has been computed from the LSF method. Results
for the PSF method have been superimposed on this curve. Itis
noticeable that the ?esults for the MM of 5.1 mrad coincide with the
curve. Assumptions on the linear behaviour of annuli with large
MM's were therefore valid.

2.4.1(b) Low and Medium Contrast Targets.

The profiles obtained from the low and medium contirast
targets were more complex than for the high contrast targets. As
can be seen in fig.C5(a), for the very small annuli of 33 urad and
D=0, 3, no maxima occurred. The profile is characterised by a dark
central area corresponding with the MM, and no maxima above the
background level. In this case the effect of the MM has completely
biotted out the influence of the annulus. Other curves lie between the
two extreme types of curves i.e. those with no maxima as described
above, and those obtained from the simple high contrast targets.

Where significant maxima above background level occur in
the convolution, corresponding percente;ge differences have been
added to fig, 7. Each point is marked with its background density
level. The following cases have been omitted from fig, 7: D = 0,9
and 1.2, annulus = 6 urad; differences in maxima were approximately
1000/0; D = 0.9, annulus = 33 urad, difference = 800/0; D =0,3,

annulus = 33 urad and 63 urad, no maxima occurred.
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2,4.2 Slopes of the Profile,

Slopes of the intensity profile were determined from the
profiles computed by the PSF method. No values were deduced frorh
results computed from the LSF mefhod. The position on the curves
at which the slopes were calculated was the straight section on the
main slope of the profile, where the rate of change in slope was a
minimum. The reason for cho;)sing this section is, if the visual
system uses a slope in the intensity profile, it should be one which
follows a simple pattern, and is of sufficient length to allow a good
comparison of each side of the profile. It is believed that where
rapid changes occur in the intensity profile, e.g. near the top of the
profile, comparison of the slopes of the curve would present too
difficult a problem for assessment by the visual system.

Differences in slopes when the MM is displaced by amounts
equal to those in fig. 1, are presented in fig, 8, which expresses the
percentage change in the slbope of the profile in terms of annulus width.
For the larger two measuring marks- either side of each annulus profile
gave approximately the same result. However, for the smaller MM,
the inner flank of the profile was taken except for annulus widths of
50 and 100 prad. For these two annulus widths the inner slopes
are difficult to determine with any degree of accuracy because of

their very limited length. In addition, it is felt that their length

would be insufficient for the eye to discriminate differences in slope.
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For annulus widths greater than 100 urad using 0, 645 mrad MM,
the inner slopes produce higher percentages than the outer slopes,
and therefore were included in the graph. - When inner slopes were
used, the figure has been marked accordingly. The slopes of all
curves for the low and medium contrast targets have also been added
to Fig. 8.

The accuracy of slope determination, which is an average value
over the approximately linear section of the curve, is about 10/ o.

This is the section over which a determination of slope is most readily
available. At this stage, analysis of slopes is in its preliminary
stage, and therefore for an initial assessment it is felt that this method
is satisfactory.

Despite slight inaccuracies of slope determinations, a general
trend in the pattern of the percentage changes in slope is clearly
visible in fig. 8, except for three values, which do not seem to follow ‘
any pattern. Maximum values range around 12-160/ o. for the annuli
less than 200-250 urad, after which values gradually decrease. The
pattern is very similar to fig. 7. This similarity which is logical
from geometrical point of view, will be referred in sec. 3, in relation
to luminance discrimination by the visual system.

2.4.3 Widths of Luminance Profiles,

It has been pointed out in sec., 1.5 that the width of the target

actually seen by the visual system can only be determined during the
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observations. Since this has not been done for the data in hand, a
choice of width was made at (1) the 60, 60/0 luminance level, which
is the level at which the 2o0-width is read on a purely gaussian curve
and (2) the point of maximum slope. Although the latter criteria
gave widths at luminance levels of 60. 60/ o for purely gaussian curves,
the widths were located at levels gradually decreasing for the non-
gaussian curves, and tended towards the 500/0 level for a purely
gaussian integral curve (tpe edge). These levels were computed in
the previous ﬁork by the author. (See Appendix A.)

Indications are that these luminance levels may be too high,
(Hempenius, 1966b). However, the experiments by Hempenius have
not involved very small edges as in these experiments. It is also
difficult to relate investigations on microscopic blurred edge determina-
tions made by Watrasiewicz (1966) to the present blurred edges of small
sharp targets. Two points however can be drawn from the investi-
gations mentioned above, Width and edge determination depend on

(i) retinal illuminance, and
(ii) contrast of the object.

On viewing the relationship between the two criteria in fig, 9
however, it is felt that any errors will not significantly affect the
conclusions.,

If an error exists in the position of the MM, the annulus width seen

by the visual system on one side of the MM will be larger, and on the
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other, smaller than when the MM is correctly placed. The actual
difference in widths of the two annuli is therefore twice the pointing
error. To be consistent with the ratio defining Weber's Law, the total
difference in annulus widths, seen by the visual system, which equals
twice the error, must be equated to the sum of the widths of the annuli
on each side of the MM. Alternatively, the effect in width on one
annulus as seen by the visual system can be plotted against the original
width of the annulus, since the changes on each side of the MM will be
approximately equal.

Fig. 10 shows the curves representing those ratios using the two
width criteria for LSF method. The ordinate scale is half the minimum
visible difference in annulus width in the visual systerh, derived from

pointing errors in fig. 1. On the abscissa scale is plotted the annulus

“width of the target in the visual system. The 10/ o- 20/0 limits

generally prescribed by Weber's Law have been added.

The differences in widths of the profiles caused by a displacement
of the MM determined by the PSF method have been added to Fig. 10 at a
number of points, for the 60. 6°/o intensity level only. The actual
point at which the maximum slope occurs on each profile.at this stage
is unknown. Because of the curved nature of the annulus for small MM,
the point of maximum slope will not be at the same level on profiles

determined by the PSF method as for the LSF method. Further
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investigation must be carried out to determine mathematically the point
of maximum slope for all profiles.

Widths were interpolated linearly from the computed profile.
Though this represents an approximation, no significant errors were
introduced because the section of the curve at the 60. 60/0 level is
approximately linear. In addition, the good agreement obtained between
the LSF method, and the PSF method using MM of 5.1 mrad in figs. 9
and 10, is further proof of this point. For the 0.99 mrad MM, the widths
of the profiles were very close to those for the 5.1 mrad MM. Widths
determined for the .645 mrad MM agreed with those obtained for the
other two MM's, for larger annuli, but differed considerably for annuli i
less than approximately 400 urad. This is mainly due to the tendency
for the profiles of the small annuli to overlap.

Widths of the profiles of low contrast targets were less than those
of high contrast targets. For instance, at 450 urad, the width of the
profile is only 400 urad, and for smalier annuli, the width approaches
zero, i.e. no maxima occur. The ratio of minimum visible difference
in annulus width/width in visual system, ranges from 2.30/0 (derived
from an annulus of 900 urad) to 5. 50/0 (derived from 250 urad annulus -
not plotted in fig. 10) and approaches infinity as annulus width approaches
zZero,

In general, the results in fig. 10 obtained for the LSF method

agree well with those obtained by the PSF method for all MM's, and
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even for the low contrast targeéts. The maximum annulus width computed
by the PSF method was 900 urad. Computation time for larger annuli
becomes prohibitive.  As there is a factor in computing time of about
100 between the two methods, the attitude adopted was to establish
results by the LSF method, and then to carry out spot checks at various
annulus widths, different MM's and background density by the PSF
method. By this process, a very good estimate can be obtained of
the vrelationship between widths of the convolved profiles, without
consuming an excessive amount of computer time.

Based on figs. 8, 9 and 10, the significances of the shape of the
luminance profile in the visual system and conclusions on the criteria

for pointing can now be deduced.

3. DISCUSSION OF RESULTS OF CONVOLUTION.

3.1.1. Shape of Convolved Annulus.

The shape of the profile for a given annulus width depends mainly
on the size of the MM, Direct comparison can be seen in the Appendix
C. For the MM of 0.645 mrad, and annulus 42 urad, the MM is almost
completely obscured by the blurred profile of the annulus.  This
compares well with the results obtained by Gubisch (1967, 412), As
the annulus becomes greater, the MM is more pronounced. (See
figs. C2(a) and (b).) Whether the MM is in fact visible for annulus
width of 42 urad is not certain. The difference in luminance levels

of the MM and annulus is 13, 50/0 of the annulus maxima, for a centred
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MM, and increases slightly to 150/0 for the displaced MM. These
values are lower than the estimated minimum visible differences
prescribed in the following section. It is reasonable to assume
therefore, that the MM for an annulus 42 urad is not visible.
Profile values show that the MM is probably visible for annulus widths
of 100 urad and greater for .645 mrad MM.

For larger MM, e.g. 0.99 mrad, the dark central area of the
MM is clearly visible over the whole range of annuli. However, the fact
that almost no central area exists in the profiles has little effect on
the pointing accuracy, and each of the three profiles for annulus of
50 urad gives almost the same accuracy. This agreés with conclusions
reached by O'Connor, i.e. that the MM is of secondary importance in
determing pointing accuracy. Stating these conclusions in terms of radiance
profiles, the shape itself is of secondary importance in determing accuracies;
but the effect on the profile when the MM is moved across the target ig
important. This effect, which is an imbalance between profiles on either
side of the MM, is governed by the width of the annulus.

A general discussion on the shape of the curves for low and medium
contrast targets has been given in sec. 2.4.1. Obviously the density
background influences the shape of the profile considerably. In the
case of small annulus widths, the luminance profile of the annulus is
completely blotted out by the MM, thus reducing the profile to what

seems to be a dark MM super-imposed on a uniform background. With
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this type of profile comes a marked increase in pointing error.

It is apparent that the variations in maximum values, slopes and
widths for g displacement of the MM, are a function of the geometry of
the convolved curve. From figs. 7, 8 and 10, it is clear that
variations in widths are the most prominent feature of curves derived
from annulus widths greater than 250 urad, while variations in slope

and maxima are more prominent for annulus widths less than 250 urad.

The results of the convolution can be applied to derive practical
MM sizes for photogrammetric use. It is apparent if, for instance,
the profile for 0.645 mrad MM, and 50 urad annulus, were super-
imposed on a background of density 0.3, very large pointing errors
would result. The MM is virtually obscured by the annulus spread
in the high contrast case, and only small variations occur across the
profile, at the position of the MM. Very large displacements of the
MM would therefore be expected before significant variations in the
annulus profile resulted. These variations must produce measurable
differences in slope of the convolved annulus derived from the com-
bination of annulus and MM profiles.

On the other hand, the MM of ¢, 99 mrad, the profiles of the two
annuli virtually do not overlap, and therefore a more efficient situation
exists for creating measurable differences in slope of a convolved

annulus on a medium or low contrast background. From this point

of view therefore a MM of 0.99 mrad would seem to be the smallest
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practical size. O'Connor himself (1967, 73) has stated that this MM
size is an ideal size for practical use in photogrammetry.
A discussion of pointing accuracy as a function of maxima, slopes
and widths will follow.

3.1.2. Pointing Accuracy as a Function of Slopes and Maximum
Values of the Radiance Profile.

Figs. 7 and 8 indicate the effects on maximum luminance values
and slopes of the profile when the MM is displaced an amount equal to
errors in fig, 1. For annulus widths less than at point B fig. 1, these
curves are approximately constant at about 14- 160/0 and’ 12-160/0
respectively. Above this level of annulus width the curves drop quickly.
Apparently values of 14-160/0 and 12-160/0 are the minimumA visible
differences in maxima and slope of the intensity profile, and are
therefore the criteria used for pointing between A-B. Width
differences below point B are well below those prescribed by Weber's
Law and therefore are not visible, Beyond point B, maxima and
slope variations are less than the above values and therefore are
assumed not visible.

On viewing the results from the low and medium contrast targets
it is seen that for cases where no maxima occur, apparently only
slope differences are used for pointing. It seems therefore, that
differences in maxima are not a necessary criterion for pointing

provided sufficient differences in slopes exist. One can postulate

that if both are present, slightly more assistance is given to the
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observer, and therefore higher pointing accuracy will result. Unfor-
tunately, the accuracy of the slope determination is insufficient to check
this, One could also question whether pointing is possible in a situation
where differences in .maxima of 14-16°/0 but only very small differences
in slope occurred. It appears, however, that slope variatioﬂs with or
without maxima variations, is the basic criterion used for pointing to
targets in the range A-B.  The three widely varying points in fig. 8

do not fit into the above pattern. At this stage no suitable explanation
is available.

Slope discrimination would seem to be only an extension of the idea
of luminance discrimination, i.e. inste;.d of 'discfimination between
values of luminances at two points on the profile, the observer dis-
criminates between rates of change of luminance over corresponding
sections of the profile.  Hence slope is still within theBounds of the
assumptions on basic discrimination capabilities of the visual system
put forward in sec. 1.5.

The exact values of minimum visible differences of. slope are not
known. Whether the differences required for pointing are constant in
all cases, or vary depending on features such as extent of sloped profile,
magnitude of slope, adaptation level aﬁd general illumination conditions
is a subject for further research.

In most investigations on visibility, research has concentrated on

minimum visible differences in maxima rather than slope. The ratio
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of minimum visible difference in luminance over field luminance is
often termed Fechner's Fraction. The value for this fraction quoted
by Walsh (1953, 62) and Graham (1965, 215) is 2°/o for 14 ml back-
ground luminance, and increases slightly to 3-40/ o as the effective
background luminance drops, i.e. for annuli below point B fig. 1. To
the best of the author's knowledge no similar figures are available for
minimum visible differences in the slope of the radiance profile.

Ré&hler (1962) found by convolution, baéed on a slightly larger PSF,
that the minimum visible difference in luminance profile when two dots
were brought in close proximity with each other was 250/ o. The
information given to the observers in each case, in the form of luminance
profiles, is not the same, but their similarity is sufficient to substantiate
the conclusions that values obtained for Fechner's fraction in this type of
task, are much higher than values quoted above. The value of Fechner's
fraction is greatly dependent on the particular viewing conditions,
especially the angular field of view and adaptation level. Such factors
could contribute to the much higher fractions encountered in these
experiments, particularly considering the small size of annuli. It
even seems likely that a slightly larger fraction may result for 50 urad
annuli, than for the 250 wrad annuli, and therefore the ratio between
annulus width and pointing error in this range is not strictly linear.

This appears to be the case in fig. 1. It also seems that similar
reasons can explain the even larger -fraétion encountered by O'Connor in

his observations in the dark adapted state, since adaptation level
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influences the value of Fechner's fraction,

Whether the same deductions can be made on slope discrimination
is a matter for conjecture. Determination of luminance profiles via
spread functions is only a recently developed technique and therefore
little opportunity has existed for full investigations on slope discrimin-
ation. In addition the problem is very specialized and therefore would
not be treated by many scientists.

3.1.3. Pointing Accuracy as a Function of Width Discrimination
for Larger Annuli.

Over the section B-C Fig, 1, the shape of the convolved curve
undergoes a gradual transition from a height variation to width variation
(beyond C). For annulus widths greater than at point B, errors as in
fig. 1, cause changes in height and slope less than 14-160/0 and
12- 160/0 respectively, which are unlikely to be visible. Apparently,
luminance discrimination is not used as a criterion for pointing beyond B.

As pointed out in sec. 2.4.3. fig. 10 represents the relationship
between annulus width in the visual system, and the corresponding effect
on the annuli on each side of the MM, for a displacement of the MM
equal to errors in fig. 1. This curve is actually section B-C fig. 1, |
plotted for the visual system. The differences between annuli on each
side of the MM, which equal twice the errors in pointing, are the
criteria used in pointing. Errors such as in fig. 1, represent the
vernier acuity of the visual system but sensgitivity is twice this amount.

It follows then that errors in pointing equal half the minimum visible
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difference in annulus width,

The ratio aléng the curves for high contrast targets in fig. 10 varies
from approximately 1 to 20/ o for annulus widths greater than 427 urad
in the visual system derived by the LS.F method, and the PSF method
using 5.1 mrad MM, Below this width the ratio tends towards zero,
and it is apparent that luminance discrimination rather than width
discrimination is the criterion for pointing. The ratios are consistent
with the 1-.20/ o limits of Weber's Law, and it is therefore possible to
relate Weber's Law to pointing over the range B-C, provided the widths
are considered in the image space of the visual system.

The values determined by the PSF method superimposed on fig, 10
also generally lie within the limits of Weber's Law, although they do not
exactly follow the curve determined by the LSF method.

Plotting fig. 10 on logarithmic scales makes the transformation
from the object space to the image space clearer, i.e. fig. 11. The
abscissa scale applies to the annulus width in object and image spaces,
while the ordinate for the object space is the error in pointing (fig. 1),
and for the image space, half the minimum visible difference in annulus
widths, fig. 10. The limits of Weber's Law have been inserted and the
arrows indicate the corresponding values after transformation. It is
interesting to note that the abrupt change in the graph for the object
space has been smoothed in the curve for the image space.

The choice of width of the spread function, can perhaps account for

small anomalies in the results, but these have not been too great to
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obscure the reasoning. Despite variations in the position of the
curves in fig. 10, the position of the transformed curve in fig, 11 is
well defined.

Widths of the low contrast curves have been treated in the same
manner. Determination of widths in these cases is more difficult
particularly because of the asymmetry of the profile, but the criterion
of (;.0. 60/ o of the profile above background level was taken to determine
the width. As mentioned in Sec, 2.4.3, the minimum visible differences
in width for low contrasts generally were close to Weber's Law,
although for smaller annuli the ratio gradually increased. Choice of
width criterion may be a contributing factor in the larger values
obtained. They are also dependent on the critical annulus width below
which maxima of the profile above background become invisible to the
observer. This is the annulus width at which slope discrimination
becomes the. criterion for pointing. The point at which width discrimin-
ation takes over from luminance discrimination for any MM or background
density is impossible to predict with any degree of accuracy. Inter-
polating values from figs. 8, 9 and 10, this point occurs between 200 and
350 urad, depending on the MM size and background density. Small
discrepancies however do exist between the three figures. Without
better criteria for width determination, more accurate estimates of the

transition point are not available.
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3.2 Discussion of Results Based on Dark Adaptation.

Errors in the observations under dark adaptation in fig. 1(b) were
found to follow a steeper value bélow point B and the constant value between
B and C was nearly 10 urad higher than for the the other experiments.

Suggestions were made in sec. 3.1.2 that discrimination capabilities
of slope and maxima may depend on viewing conditions. The section
A-B when errors are approximately 10 0/ o of thq annulus width
substantiates this suggestion., For annulus widths greater than point
B, it is possible that the different adaptation level may cause the
observer to interpret the width at a level on the profile less efficient
than the level used for the normgl experiments., Experiments by
Watrasiewicz (1966) on edge location of microscope targets confirm this
tendency, that the subject edge location is a function of retinal
illuminance,.

4. SUMMARY.

With regard to the choice of physiological data on the eye, three
points can be drawn from the previous section:-

(i) The choice of the two criteria for width determination, has not

led to any gross differences between the two curves in fig, 11,
It is felt that the actual level used by the observer will not

differ significantly from these two positions, and therefore the
cofrect position of curves in fig. 11 will not vary greatly from

that determined.
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(ii) A value of 400 urad for the SF of the visual system has proved
generally suitable. However, on viewing fig. 8 it seems that
an annulus width of approx. 200 urad is the poinf at which
width discrimination takes over, whereas in fig. 1, the change
is at approximately 240 urad to 300 urad depending on MM
size. The SF used could therefore be slightly too small. On
the other hand minimum visible differences in slope and maxima
may decrease slightly as the annulus width increases..

(iii) As stated by O'Connor (1962), Weber's Law has been ai)plied to
problems of discrimination, with the proviso that the objects
are not too large or too small. Objects too large have not
been observed even in O'Connor's first study. ’ However,
Weber's Law has been proved applicable to small targets down
to approximately 250 urad in object space, provided widths are
measured on the image seen by the visual system.  The pro-
vision of ""not too small' can be restated for pointing to sharp
targets based on the two width criteria in this paper, as

"provided the width of annulus in the visual system is greater
than approximately 440 urad."  Small variations in this
limiting point may result for different background densities.
Above this width, a movement of the MM by 1-2° /o of the

annulus width in the visual system introduces a visible
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variation in the widths; below this width, observation of
differences in widths proves less efficient than viewing
differences in slope and maxima of the luminance profile,

and therefore Weber's Law no longer applies.

5. FURTHER APPLICATION,

The targets used to derive fig. 1 are not those normally encountered
in photogrammetry. This is for two reasons:

(i) annuli encountered in photogrammetry rarely go below

point B, (Point B corresponds with a MM of 15 um on a
target of 30 um at 10 x magnification).

(ii) image qualities of photogrammetric targets are not normally

as good as those used for the present investigations.

However, similar procedures cén be applied to pointing accuracies
for photogrammetric targets as were used in the foregoing procedure.
The irregularly shaped annuli between the sharp MM, and the blurred
target will require more complex convolution procedures. It is
believed that the criteria derived in Sec. 3 will be applicable to such

blurred targets.

6. CONCLUSIONS,

1. The approach of determining the shape of annulus in the visual
system proved successful in explaining pointing accuracies to small
targets.

2. Parallel to the findings of O'Connor, the shape of the luminance
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profile is of secondary importance in determining pointing

accuracy, but the effect on the profile of small movements of the

MM is important.

Differenceé in widths between opposite sides of the annulus of both
high and low contrast targets, are visible if they exceed zpproxi-
mately 1-20 /o of the sum of annulus widths provided these widths
‘are measured in the visual image. This applies to annulus widths
greater than approximately half the 20-width of the spread function
of the visual system.

Pointing to targets with annulus widths less than a half the 2c-width
of the spread function of the visual system, is based on discrimina-
tion of slopes and perhaps maximum values of the luminance profile.
For the experiments described the minimum visible differences in
slopes of approximately 12- 16°/0 and in maximum values of 14-16°/0
resulted in pointing accuracies of approximately 8° /o of the annulus
width.

Pointing criteria as outlined in 3 and 4 above depend on the
observation conditions, and therefore may vary for different

experiments.
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APPENDIX A,

In the convolution of the line element and the LSF, the intensity
levels for the point of maximum slope will be given for two extreme
cases. The intensity level for the point of maximum slope using any
other line element widths, will lie between these two extreme values.

The basic formula for convolution is -

400
h(x) = /f(x-z)g(z)dz ..... e (A1)
- o0
1.2, 2
where f(x) = exp-3(x /o)
glz) = 1 . =cdzl+ ¢
= 0 -c>zry+ c
where 2¢ = width of annulus
+c :
. hix) = /exp{-%(x-z)z/cz_} d.dz L ..(A2)
-C

(i) If 2c is infinitely small, the above expression reduces to the

function
2, 2

h(x) = exp {-%(X /o )}

i.e. the gaussian or error curve,.

The point of maximum slope on this curve is given by the lst
derivative

. +

i.e. x = - @

max slope

On substitution of this value for x

h(x) = 0.606h(x)max

This result applies to the case of an infinitely fine line spread

by the LSF. By definition this in fact gives the LSF.
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(ii) If 2¢ &> O

If the width of the annulus approaches infinity, the annulus is so
wide that only one edge of the annulus is seen by the observer at any
one time. Hence the observer will see an 'edge' intensity profile,
being a graded change in the profile from dark to bright.

No mathematical solution exists for the integral of the gaussian
curve., However, the integral is tabulated in a number of texts on
statistics. Solution of the equation A2 can therefore be carried out
using these tables.

The point of maximum slope occurs at the 500/ o intensity level
for the edge profile, while o-widths are located at 84°/0 and 16°/0
intensity levels. See fig. Al. |

(iii) For cases in which 0<2¢c<<°, the points of maximum slope
move gradually from 60, 6°/0 level as in case (i) to the 50° /0 level
in case (ii) as 2c increases.

A plot of this relationship is given in (Trinder, 1965, 80).

A ——————— 40 o
After convolution 84
—> i 50

b

FIG. At EDGE PROFILE
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APPENDIX B.

The Density (D) of a material is given by the formula
D = log, :ii; ¢ Wherel is the incident intensity, and
I is the transmitted intsznsi)ty.
Therefore, if D = 0.3, incident intensity is twice transmitted intensity.

That is, background intensity will be 18.5 mL, if incident luminance

is 37 mL. Similar computations can be

Liminance level

// e zal% val% 37mL
0 A nr
T M Uy
T/ % % ? /] A —1esmL
/ % /// ?— 2 ?— —4.65mL
// MMo’3” // MMjo.g//, 7/ /&Méz :iﬁm

Target Density

Fig, BL
Cross-Sections of the Luminance profiles of the measuring mark and

target combinations for the three background density levels used in the

experiments i.e. 0.3, 0.9, 1.2

carried out for the densities of 0,9 and 1.2 See fig. Bl.

In the convolution of these profiles, the influence of the section below

the background level, i.e. MM, must be weighted against the annulus

profile above background. For instance, the annulus and measuring
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mark profiles were given equal weight for the density of 0.3, because
the luminance intensities above and below background are equal. For
the densities of 0.9 and 1.2, weighting was 7.15to 1 and 14.9to 1

respectively, for annulus to MM influences.
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APPENDIX C.

Luminance profiles determined by the PSF method (see text), together
‘With corresponding luminance profiles before convolution. The units
for height of the profiles after convolution are arbitrary, but have been
drawn to a consistent scale on each page. In the luminance profile
before convolution, the heights have been decreased for reasons of

space.




MM 5.1 mrad 57

HIGH CONTRAST

/\ £ ¢ /\

T amL (a) Target diameter 5.2 mrad

ram Annul 50 prad
pnuius =
MM
—§ — 1l
OmL

(b, Target 5.7 mrad
Annulus 300 wrad

14mi
MM
f ¢
OmL
(c) Annulus 700mrad
Target 6.5 mrad
14mL
MM
7% OmL
T

FIG. C1




MM 0.645 mrad
HIGH CONTRAST

(a) Target 655 mrad

Annulus 50 rad

MM

OmL
(b) Target 1245 mrad
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MM  0.99 mrad
LOW CONTRAST

(a) Annulus = 33 mrad (b) Annulus =100 mrad

Target =1.056 mrad Target = 1.19 mrad
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T 57—m_L 37mL

Background RBackground
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—_OmL _OmL_
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