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SUMMARY

The assumptions made in solving the boundary
value problem are critically examined and revised
expressions derived for the complete definition of
the non-regularised geoid to the order of the
flattening. The Free Air Geoid is shown to be
a good approximation to the non-regularised geoid.
The relation between regularised geoids and the
non-regularised geoid is also established and the
latter is shown to be no more difficult to compute

than any regularised geoid.

Expressions are developed for the computation
of the height anomaly from free air anomalies and
elevations to the order of the flattening. The
significance of the zero order term is re-examined
and its implications in assigning revised values of

parameters to the reference system are studied.




THE NON-REGULARISED GEOID AND ITS RELATION

TO THE TELLUROID AND REGULARISED GEOIDS

by

R. S. Mather

1. INTRODUCTION

In a recent study (Mather, 1968, 330 et seq), the
correction (Nip) which constituted the indirect effect
for the Free Air Geoid (Nf), given by the use of free
air anomalies (Agf) in Stokes' Integral (Heiskanen &
Moritz, 1967, 94), was computed from relations derived
for a non-regularised earth. The values of Nip
obtained were two orders larger than generally accepted
estimates of its magnitude, which is held (ibid, 145)
to be equivalent to that arising from the second con-

densation reduction of Helmert.

This reduction is the process of regularisation
where all the topography exterior to the geoid is
removed and condensed, column-wise, as a surface layer

of density 1 on the geoid, where
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where pis the density of matter over the element of
elevation dz, h being the total elevation of the topography.

Nip’ in this particular case of regularisation, is held to be

of the erder of 1 metre. Hence, the Free Air Geoid, obtained

by the use of the equation

4

R o="7

- m .

Nf-u [ f(w) Agf do oo.o.c-c-OO(z)l
Y 0

m
where f(¥) is Stokes' function,
do is the element of surface area on a unit

sphere, Rm the mean radius of the earth and Ym the mean value
of gravity over a model of the earth used in computing the free
air anomaly,is usually refereed to as the "geoid" (e.qg.,
Lundquist & Veis, 1966, III 136). The earlier determination
referred to was derived from the work of Moritz (1965, 18) who,
in the same paper (ibid, 27), shows that the basic integral
for the non-regularised geoid reduces to any of the common
methods of regularisation.

This has also been proved by Molodenskii (1962,
60 et seg.) who shows that the solutions for the non-regula-
rised geoid attributed to Moiseev and Malkin are both equi-
valeﬁt to regﬁlarised geoids. The equation given by Moritz
was reduced to a form which was approximately equal to that

attributed to Malkin (ibid, 65) and the final form for the
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separation of the non-regularised geoid and the spheroid
(Np) was deduced as (Mather, 1968, 76)

2 ¢ Rm o=4n |
N = €P 4 f £(¥)ag  do + o{Nfl ..(3),
41rym 0

whete ¢ep is the potential at a point P on the
geoid of all matter exterior to it
and Ago the gravity anomaly at the geoid.
All other quantities are as defined in equation (2), f being
the flattening of the reference spheroid. Ago was shown
(ibid, 76 - 8l) to be related to the free air anomaly by the
relation
3 3¢
Agy = BAgg + (Th_e)s - (Eh_e')G + o {f Ag)} ..(4),
J
where the suffixes S and G refer to evaluation at
the physical surface of the earth and geoid respectively.
Ago can also be approximately represented by the Prey ano-
maly (Heiskanen & Moritz, 1967, 164).
Equation (3) was based on the following assum-
ptions :-
(a) The potential of the geoid (Wo) was equal

to that assigned to the reference spheroid (Uo).

(s3]

(b) The gravity anomaly gradient ,5%1 was

given by the eguation




cesescccscss (5),
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oh
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1

where y is the value of normal gravity at a point on an
equipotential surface where the mean curvature is R;l.
(c) The disturbing potential (Vdp) at any point P

on a surface S can be expressed by the eguation

- T
Vdp— ”s = ds cesesess (6),

where r is the distance of the surface element ds from
P and v is a surface harmonic. It was further assumed that
equation (6) could be expanded by adopting the harmonic ex-

pansion for r 1 (J:ffreys, 1962, 634)

T

1 © R n
-f = nzo (ﬁg) Pn(COS Ib) .c..V.-.-(7)r

where Pn(cos ¥) is the Legendre Zonal Harmonic and
v is the angular distance from dS to P. As

T is a surface harmonic and the product (ibid, 646)

ff Th Pn(cos ¥) ds = Aﬁ ceeees(8),
S
it is possible to represent Vdr by the expression
P
V = _— © % 5 0000800600000 80e09 (9)0
dp n=2 Rn+1

Such a series will be convergent only if An< Rn+l.
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This condition is satisfied if the surface S is a sphere,
though it does not necessarily hold for a spheroidal model.
The mathematical model defined in equation (9) is used purely
as an intermediary to enable Vd to be related to the gravity
anomaly.

(d) Ao and Al have been put egual to zero in
equation (9). The adoption of the first equality is equi-
valent to assuming that the mass of the reference spheroid
is equal to that of the existent earth. The second equality,
in the case of a uniformly stratified reference spheroid,
effectively locates the centre of the spheroid at the centre
of mass of the :.!:tent earth.

The values of Nip obtained by the use of the relation

2¢ R o=4n
= ep m
Nin T + Ty, f £(v) Aag_, do ee..(10),
where
3y I o
89,0 = (3% )S - (53 )G R ¢ 5 B
* = 47kph ;

k being the gravitational constant, &are as- large as

700 metres. This is to be expected as ¢, can be expressed

by the relation

be = boe * 0oy A & -3
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where ¢ee is the potential due to an outer area over

which the former can be expressed by a relation of the form

= koh
¢ee - st r dS ¢« 0 000000000000 (13),

and ¢ei is the contribution of an inner zone comprising de-
partures from the expression set out in equation (13). As

h ¥ 160 km and potential is a scalar, ¢_. can be expressed by

el
the relation (Mather, 1968, 106-109)

2
_ 3kph _h
¢ei f[ TR ds + 21rkphro(l Vi +
S o
2 4
2o Doy e,

6r 40r

o o

where the inner zone of the improper integral is re-

placed by a cylindrical model of elevatiop h and radins r

As % } 2 x 107%, the first term can be considered to be

negligible for most practical purposes. The second (ibid,
110), for a value of r= 10 km, is of the order of 1 kgal
metre per km of station elevation.

Equation (13) shows that Yoo is the major contri-
butor to the value of ¢é, the contribution being positive
always and of magnitude varying from 100 - 300 kgal metres
as a function of position on the ea}th's surface. The

second term in equation (10) has a variable sign as
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LY FN is always negative while f(y) (Lambert and Darling,
1936, 114) takes both positive and negative values on global
summation. In fact, the contributions of the two consti-
tuent terms of equation (10)are almost equal in magnitude
but of opposite sign over the inner zones of the computation
but tend to accumulate over the distant zones (Mather, 1968,
331).

It is obvious that the assumption at (a) above cannot
produce the abnormally large variations in the calcmlated
values of Nip though it certainly does effect the zero order
term in the solution. The Free Air Geoid (ibid, 56) is a
good approximation to the telluroid which coincides with the
reference spheroid over ocean areas if W, = Uo’ On the other
hand, the geoid as obtained from the use of equation (3), has
considerable divergence from the Free Air Geoid(ibid, 363 et
seq.) .

The divergence of the solutions requires re-investi-
gation in that

(i) regularisation postulates that the Pree Air
Geoid is a good approxim: tion of the regularised geoid ;

(ii) the Eree Air Geoid is also a good approximation
of the telluroid.

A fallacy, if any, will have to exist in one or more

of the assumptions listed as (a) to (d) above. The




admission of the general possibility that W, # Uo upsets
Hirvonen's original definition of the telluroid (Hirvonen,
1960, 40). He defined the teitmroid as the locus of points
Pos (see fig (i} ) at which the potential on the reference
system (UQ) equalled that on the existent system (WP) at P
on the physical surface of the earth, Pps being located on
the normal through P. WP cannot be defined unless W, is
known. As this is not so, it is impossible to define Uge
A much more practical definition of the telluroid, so far as
normal displacements go, is the definition of the points Pos
as those on the reference system having the same difference
of potentiél with reference to U, (on the spheroid) as the
difference in geopotential (AW) between P and the geoid.

A reference surface of complete definition would be

the locus of the points Q shown in fig (1), defined by

AQ = AAP so s e sscconce (15),
UQ- Uo = WP-WO

where ¢AP and AAPare the astronomically deter-
mined latitude and longitude of P.
This new definition suggested for the telluroid
is an adaptation offMoritz' nermal surface (Moritz, 1965, 12).
Such a definition has the advantage that the separation vector
d is completely represented in space by.PQ. If an xi(i=l,3)

axis system is chosen with the X3 axis coincident with the
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local spherop normal at Q and the X4 axis oriented north,

2
d = [ Regii + hy3 B ¢ T

= . d
where ¢ i-%i=l,2) are the components of the deflec-

tion of the local vertical in the meridian and prime vertical
respectively. hd is the height anomaly equal to the displace-
ment PPp,. The quantities < (i=1,3) are unit vectors along
the xi(i=1,3) axes.

The second assumption is the adoption of equation
(5) for the normal gravity gradient (e.g., Heiskanen and
Moritz, 1967, 87). A more acceptable expression for this
quantity is obtained from Bruns' formula (ibid, 53) which can

readily be transposed to the form

ay

L—Z "41Tkp + O{ fa } 000.10(17)1
3h 3%

a

where p is the density of matter in the region in
which the normal gravity gradient is evaluated. a and £
are parameters of the reference spheroid. At points on the
reference system which lie in regions not occupied by matter,
p = 0. For the purpose of generalisation of formulae, the
possibility that p # 0 will be admitted.
The solutions to be- derived in the following sec—

tions will not make the assumptions defined in (a) to (4)

above.




10
2. RELATIONS FUNDAMENTAL TO ALL SOLUTIONS.

All derivations stem from Green's third identity
(Heiskanen & Moritz, 1967, 11) which is obtained by the
application of Green's theorem to the scalars ! and
g. If r is the distance of the relevant element of
area or volume from a point P situated on the surface

S which bounds the wolume Vi’

1.2 _ 1 ) 1
”IV $pav = -2 g+ ”sh v.up - g v.N I} as
VY ,
eeeeeeee.. (18),
3 9
where ¥ = ] 5% L B & LD I
i=1 i

i is the unit vector along the x; axis,
¥ the unit normal vector and the
suffix P referring to evaluation at the point P.
Jeffreys (1962, 194 et seqg.) sets out the conditions
for the existence of a solution for equation (18) as
(a) zzﬂ exists everywhere within the volume Vi and
(b) V.V @.éxists everywhere on the surface S.
If § is the potential due to a system of masses
lying partly within S and rotating with angular velocity
w, Poisson's equation for a rotating body holds within

the volume Vi' Thus
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v2g = - 4rkp + 20° O ¢ 1 )
Continuity of the density function (ibid, 696)
is a necessary and, in most cases, sufficient condition
for equation (20) to hold. A sufficient condition would
be the existence of integrable derivatives of op. If
such conditions were assumed to exist, the application
of equation (18) to the non-regularised earth of poten-

tial W, setting S incedinéidence with the geotd , gives

1 2 o |
IJIV. T l W dVi = 2WWP + ffs {

1

V.IW - W V.N %} ds

K=

® & & & 8 0 5 00 0 s e s o (21).
The application of equation (20) to the volume integ-
ral in equation (21) gives

1 2 _ kp 2 1
fffvl T 1 ] dVi = 4Trfffvl _— dVi + 2 ,{va- T dVl

1

Il

~dngy )+ szfffv Z v, ...(22),
i

whete ﬁip is the potential of matter within the

geoid. If gep is the potential at P of matter exterior to
the geoid,
W =g- +¢ +¢ 0-...0.-...-(23),

p 1p ep rp
where grp is the rotational pbtential at p. The

elimination of ﬂip in equation (22) by the use of equa-

tion (23), together with the use of the result in equation




"‘%»

Telluroud (RY
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(21) gives

2
w 1 _

1 1 1
; 2"—”5 Evpw-wyrlas ...

Equation (24)is identical with that obtained in a
slightly different manner by Moritz (1965, 10) whose sc-
lution was independent of any conditions regarding the
integrability of density functions. This equation is
linearised by superimposing a hypothetical reference
system afforded by the gravitational field of a rotating
oblate spheroid with a bounding equipotential

U = Uo .

If this spheroid has the same volume as the
geoid, it constitutes a fixed clésed surface in space such
that the geoid spheroid separation N has no zero order
harmonic. The application of equation (18) to this system
with the surface S still being the geoid, gives

f“ L2y qv, = -2mu_ + “{ Lvyu-uv.ri)oas
v. T — i P g T == —-'—r
i
® @ & 0 5 00 0 s s e (25)'
If the spheroid has the same rotational cha-

racteristics as the existent earth, manipulation similar
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to that used in the derivation of equation (24) gives

U =28 + 20+ Eifff Lav, -
p up rp m v, r i

7;—[['{% V.NU - U V.I % }ds ....(26),
S

where gup is the potential due to matter of the re-
ference system which is exterior to the geoid. ﬂup would
thus be due to matter in those regions where the geoid
spheroid separation N < 0. ﬂup will have exactly the
same characteristics as ﬂep’ defined by equations (12) to

(14). On a similar basis,

Po = Pue + Bus ceeeecneeaeas (27),
where
g = -k ffsﬂzﬁ ds R #1:)
and
Pai = ~ 2mkeNr_ + off f..}  ..........(29)

In both equations (28) and (29), o = 0 when N > 0.
As the geoid spheroid separation is expected to lie in the

(met)

range -100 < N < 100 and the contribution to the

above effect over half the earth is zero, the magnitude of
|
g

ue is expected to be of the order pf 20 - 50 kgal. metres.

ui will seldom exceed 0.1 kgal. metres.

The disturbing potential (Vdp) at points P on the
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geoid is defined by the equation

V = W -U @ ® 000000 s 0 evsceee 30.
dp P p (30)

The use of eqguations (24), (26) and (30) gives

} dSoo (31) [4

RiE

- N N S | - -
Vap = 28, 7_7ffs{r (Y0 Ww=-9.0 U] -V, 7.0

Whe re
g ! and g g ® @ 8 0 0 0% 000000000 32 *

If the potential on the geoid is Wo and that on
the reference spheroid is Uo (Mather, 1968, 309),

Vdp=WO—UO+YN +O{fvd} oooo-onoo(33)'

where vy is normal gravity at P and N the geoid spheroid

separation. As the geoid is a level surface,

A B

The first set of quantities within the integral
in equation (31) are obtained by the differentiation of

equation (30) when

3V 3V
a_ W _ U _ _ 3y | d
3F - SR 3R - Yot Vo “laml N+ olf 571

Defining the gravity anomaly at the geoid as

Ago = go-YO . 00600000000 (34),

where 95 is the value of observed gravity at the geoid
and Yo is the value of normal gravity at the equivalent
point on the reference spheroid, the earlier equatioun

becomes
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BVd A

= - 3y ST
3h [Ago +|ah{N 1 + off =%

} ceceeees(35).

It must be emphasised that 9o is the value of
gravity at the geoid of the non-regularised earth. Egua-
tion (35) is dependent on the value of %% , given by
equation'(l7), and refers to the gradient of the reference
system. Equation (35) can therefore be simplified by the

use of equations (17) and (33) to give

3V 2V, 2(W - U) - avy
a—ﬁ = - [ AgO + R - R - 41kpN 1 + O{f-a—H

}

ceeesesses (36),
whete R, to the required order of accuracy, is
the mean radius of the earth and p = 0 when N > 0.
p 1is non-zero when N < 0, a circumstance which occurs
over 50% of the earth's surface <f the geoid has the same
volume as the reference spheroid. Adoption of a spherical

approximation for the earth gives (Moritz, 1965, 22)

_Té—r ® 600 00 000000 (37)'

i

g-n

The use of equations (36) and (37) in equation (31) gives

3V, 2(W_- U,)
- ' 1 1 d _ o 0" _ a
Vap = 2Pp * 2 IIS r [ %9 * 7z R drkpN1dS +

m

-+ o{fvd} cececesss (38).
of

Other relations of interest are expressions for —=—C -

oh
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agu
and 3% - The differentiation of equation (12) with

respect to h gives

5 cecsscssass(39).
These terms can be interpreted as being the gra-

vitational attraction of matter which lies exterior to the

geoid. The former term (Mather, 1968, 91 & 246) is app-

roximately two orders smaller than the latter and only

those regions within 1x° of the computation point need

be taken into account in the evaluation. For this

limited zone (see fig (3) ), on adopting a spherical

approximation for the earth, the general formulae (Mather,

1968, 86 et seq.) reduce to

- ¥4
ro—lo(l"' _R') ® 8 ® 0 ° 00 s 000 e (40)
Z + h
r =20(l+_—'—-’2R ) L N N RN (41)
COSB= - E no-ooo-c¢n..oo-o(42)
o] 20
z - h
COSB=—'T-p oooooo-coao-'o-oo¢(43)
[o)

In equations (40) to (43), 2 is the distance

of dS from the computation point alond the earth's surface.

Thus
g
G ee) - _ ff fh -z dz . of
h = k pdS — L . E¢€.
9 [/ 0 23 tolf dh b

o




where ds = 2°da dzo ; da being the inc-

rement in azimuth.

.. 2
[E_Heej - ];éijEll_s_ dS eeses 00 e (44)'
G lo
Similarly,
Y} h(h-2h ) ]
S 2

0

where h is the elevation of topography at the
element of surface area ds. gei is the effect of an
inner zone within a radius r, of the computation point.
The gravitational attraction of this zone can be eva-
luated by adopting a cylindrical assumption (see fig (4)

the cylinder having a mean elevation hm equal to the

mean elevation of the region. A simple integration

)y

gives
og .
ei _ - 2 2, %
(EH )G = 2nkp[h + r_ (hy + r)~ 1
h_ hi hg
= 2ﬂkphm[l -5t T - z + .1 .(46).
o 8rO 16rO

On a similar basis,

2 2
af . (h - h_ ) h
— el = - o - D
GGm )S 2mkoh [1 + ) T,
h3 ) h5
+I—§.—-——-&—5 +] ..o-oo."'(47)l
8rO 16r0

where hp is taken equal to hm in the smaller
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dS=Rdy det siny
=Rg d ¢ d cos ¢
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order terms.

The equivalent terms for the reference system
have to be considered in the light of N never exceeding
100 metres in magnitude. As

(a) only those areas with negative N values are
considered and

(b) the attractive effects have the same cha-
racteristics as those quantities defined in equations

(44) to (47),

g 2
EaTue) = %kpff 1\1—3 dS ® 000 o0 0P ervoe (48)
2
and °
T N
(E.H ) = —Z“klel + 2—;— + O{f} ] e s cese (49).
(o]

It should be noted that equations (48) and (49)

of
apply only at the geoid. The contribution of SEue to

og
sﬁu is very small and can be neglected for most prac-
tical purposes. The density function p in equation (49)

is non-zero only when N < 0.

3; THE SOLUTION FOR THE NON-REGULARISED GEOID.

Equation (38) is solved conventionally by the

use of Chasles® theorem (Heiskanen & Moritz, 1967, 13)
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which asserts that Vdp can be expressed by an equation of
the form set out in equation (6). As Vdp is given by

eguation (38) this requires that both AgO and V, should

d
be capable of representation by a set of surface harmonics.
It is also necessary that both ﬂe and ﬂu be capable of

expression by equations of the form

Pe(uy = ff

It can be seen from a study of ecuations

das .

Rie

(12) to (14) and (27) to (29) that equation (38) can be

accurately expressed as

= ! X
Vdp - Zgip + Ifs r dS *® 90 0 0 00 (50),
where
' -— -
ﬂip - ﬂeip guip ® 6 s 00 850 %o (51)
and 1t is a surface harmonic. Thereafter, the conven-

tional procedure as set out in equations (7) to (9) can be

applied to the surface integral in equation (50) when

o A
V = zg! + _'{1—" r n# l o o0 00 00 (52)
d i nzo Rn+1
and
oV 3@ o A
dy _ i n
) =2 (35) - nzo (n+1) 47 0 D #1 ... (53).

Phe use of egyation (36) gives
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® An 383 g W~ Y
Ago = n£0 {n-1) ;{317 - 2(-3—H )"" 4 ﬁ— + 2'——R——— +

+ 4vkpN, n # 1 .... (54).

Defining the corrected gravity anomaly ( Agoc)

at the geoid by the relations

o0 «© A
n
Ag .= ) g. S =] (n-l) — ,n#1l
oc n=0 nm" nm =0 Rn+2
]
393 i W- U
= Ago + 2{;—1; ) + 4—R_ - 2 R - 41|'kp N ..(55)

where IS nm represents a set of surface harmonics,

the use of equations (52) and (54) in (38) gives

og:

© A
_ ' 1 1 2n+1l n_ _ iy_
Vdp - ng MV ff r { Z 2 n+2 2( oh )
3 n=0 R

w‘tz
fete =

} ds , n # 1.

The use of equation (55) gives

_ g 1 1 2n + 1 _
Vap = 205 * 3 n{fs r L, 2D FonSom 9
291

1 1 i
- 5 ffs? [ 2(;; J+ g 1 d, n#1 (56).

Phe adoption of the expansion for r-l given in equatibn (7)
and the use of the property that the surface integral of

pairs of surface harmonics satisfies the relation

ff Sn Sm das =0 ifm#n,
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transforms the first integral in equation (56) into the
expression for Stokes' function in terms of Legendre
zonal harmonics which can thereafter be trénsformed
to the standard form of Stokes' integral by the familiar
routine. Thus equation (56), on taking into account the

zero order term (Mather, 1968, 313) gives

—_ ' - ’ —l_.. -
Vdp = 2¢p R M{Agoc} + st f(y ) A o das
- L ({ 1 [2(a i) + —i] ds (57)
2migT oh R Tt !

where M{Agoc} is the global mean value of the
corrected gravity anomaly at the geoid. A9eo 28 given
in equation (55) can be modified by the use of equation

(4) and written as

32 aﬂe agei

= | ey _ , _
8o = 89¢ (53 )s (3% )G + 2(55 )}
g .
4 ,
- glBi- 9,30 - 2(55 1)+ 4mkow)-
W =10
-2 0 - o .

From eguvations (39), (46) and (47) and the related
discussion, it can be seen that the first group of terms on
the right hand side of the above equation are very nearly
zero, as the effect of the distant zones on the gradients

of ﬂe is very small. The second group of terms contribute

less than 1 mgal to Ag_ . for reasons given in the discus-
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following equation (14). The third group of terms are
directly evaluated from equation (49) when it is easily
seen that

Wi N
(35 ")+ 4mkoN = - dmkpn (§§;) + o{4mkoNE} .. .....(58)"

For N = - 100 metres, 4nkpN = ~ 22.4 mgal and the
term within the bracket is of order - 5 x 10 3.  Thus the
contribution of the term defined in equation (58) is of
magnitude 0.1 mgal. The effect on Agoc is obviously sys-
tematic though always less than 0.1 mgal. The term
containing(wO - UO) is a zero order term and has no effect
on surface integration as (Lambert & Darling, 1936, 117)

fg £(y) siny dy = 0 R -1 D

Thus the formula

og £y} o .
Aoc = 49¢ * (Eﬁegs - (EHE)G+ 2 (Eﬁel) -
4
— -ﬁ-[gei- gui] ® ® &6 0000000 (60)

holds to the nearest 0.1 mgal. The formula

Agoc = Agf

would hold to 4 - 5 mgal in non-mountainous
terrain. The use of equation (60) together with equation
(33) and the zero order effect of (Wo— Uo) transforms

equation (57) to
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N = to oo, , Pres _ g 212%c
P Ym Ym M Yn

1

+Z"—Yl'n-ff f(l’)) Agoc as ecvecoseccoe (61)!

where
°og . g .
Fres =8 - [ E 12l ety e
cesaseenes (62),

¥ f, * o {1kgal metre}
=70.2 mgal per km., elevation of inner zone and
The

g .
ei
i
can be ignored in all but very mountainous regions.

ﬂu terms have a negligible effect on the result.
The indirect effect for the Free Air Geoid

obtained from a non-regularised earth is
'] M{Ag_}
res _ Rm oc +
m

W~ Yo
N. = e + 2
ip m Ym
zl— f(y) [ ag.__~ Ag_.] aS (63)
‘“"Y OC f e @ o0 ,
m S
Agf] should seldom exceed

where the quantity [ag

4 to 5 mgal.
Thus the Free Air Geoid constitutes an excellent

approximation of the non-regularised geoid, provided

(wo- Uo) is not too large.
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4, THE DETERMINATION OF N AFTER REGULARISATION.

The process of regularisation transfers matter
from locations exterior to the geoid according to certain
postulates to positions within it. General relations
can be obtained without recourse to the exact rules go-
verning the regularisation technique. Thus :-

(1) All topography on the existent system
which lies exterior to the geoid is removed. This is
equivalent to reducing the potential at all points in
space from W to (W - ﬂe).

(ii) This matter is now re-introduced according
to a set of mathematical rules which is usually equivalent
to some simple geophysical or geometrical concept. The
resulting effect is the increase of the potential at all
points in space from (W - ﬂe) to (W - [ﬂe- #1), where ¢
is the potential due to the re-arranged form of the topo-
graphy which was originally exterior to the geoid but has
now been transferred to a location within it.

The application of Green's third identity (equation

(18) ) to such a system gives

I1l,,

1

VAW - - pNAV, = - 2e(W - (B~ g1) +

Rl

1
+ fg{; VH W - (g~ 91) -(W-1g_-g1) 7.8 1} ds.

N




27

tr

The surface S in the above equation is, once again,
the true geoid, the volume Vi being exactly the same as
that defined in equation (24). The application of equa-
tion (20) to the above equation gives, on the same lines
as before,

2 1
—4W(Wp—[¢ep—ﬂp]) + 4nﬂrp + 2w fjfv' 7 dVi = -ZH(WP-[ﬁep -
i

- gD+ ”S{-}; VI (W-1g-p1) - (W-[F_-p]) 9.8 yas.

Defining the potential at points in space on the

regularised system by the equation
I"]'=VAJ_ [ge—g] ® e ® o s 00 00t s (64),

the above equation reduces to

2 .
- w_ 1 -1 1 R 1
wp = 2grp + = f”v £ av, 3 "”s{r V.y W'- w' v.y =}ds
i

® % 5 000 0000900000000 e (65).
The disturbing potential(Vé) on the new system

is given by

V' = W' - ® ¢ 00060000000 ves0000s0o0 .
ap ‘«Tp Up (66)

The linearisation of equation (65) by the use of equa-

tion (26) gives

v _ 1 1 a1 _ 1

From equations (33), (64) and (66),
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Vo = (W = U = (B = #) + YN + offV3) .......(68),

where Wor Uy and N have exactly the same definition
as for the non-reqgularised earth. N 1s therefore the true
geoid spheroid separation. As S is still an ecuipotential
surface, the relation immediately following equation (33)
holds and hence the first pair of guantities within the

integral in equation (67) is given , on lines analogous to the

derivation of equation (35),by

v
RS 3Y| N]- —2(g -
5h T sh — o - - L9, + 5l NI- gp(dmp) ... (69),
where AT is the gravity anomaly at the non-regu-
larised geoid, being defined by equations (4) and (34) as

before. The use of equations (68) and (69) in (67) gives

1 1 3Vé Wo- Uy
' = - [P _— - D e
Vdp 2Iaup T3 "ffs r{Ago * IR 2 R *

g - g a '
7 * 31 (P~ #) - 4mkoN} ds + of{fV}}..

000.000-.¢0-0(70)0
For the same reasons as set out in deriving equa-
tion (50), the disturbing potential on the regularised

system can be expressed by an equation of the form
o= - L
Vdp -— Zguip + f[s r dS 0.0.0..0(71)'

which c¢an be transformed to an egquation of the
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form .
oo A'

n
n£0 -—-——-Rn+l ’ n # l e v e s (71).

t —
Vi = =20

uip +
The introduction of the condition n # 1 for the

existent earth with a non-symmetrical distribution of the

topography exterior to the geoid, which topography has now

been moved by varying amounts to positions closer to the

centre of mass, will obviously give rise to a change in

the absolute position of the centre of the reference

spheroid on an earth based system. This will arise as a

consequence of the regularised earkh having a new centre

of mass together with the introduction of the condition

A, = 0 which has the effect of fixing the centre of the

1
symmetrical reference spheroid at the new centre of mass.
However, this change in position of the reference spheroid
is small enough to be ignored.

From equations (68), (69) and (71), development

on lines similar to the procedure used in the derivation

of equation (54) gives

o A;l Wo-Uo
Ag, = z (n-1) —05 + 2——— + 4rkpN -
n=0 ‘R
g_.-2 g . P .
_ e - _9 _ uli ui
2 = ah(ge 7+ ZEH + 4§— , n#1l

ceeeceses (72).
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Defining the regularised gravity anomaly ( Agor) by the

equation
Ag = g' s = (n-1) r D # 1
or n=0 nm- nm n=0 Rn+2
= Ag_+ Ta(ﬂ -g) + 2 e 7 _ [47kpoN +
o 9 e R )

g . g, W -0

ui ui o o)

+2m ] 4"R—- 2 R 00000100(73)’

equation (70) becomes

v - , 1 _1_- v (2n+1) '
vdp B 2’Jup t s g T {nZO 2 (n-1) Inm nm  F

g . Y
+ ﬁEl+2THul}dS,n#l ceveesas(74).
/

The above equation is similar’in structure to

equation (56), the solution being

W-U g - 20 M{ag__}
N = -9 o _ "ep p _ _"up _ R_ or’ ,
p Ym Ym Ym Y

g .. g .

1 1 1 ui ui

+ Z“_mefsf(w) AgordS + -2—?[! -I—‘{ B + 5 "} ds,
S

From a study of equations (58) to (62), it can be
seen that, for all practical purposes, the above equation

reduces to

W -U - M{Ag_}
0 = _ﬂepﬂp_R gn+ 1

) Y Yo m oy dmy

[J £(v) AgrdS .. (75),
S

wherse the gravity anomaly (Agr) on the regularised
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geoid is given by the use of equations (4) and (73) as

Ag. = Agg + (;ge)s - (;g) . + 2 gﬁ-ﬁ—g + Res .. (76),

where Res is less tganw0.2 mgal for the same reasons

as set out in the earlier section; The exact amount by
which Ag,. deviates from Age is dependent on the method used
for effecting the regularisation. In the case of the Helmert
second method of condensation described in section (1), it is
obvious from a study of equations (13) and (14) that the terms
ﬂe and #§ are completely dependent on the effect of the close
zones, the principal terms being given in all but very moun-

tainous regions by

2 3
_ _ 3koh _ 2.. _ h h
] o 20ro

In equation (77), the effect of the surface integ-
ral diminishes very rapidly and only reguires evaluation in
the immediate vicinity of the computation point. The

(met)]2 kgal. metres.

second term is of order 6 x 10” °[h
The second and third terms of equation (76) are
also a consequence of near zone effects, as can be seen from

a study of equations (40) to (45).

.}’ o 2h =h %
( e) - (= = -kpff h [ P_ - _2_14as...(78).
3h s (ah) G s zg v 2R

In the inner zone, the use of the planar
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approximation and equation (47) gives

2 2

f . 3. (h_-h_ ) h 3
(=°1) = (sx7) = -2mkph [1 + 2T - B 4 o8 3
3h s 3h /. m 2h r_ 2h r 3

ceseasses(79).

Thus equations (75) and (76) completely define any
regularisation procedure. From a purely geodetic point of
view, there appears to be no advantage at all in effecting
any form of regularisation <f 2t is intended to make an exact
evaluation of the geoid spheroid separation, as the expressions
in the latter case are no less complex. All indirect
effects will have, in addition to the zero order term, both
a potential dependent term as well as one which is Stokesiar

in character.
5. THE SOLUTION FOR THE PHYSICAIL SURFACE OF THE EARTH.

The telluroid has already been defined in
section (1). In the following development, it will be
assumed that the telluroid has the same volume as the phy-
sical surface of the earth, being the locuns of points in
space which have the same difference in potential on the
reference system with respect to the spheroid as the equi-
valent points on the earth's surface have with respect to

the geoid. As pointed out earlier, this is slightly different
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from Hirvonen's original definition, though not at variance

with any aspect of the practical significance of his
definition. It has the advantage of not assuming WO as
equal to Uo and hence generalises the solution.

Equations (24) and (26) still hold even when S
is taken as the phy:ical surface of the earth. The ‘erm in
gup in equation (26) will still have to be considered as the
assumption of equal volume will imply that the height anomaly
(hd) is negative over 50% of the earth and as 70% of the
surface area is ocean, there will exist areas where matter on
the reference system can be external to the physical surface

of the earth. If P is a point on the earth's surface,

equations (24), (26) and (30) give

W _ 1
Vdp B 2gup 2 T

1 1
”S{E[z'ﬁ’- W- Y.N Ul - Vg V.H 2} ds  (80),

where S is the physical surface of the earth.

Equations (33) to (36) become

Vdp = (WO— UO) + Yhd + O{de} o..o.oo-oo-(sl)
3V | 3V

a _ _ 2y a
s—ﬁ- - [Agf + |3h| hd] + O{f '5"1':1' } 0000000000(82)—-,
where (see fig (1) )
Agf = g_YQ ® ® 0000 % s 0000008 000000000 (83)-

In practice, it is assumed that the difference in
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potential on both the existent and reference systems is
equivalent to the same normal displacement (orthometric
height) when A qf becomes the free air anomaly. Equation

(82) can be re-written as

oV v W - U

a _ _ _d _ o
3R — - [Agg + 2 7 2 =g

LA

o _ 4nkoh,l .. (84),

where p = 0 if [hd + 0.

In this case, the main problem lies in the
evaluation of the normal derivatives of the various functions
in the surface integral. The relation between the 1local
vertical and the normal to the physical surface of the earth
is , for all practical purposes, the same as that between
the spherop normal and the normal to the telluroid. As

shown in fig (2),

—B-H # .Y..-A—,- W - Zo_]\l U (= Z-E Vd) 000000(85)0

The relationship between the vertical derivative
of the disturbing potential and the derivative normal to
the physical surface of the earth can be effected by the
choice of a locally oriented three dimensional cartesian frame
(xi, i=1,3 system) with the X3 axis coincident with the
local spherop normal and the X4y axis oriented north. The

angle B between the spherop normal and the telluroid normal
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is also the maximum slope of the topography. Any simple
surface in the vicinity (Moritz, 1965, 15) can be repre-
sented by an expression of the form‘

Xy = Ah(xi, i=1,2) ,

where Ah is the increment in normal height. If
such a point lies on the telluroid given by the equation

U(xi, i=1,2 , Ah(xi, i=1,2) ) = 0,

then
aU aU 9h _ .
Ix%. +'é—x-3 I%. = 0 321,22 eeeevecoceanss (86).

From equation (86) and elementary differential
geometry it can be seen that the direction cosines of the

telluroid normal are proportional to

- gll' r 'g% ’ 1. Hence
1 2
2
- _ sh
¥ o= 1 <.t 3) cos B8 ceeee... (87).
i=1 i
Thus 3Vd 2 BVd 3h
ZOE Vd = COSs B('é_h - .z 'é"'i. ﬁ' ) * s 0000 (88)—0
i=]1 i i

The horizontal gradients of the disturbing po-

tential are given (Moritz, 1965, 17) by
\’ i=l’2 ® e 0600 00 00 ve0 0 000 (89),

where Ei(i=l,2) has the same definition as in equation
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(16). Also

‘S =tan Bi ’ i=1’2 .o..-.....(90),
i

where By 8, represent the ground slope rising
north, east respectively.
The other derivative to be evaluated in the

surface integral is

(87) gives
2 X, X
N.v % = cos B (.Z —% %g. - —% ) ereeeees (91).
i=l r 1 r

The following relations hold for a spherical

approximation of the earth of radius R.

r = 2R sin %y )
Xy = R sin ycos A
i cececacee. (93),
X, = R siny sin A
X3 = 2R 51n21/21b J]

where ¢ is the angular distance of the computation

point from the element of surface area dS and A is the
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azimuth of the former from the latter. Thus equation (91)

becomes

- cos B [ 7%; - EL%LEL ] ceeececeanes(93),

H
i

5.3

where

sin ¢
£(8,9) = 2R(I-cos V)

{cos A tan Bl + sin A tan 82].(94).

For distant zones, f(8,v) is at least one order smaller
than (2R)_l and is obviously zero for all ocean and flat
areas. It does however, have a significant effect in the im-
mediate vicinity of computation points in non-level areas.
To retain the simplicity of solution, the effect of this

term is considered to be an order smaller than h. and hence

d
could be obtained as a small order term in an iterated eva-
luation. On this basis, the use of equations (88), (89), (90)

and (93) in equation (80) gives

3v 2(W - U)
= - 1 1 a _ o o _ _
Vap = "2y * ﬂ”s 7( 89 + >3 R 4nkohy

2
- Y_Zl gstan 8, + £(8,9) V, ) cos 8 A5 .. (95).
i=

On lines similar to the derivation of equations
(70) and (71) , Vd can be represented by an equation identical

with (71). From equation (84),

® A kY 2 g . W~-U
_ _ n ui ui o o
Age = nzo(n 1) ;H?f +2 =+ 4 T t2—— +

+ 41rkphd s N #F 1l,p=0 wheh{hd+'$ﬂ|}>0.

ceeees (96).
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Defining the corrected free air anomaly (Agfc) by the

equations

co

« A
n
Ag = J g s = ] (n-1) cos B ,n#1l
fc n=0 nm nm n=0 Rn+§

g . g . W - U
ui ui o o _
=(Agf -2 s - 4 - -2 R 4wkphd) cos B

ceeeeeienn (97),
it is possible to adapt equation (95) to obtain a Stokesian
term. The use of the modified form of eqguation (71) and
equations (96) and (97) for the evaluation of Ag ¢ and Va in

in all but the smaller order terms of equation (95) gives

B 1 1 ¢ 2n+l _
Vap = 2 wffs r n£0 2(n-1) InmSnm 98
YN
1 1 ui ui
_2¢up + p) "ffs 'i_‘ {2 ﬁ + ﬁ— } cos B ds

1 1 2

- 3 "st Z cos 8 121 g; tan g, ds +
1 1l

+ 7—;ffs T £(g,v) Vd cos 8 dg , n#] .(98).

The first row of equation (98) is the term which,
on development, gives Stokes' integral. The effect of the
second row is very nearly zero as 8 will be equal to zero or
or negligible in those regions which contribute to tn. cons-

tituent terms. Thus, for normal.use, this equation can be

expressed on lines similar to those adopted in the derivation
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of equation (75) when combination with equation (81) gives

W -0 M{ag_ )}
h. = o) °© _ R fc

d Y m Y

1
+Z_1T_‘-Y-

m

ff £ (v) Age dS -
m )

2
1 cos B _
o HS = (yizlaitan B; = £(B,¥)V4)as..(99),

where
Agee = b8gg cos 8+ 0{0.1 mgal} ......(100).
The terms requiring solution by iteration are
placed together in the second integral in egquation (99).
The principal contribution is from the Stokesian term where
the anomaly to be used is the derivative of the free air ano-
maly normal to the physical surface. Except in mountainous
regions this term, to order f Agf, should be the free air
anomaly itself and hence the free air geoid constitutes a
good first approximation to the telluroid. The extent of
deviation of the latter from the former is dependent on the
local topography as the influence of the second surface
integral and the cos B scaling factor is zero over oceans
and small for distant zones.
For near zones, the cos 8 scaling factor differs
from 1 by amounts exceeding f when B is approximately 4%0,
and should be considered when evaluating the effects for
these regions. The value of B can be evaluated from the

values of Bﬁ and B, by the standard property of all direction
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Xy (Normal)

FIG. 5
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cosines when applied to the telluroid normal.

2
(1 tanze.) cos?s  + cos’s = 1.
i=1 *
Hence,
2
g =tan™t ([ ] tan® 1% ceeeees (101).
i=1

The first obvious step in solving for the
physical surface of the earth is the determination of the
Free Air Geoid, obtained by the use of free air anomalies in
the Stokes' and Vening Meinesz integrals. The second stage
is the computation of the correction term for the near zones
using the anomaly Agfversine B in Stokes' integral if the
local ground slopes exceed 4° or 1 in 15. The third stage
is the evaluation of the second integral using the Free Air
Geoid as a source for the values of hd’ El and 52. It is
expected that a second iteration for the evaluation of the
small order terms will only be necessary in mountainous re-
gions when it would be easiest to compute directly in terms
of Vd In all evaluations of the second integral, it is un-
likely that the contribution of the outer zones will exceed
20 cm to the value of hd and thus the second integral requires

evaluation for near zones only.

6. THE ZERO ORDER TERM.

As shown in a previous work (Mather, 1968, 293 et
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seq), changes in normal gravity consequent to changing the
parameters of the reference spheroid produce changes in the
deflections of the vertical, computed from the Vening Meinesz
formulae, which are exactly equivalent to purely geometrical
changes. Such changes also produce significant changes in
the potential of the reference spheroid. Thus the value
of Uo is dependent on

(a) the parameters of the spheroid of reference ;

(b} the value adopted for kM.

It would therefore be imprecise to state that
the amount by which Uo departs from the potential of the
existent geoid (Wo) is a negligible quantity.

The concept of a reference spheroid with a
bounding equipotential is geodetic fiction and not meant to
be representative of geophysical fact. Defining the parameters
a and f for a particular spheroid along with the conditions
that the spheroid is centred at the earth's centre of gravity
and the X5 rotation axis coincidence fixes a very definite'
locus in earth based space. Continuing in this vein of
definite spatial displacements, equations (59), (75) and
(99) represent linear displacements from such a reference
spheroid and/or related surfaces: These equations are not
dependent on the equal volume condition though this was
specified in defining the conditions of solution to show

why the ﬂu term may have been of significance.
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Gravimetric geodesy has not proved very successful in
providing the parameters for the best reference system. The
equatorial radius of a spheroid which best fits the geoid
is preferably obtained by scale measurements and astro-
geodetic levelling using a representative global sample.
The flattening of this spheroid of best fit can be obtained
by a number of methods, the most reliable of which appears
to be satellite geodesy
Thus non-gravimetric data provide the dimensions
of a reference spheroid which has the same volume as the
geoid. If this is so, M{N} must have a value zero on world
wide summation, provided such a spheroid were used as the re-
ference figure for the earth. This enables a value to be
assigned for WO which is necessary for the complete evaluation
of hd' WO is obtained from manipulation of the zero order

terms in equation (59) as

W, = U_ + R M{Agoc}— 2 M{ﬂres}- M{NOC}..(lOZ),

where M { } refers to world wide means and
Noc is the Stokesian contribution obtained by the use of the
anomaly Agoc in Stokes' integral.
Once a value has been assigned for W, by the use

of eguation (102), it is of interest to consider whether a

change is warranted in the value of UO and hence, in the
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related parameters a, f and kM. Any change in the value
of £ can only be justified if definite systematic effects
exist, on a global basts in £q but not in Ene If this is
not so, the change in UO can be interpreted as being changes
in one or both of a and kM. A change in a which is not
supported by evidence from scale determinations (astro-
geodetic levelling) would certainly not be warranted.
Hence any correction to UO to make it equal to the computed
value of Wo will have to be distributed between corrections
to a and kM on the basis of correlation with external evi-
dence. Such a line of action is warranted as the geoid
defined in equation (59) is defined on an earth space system
without ambiguity, with the proviso that an adequate model
is available for the topography exterior to the geoid

The existence of an uncertainty in the density
(p) of the topography which, even when a variable density
formula similar to that suggested by de Graaff-Hunter (1966)
is used, could be of the order of 4% to 10%, will not cause
the degree of uncertainty in the value of N as was first
estimated (Mather, 1968, 113) in view of the fact that the
topography terms contribute only 1% to 10% of the total value.
As this uncertainty in the density contributes less than 1
metre to the final value of N, any deductions from the
gravimetric solution as laid down in the previous paragraph,

can be considered to be as good as the gravity field used in
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effecting the solution and not on any assumptions made

regarding the density or stratification of the topography;

7. CONCLUSIONS.

Equations (59) and (75) define exactly the same
quantity N which is the separation of the geoid and the
spheroid. From the structure of the equations involved, it
can be concluded that the computations for determining N for
the non-regularised geoid are no more complex than for the
eomplete solution using any of the well known methods of
regularisation. There is no advantage as such, from a
geodetic point of view, in using regularisation techniques
though they may have some geophysical significance. In fact
it is rather misleading to refer to the cofgeoids obtained
by the use of any anomaly except the free air anomaly as
being a good approximation to the geoid.

A study of equations (59) and (99) shows that
khe Pree Air Geoid obtained by the fise of free air anomalies
in Stokes' integral is a good approximation of the non-regula-
rised geoid as well as the solution for the physical surface
of the earth provided no zero order terms occur. In the
strictest sense, the free air anomaly must be computed using
potential differences and not elevations (Hirvonen, 1960, 21).

The effect of matter on the reference system which
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lies exterior to the surface being mapped,has been considered
in the solution and has been shown to have a negligible effect
on the final result. The writer is unaware of any serious
attempts to postulate any stratification of matter within
the reference spheroid. All derivations in this paper have
made no assumptions regarding stratification of matter within
the bounding equipotential except that of symmetry and hence
the above conclusion can be held to be of general application.

Equation (99) shows that the solution for the
physical surface of the earth is incomplete without a value
for W, Conventionaily this is assumed to be equal to Uy
on the basis that such an effect is merely due to an error in
the parameters of the reference spheroid. On the other hand,
if independent evidence indicates that the spheroid of reference
has the same volume as the geoid, the adoption of this line of
reasoning could only be interpreted in terms of the existence
of an error in the adopted value of kM.

Those advocating solution at the physical surface
of the earth have in their favour the fact that the slope of
the surface defined by hd can be directly compared with quan-
tities related to the local vertical. A further advantage,

if only an apparent one, is the fact that all quantities

constitéting the correction terms to the Free Air Geoid are
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capable of determination, being functions of the ground
slope.

On the other hand, a solution for the geoid itself,
while nominally restricted by uncertainties in the model
adopted for the topography exterior to the geoid, is never-
theless of considerable importance in studying the charac-
teristics of the reference spheroid and the complete defini-
tion of points on the earth's surface on a three dimensional
system fixed with respect to the earth.

At this stage it would be prudent to operate
with generalised formulae bearing in mind that the free air
geoid is a good approximation to both the geoid and the
physical surface of the earth/telluroid system, exclusive of
any zero order effects. Each of the individual solutions
could then be generated from the first order solution (Free
- Alr Geoid) as explained in sections (3) and (5). All other
co-geoids are of no geodetic significance unless the relevant
correction terms are fully defined.

The final solutions in each case and Stokes' integral
continue to hinge on the validity of the development ex-
pressed in equations (6) to (9). The crux is whether it is
valid to useas an intermediary in the solution a series which
at times is apparently divergent. There is no doubt that
both the gravity anomaly and the disturbing potential on the

geoid can be represented with an accuracy of the order of the
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flattening by a set of surface harmonics. In addition, both
the physical surface of the earth and the geoid can be rep-
resented by a sphere to this same order. Thus S in equation
(6) cah be a sphere with 1 a surface harmonic. The
resulting definition of Vd will be correct to the order of
the flattening. In the case of the spherical approximation
there is no doubt about the convergence of the series defined

in equation (9) and used as an intermediary. Hence the

existence of the solutions is defined.

15th March 1968,

Department of Surveying,
University of New South Wales,
Sydney,

AUSTRALIA
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