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AUTHORS NOTE

This PhD thesis was completed and submitted in December 1988. In the 16
months between submission and publication there have been significant
changes in the GPS world. The proposed constellation of 18 + 3 satellites has
been changes to 21 + 3 satellites. New Zealand and Australia now have
tracking stations as part of the Cooperative International GPS Network
(CIGNET) and data from these stations is being used to generate precise
ephemerides. Substantial improvement in the accuracy of tracking station
coordinates and orbits will result. There have been improvements in receiver
design. The Rogue receiver developed at the Jet Propulsion Laboratory, while
not a field unit, allows such accurate pseudo range measurements that the
difficulties of ambiguity resolution are greatly diminished. The Rogue antenna
appears to reduce multipath to very low levels. When these advances become
available in a field portable unit GPS will enter a new era. Thus, some of the
values adopted for systematic errors in this thesis have proved to be
pessimistic. On the other hand, ionospheric errors have increased and
significant errors are found on lines as short as 2 - 3 km with single frequency
observations during daytime.

| have no doubt that advances over the next few years will overcome most of
the present difficulties of GPS. The main concerns of this thesis will soon seem
out of date to GPS surveyors. Nevertheless deformation analysis is
necessarily rooted in the past. The problems addressed here will still be of
concern to those attempting to use "historical" GPS data to estimate
deformation.

D.B. Grant
26 March 1990



ABSTRACT

Optimum procedures for detecting earth deformation from a combination of
terrestrial and GPS geodetic observations are studied. This is directed towards
the Earth Deformation Studies (EDS) programme in New Zealand. The
terrestrial, GPS, and deformation adjustment models are investigated. It is
found that the parameters of vertical homogeneous strain are not well
determined and that their estimation leads to difficulty in the interpretation of
other deformation parameters. It is demonstrated that a 2D adjustment of
triangulation data is suitable for combination with GPS for the estimation of
horizontal strain but that a 3D adjustment is required for best results when
EDM distances are included in the terrestrial data set.

The GPS adjustment model is studied in detail, particularly some of the
principal systematic errors (orbits, propagation delays and origin station
coordinates). Simulations of GPS observation campaigns are used with errors
rigorously propagated through to deformation parameters using the
techniques of covariance analysis. The Kalman filter algorithm is employed as
a means of dealing with dynamic variables and the equations of covariance
analysis are developed in the Kalman filter setting. Strategies for selecting
satellite and network geometry are compared using simulations. The effect of
ambiguity resolution on deformation parameters is studied in detail. It is shown
that the effect of tropospheric delay errors may be substantially reduced by
estimation of residual zenith tropospheric delays. Where the tropospheric
delay is time dependent, the Kalman filter algorithm gives optimum results.
Orbit estimation is studied using a simulated regional tracking station network
and is found to significantly imprové the accuracy of deformation parameter
estimates. With dual frequency observations, and the estimation of
tropospheric delay and orbit parameters, the effect of GPS systematic errors is
insignificant compared to that of terrestrial observation errors.
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A

1. INTRODUCTION

In 1973 the National Committee for Geological Sciences of the Royal Society
of New Zealand published a report setting out a recommended 10 year
programme for Earth Deformation Studies (EDS) in New Zealand (National
Committee for Geological Sciences, 1973). The report stated that:
"The principal objectives of the programme are to discover the natural
rates of edrth deformation, and where it is taking place, in New
Zealand.”
and amongst the detailed objectives:
"(3) knowledge of the relationship of earth deformation to earthquakes
and volcanic activity as a preliminary necessity for
(4) appraisal of the role of earth deformation studies in a future
programme of earthquake and volcanic warning; ... "

Earthquakes and volcanoes represent a significant threat to life and property
in New Zealand. The study of earth deformation had been of interest to
individual researchers for some time before 1973 but the impetus for the EDS
programme came from the 1968 Inangahua earthquake which caused
extensive damage and some loss of life, despite being in an area of relatively
sparse settlement. Therefore, while earthquake and volcanic prediction were,
realistically, not considered to be the primary aims of the programme, it was
recognised that such predictions are possible long term goals. Suggate (1986)
in reviewing progress in earth deformation studies, questions whether
imprecise prediction of earthquakes is socially desirable, but notes that the
more attainable goal of a spatial identification of risk is of great value in
planning, especially for major developments.

The 1973 report lead to a planned and cooperative research programme by
the government and academic organisations involved in geological, geodetic
and geophysical research in New Zealand. The first 10 year review of the EDS
programme (Royal Society of New Zealand, Earth Deformation Committee,
1985) noted that most of the objectives had been met and in some cases,
particularly in the geodetic programme, had been exceeded. This review
recommended that the EDS programme should continue, specifically
recommending that:

"(8) The developments in satellite-based techniques for geodetic work

should be closely monitored and investigated for future application.”

1



and noted:
"Developing space technology, in particular the proposed Global
Positioning System (GPS) is expected to permit relative positions on the
earth's surface to be measured to an accuracy of 0.1 ppm using
interferometric techniques. It is clear that the next phase of the EDS
programme should, if at all possible, be designed to investigate the
capabilities of these and any other promising techniques.

"At this stage it would not be wise to rely too much on the projected high
accuracy satellite methods to replace conventional first order geodetic
methods in the immediate future (i.e. next 10 years). Also these satellite
techniques will need to be, initially at least, combined with conventional
methods to ensure an adequate and known basis for verification of the
technique and intercomparison of the different geodetic data sets."

This thesis seeks, in part, to verify that GPS can be used to monitor earth

deformation and to the address the issue of the intercomparison of GPS and

terrestrial geodetic data.

GPS promises relative accuracy higher than is achievable by terrestrial
methods on lines over 10 km and perhaps on lines shorter than this. Despite
this, it is appropriate that this new and accurate geodetic tool be verified
initially, against the less accurate but proven terrestrial methods. The study of
earth deformation is a long term research project and a careful approach is
required to new technology. Decisions made now will be assessed by
researchers 100 years hence. New technologies such as GPS, while offering
the possibility of faster detection of deformation, also present special
problems. The systematic errors in GPS are different from those in horizontal
directions or EDM distances and there are advantages in repeating
observation schemes as closely as possible so that the effects of systematic
errors tend to cancel. If, this principle is applied strictly however, the potential
benefits of GPS are denied or, alternatively, the historical data is disregarded
in favour of repeated GPS surveys. Deformation surveys are expensive and
maximum use needs to be made of the available data. To regard the first GPS
deformation survey as marking "year zero" in deformation studies would be to
deny the valuable resource of more than 100 years of geodetic data. To
maintain existing survey practices for fear of unknown new systematic errors
would be a wasteful use of present resources. If the potential problem of
different systematic errors in terrestrial and GPS observations is ignored, there

2




is a great danger that fictitious deformation will be detected and treated as if it
had a geophysical cause. Thus the combination and intercomparison of
terrestrial and GPS data sets is of prime importance.

When accurate EDM became available in the 1960s, the possibility of
significant cost savings by replacing triangulation with trilateration was
realised. This option was rejected for EDS surveys, in favour of combined
triangulation / trilateration. This was a wise decision, especially in hindsight
now that GPS threatens to supplant EDM for geodetic observations. The
combined horizontal directions and EDM slope distances allow an
assessment of the effect of systematic errors in the two observation types.
Combined terrestrial / GPS surveys will be required for similar reasons to
ensure both an accurate assessment of systematic errors and calibration of the
techniques with respect to each other. Without a number of such combined
surveys, the interpretation and comparison of estimates of deformation from
terrestrial / terrestrial , terrestrial / GPS and GPS / GPS surveys will be difficult.
Temporal changes in deformation rates are often studied as possible
precursors to earthquakes and it will be important to ensure that any such
changes detected, are due to a change in the nature of the deformation and
not to a change in the type of geodetic observation used.

A careful assessment of systematic errors in terrestrial and GPS geodetic
observations is required. This thesis concentrates more on the errors and
characteristics of the new technique (GPS), than on the existing (terrestrial)
techniques. The accuracy of terrestrial geodetic networks has been studied
extensively in the past and a complete review is not given here. However a
brief study is made of systematic errors in terrestrial data and the observations
from one of the EDS survey networks are assessed. As GPS has not yet been
used for deformation surveying in New Zealand the study of systematic errors
in GPS is on a theoretical basis.

The problem of determining earth deformation is described in Chapter 2. A
brief review is given of the tectonic setting of New Zealand. The theory of
deformation analysis is given with an assessment of the estimability of
deformation parameters from geodetic networks. The networks are
approximately planar, limited as they are to the surface of the earth, and some
of the possible deformation parameters are not well determined from such
networks. This is analysed from a geometric viewpoint. A summary is given of

3



recent studies into earth deformation in New Zealand based on geodetic data.
Comparisons between these studies and research from other disciplines
(geology and geophysics) show surprising agreement and confirm the value of
geodetic observations for earth deformation studies.

The present geodetic solution using terrestrial geodetic observations is
described in Chapter 3. An outline is given of control and earth deformation
surveys in New Zealand. Most of these were not designed for the detection of
earth deformation but, nevertheless, provide a valuable data set for the study
of deformation. This data has only been partly exploited so far. A brief review is
given of the major systematic error sources in terrestrial observations. The
Castle Point - New Plymouth EDS is used as a case study, to investigate
different choices of deformation models. The studies of Chapter 2 on different
deformation models from a geometric viewpoint, are complemented here with
numerical studies. Different methods of combining the essentially 2D data set
of a horizontal network with the 3D data set that will be provided by GPS are
compared. Different subsets of the terrestrial observations are compared to
determine their levels of systematic error. The possibility of estimating
dilatation and differential rotation between regions from terrestrial and GPS
observations is considered. A brief assessment is given of the use of variance
component estimation to determine the relative accuracy of terrestrial and
GPS observations.

~ The new geodetic solution of GPS is described in Chapter 4. A brief

review of the system characteristics and a comparison with terrestrial geodesy
is followed by a detailed description of the GPS adjustment model. The
connection between the observations and the parameters of interest (the
geometry of the network) is much less obvious with GPS than with terrestrial
observations and so an understanding of the GPS adjustment model is
essential to an assessment of the role and likely influence of systematic errors.
Methods of dealing with singularities in the adjustment model are compared. A
review is given of the Kalman filter adjustment algorithm which has proved
useful for the adjustment of GPS data. The GPS datum definition problem is
described for different adjustment models. This is more complex than the
datum problem in terrestrial adjustment and an over-constraint of the datum
can lead 1o fictitious estimates of deformation. Models for the combination of
GPS and terrestrial data are considered and the model used in the analysis of
this thesis is described.



The analytical theory used for simulations of GPS and terrestrial data is

described in Chapter 5. Simulations are used because:

(@) GPS has not been used in New Zealand for deformation surveys.

(b)  The optimum observation and adjustment strategies for GPS are still the
subject of research and debate. Simulations offer an efficient way of
testing strategies.

(c)  The GPS satellite constellation will change significantly over the next
few years and this may affect the accuracy of the system.

Simulations, in their simplest form are based on the assumption of normally

distributed errors. This is inappropriate for GPS where the random errors are

small and systematic errors play a major role. The techniques of covariance
analysis are described in which systematic errors are also considered. These
are put in the setting of the Kalman filter algorithm and the theory for analysing
the effects of constant systematic errors, time dependent systematic errors, and
errors in the dynamic model used for adjusted parameters is developed. The
model for propagation of GPS systematic errors through to estimated
deformation parameters is given.

The assumptions made about the magnitude and behaviour of GPS
systematic errors are described in Chapter 6. The results of the covariance
analysis depend on these assumptions so they are made after careful
assessment. This is based on independent estimates of the major error
sources and is backed up by an appraisal of the results actually achieved with
GPS to ensure that unduly optimistic or pessimistic assumptions are not made.
While these assumptions are to some extent arbitrary, they are much less so
than the common assumptions that the errors are random, and that they cause
errors of some specified number of parts per million in all coordinates. The
systematic errors considered are station coordinates, reference frame
definition, orbital elements, tropospheric delay, ionospheric delay, clock errors
and receiver and antenna errors.

The results of the covariance analysis are presented in Chapter 7. These are
given as errors in the parameters of a GPS adjustment and as errors in
deformation parameters from a subsequent terrestrial / GPS deformation
adjustment. Preliminary analysis is concerned with selection of the best
satellite geometry for the GPS adjustment. The standard least squares
technique of scaling a posteriori variance-covariance (VCV) matrices with the
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a posteriori variance factor is assessed in the presence of significant
systematic errors. The resolution of the integer carrier phase ambiguities is
assessed, this being the key to accurate results with GPS. Some aspects of
GPS network design are studied and the use of dual frequency receivers to
eliminate ionospheric errors is considered. Different models for the estimation
of tropospheric delay are compared and a combined orbit / network
adjustment is simulated based on the use of receivers in Australia and New
Zealand. Finally the covariance analysis software, designed principally for
GPS, is applied to simulated terrestrial data to determine the effect of errors in
the definition of the gravity field (geoid heights and deflections of the vertical)
on combined terrestrial / GPS deformation adjustment.



2. GEODYNAMICS

2.1 PLATE TECTONICS IN NEW ZEALAND

New Zealand lies on the boundary between two tectonic plates and provides
an interesting laboratory for research into plate tectonic theory. Seismic activity
(see diagram 2.1.1) indicates substantial deformation over a zone 200-300 km
wide, with an azimuth of 50° (Walcott, 1978a). The plate to the west of New
Zealand is variously called the Indian, Indo-Australian or Australian plate. The
name "Australian plate" is used in this thesis. The plate to the east of New
Zealand is the Pacific plate.

While subduction zones are a feature of the Pacific basin and are studied
extensively, New Zealand is unusual in having two reversed subduction zones
linked by a transform fault (see diagram 2.1.2). In the north, the Australian
plate is over-riding the Pacific plate while in the south the Pacific plate over-
rides the Australian plate. The deformations caused by the convergence of
these plates are rapid enough to be measurable over 10 years or less and
there is a history of geodetic observation going back over 100 years which
provides data suitable for deformation analysis.

To the east of the North Island is the Hikurangi Trough which marks the
southern end of the Tonga-Kermadec-Hikurangi subduction zone. This zone is
described by Kamp (1984). The geometry of the subducted Pacific plate may
be deduced from the pattern of seismic foci which form a characteristic dipping
plane known as a Benioff zone (see diagram 2.1.3). This is considered to be
the plane of contact between the subducted and the over-riding plates
(Scheidegger, 1982).

The deep seismic activity begins abruptly northwards of the point where the
Hikurangi Trough meets the Chatham Rise. North of this area there is oblique
oceanic-continent convergence while to the south there is oblique continent-
continent convergence. Walcott (1978a) and Kamp (1984), suggest a
progressive advancement of the subduction zone southwards through the
North Island over the last 15 Myrs and a steady increase in the angle of dip.
Walcott (1978a) suggests that this advance has been halted by the lighter
continental lithosphere of the Chatham Rise and that the halt coincides with
the start of rapid uplift of the Southern Alps 5 Myrs ago.
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Diagram 2.1.1 Crustal seismicity in New Zealand. (After Hatherton, 1980)
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Diagram 2.1.2 Tectonic setting of New Zealand. (After Kamp, 1984)

To the north-west of the subduction zone, volcanic activity is found on the
Australian plate, as is typical of subduction boundaries. There is also rifting in
the Taupo volcanic zone which lies on the extension of the Havre Trough and
may be considered as an example of back-arc spreading. Back-arc spreading
is a feature often associated with subduction. It is a rift zone generally 150-250
km behind the volcanic arc on the over-riding plate. Hsui & Toksoz (1981)
consider possible mechanisms for the appearance of such a zone of tension

close to a convergent boundary.
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Diagram 2.1.3 Deep and intermediate earthquakes beneath the North
Island, New Zealand. (After Reyners, 1980 )

To the south of New Zealand is a subduction zone with the Pacific plate over-
riding the Australian plate. Smith & Davey (1984) suggest a structure for this
boundary with a section of the Australian Plate broken off and rotated into a
near vertical position. There is some evidence of rifting to the east of the
boundary in the Waiau valley but it is less active than the Taupo rifting.

Between the northern and southern subduction zones is the Alpine Fault
which may be considered to be a transform boundary. However there is little
change in the direction of the plate boundary between the subduction zones
and the Alpine Fault. This gives a more complex picture than that of classical
plate tectonics where subduction occurs at converging boundaries and the
motion on transform boundaries is mostly parallel to the boundary. In this case
oblique motion occurs on all boundaries. The different character of these
boundaries may be due to the change between the continental lithosphere of
the Chatham Rise and the oceanic lithosphere of the subduction zones
(Walcott, 1978a). The central section of the boundary may thus be thought of
as an example of continental collision rather than as a transform boundary.
There is a strong component of compression across the Alpine Fault. Walcott
(1979) gives the total amount of shortening perpendicular to the Alpine Fault
as 70 km over the last 10 Myrs with most occurring over the last 5 Myrs. In the
north and south of New Zealand the shortening is accommodated by
subduction, while in the central region it results in substantial deformation and
uplift. Despite this deformation, the area is notable for low seismicity compared
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with the rest of New Zealand (see diagram 2.1.1). This seismic gap may be
temporary but there is evidence that most of the motion along the fault is not by
seismic slip. Walcott (1979) considers the slip on the Alpine Fault to be no
more than one third of the total plate motion. It appears that most of the plate
motion is accommodated by permanent anelastic, aseismic deformation.

The change, in Marlborough, from subduction to transform boundary zone is
marked by a complex series of strike-slip faults. Karig (1969) suggests a
tectonic development of the boundaries which would involve significant
rotation of central New Zealand relative to the plate interiors (see diagram
2.1.4). Walcott (1979) gives palaeomagnetic evidence of rotation in
Marlborough which is backed up by geodetic data (see section 2.3.2).

AL A

Present Fulure

B

Diagram 2.1.4 Possible future tectonic development of New Zealand. (After
Karig, 1969)



2.2 EARTH DEFORMATION ANALYSIS

2.2.1 DATUMS, TRANSFORMATION AND STRAIN
Geodetic observations may be used to generate coordinates in some
reference system. This involves two steps.

1. Determine the relative geometry of points in the network (the inner
geometry) from the observations.
2. Attach the network in some way to the reference system. This is the

datum definition.
Given coordinates from two epochs, the displacement vectors may be derived.
The interpretation of these is made difficult by their dependence on the datum
definition at each epoch and by the possibility of changes in the reference
system between epochs. The displacements may be used to derive the
deformation parameters of rigid body motion (translation and rotation with
respect to the reference frame) and strain (essentially the change in shape of
the network). The strain parameters describe the change of inner geometry
between epochs which is derived from the observations by step (1) above. The
parameters of rigid body motion describe the change of datum definition in
step (2) above.

For the datum definition problem, two types of network are considered.

Type A Those that use only observations independent of the datum such as
horizontal directions.

- Type B Those that also use observations of position and / or orientation

relative to some reference system to define the datum such as astro-

geodetic, TRANSIT, or GPS observations.

Datum Independent Networks.

The datum for networks of type A is usually defined by a priori coordinates of
some of the points. The reference frame is then defined by, and fixed to, these
points. If the same datum points are used in both epochs the reference frame
moves with them. If the extent of significant deformation is less than the size of
the network, reference points may be used which are outside the
deformation zone. These provide a suitable datum for monitoring the
movements of object points in the deformation zone. This technique is used
to study deformations of man made structures such as dams, or areas of
limited deformation such as landslips or glaciers. It can also be used to study
the large and localised deformation that may be caused by earthquakes. For
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examples of earthquake displacement surveys in New Zealand see
Henderson (1937) and Boyes (1971). The new geodetic tools of VLBI, SLR
and GPS allow high accuracy over long distances (>1000 km). it would be
desirable, if possible, to have a set of relatively stable reference points in the
interior of a tectonic plate (e.g., Australia) which could be used to define the
motions of other points on the plate boundary (e.g., New Zealand).

If the extent of significant deformation is greater than the size of the network
the choice of reference points becomes arbitrary. The displacements and the
derived parameters of rigid body motion are then also arbitrary. A different
choice of datum will give different, but equally valid, displacements and rigid
body motions. In this case only the strain parameters are interpreted in the
subsequent deformation analysis. The rigid body motions must be estimated
but are treated as nuisance parameters. In fact it is not necessary to use
coordinates to derive strain parameters. They may be derived directly from the
observations without the need to define a datum (see Frank, 1966 and Bibby
1982).

i Datum Dependent Networks.

In networks of type B the datum may be partly defined by the observations and
the coordinates will then be in terms of the reference system of the datum
observations. This is usually a global reference system such as an earth
centred - earth fixed system (ECEF) or an earth centred - inertial
system (ECI). ECEF reference frames are implicitly defined by the coordinates
of points on the earth's surface such as astronomical observatories, radio
telescopes or satellite tracking stations. ECI reference frames may be defined
by the coordinates of stellar sources in a catalogue (either visible stars or radio
sources) or by the motions of satellites (e.g., the moon, planets or artificial
earth satellites). The rotations between ECEF and ECI systems are given by
the equations of precession and nutation and by observed values of the earth
rotation parameters (polar motion and UT1). The definitions and relationships
between ECI and ECEF systems used in the study of geodynamics are
covered in detail by papers in Gaposhkin & Kolaczek (1981).

R e S

—
w




2.2.2 THEORY OF INFINITESIMAL DEFORMATION

Before the results of strain analysis in New Zealand are presented, an
introduction to the theory of deformation and the parameters commonly
estimated from geodetic networks is given.

The deformation is assumed to be infinitesimal. This requires the change in
the line element between two points to be much less than the distance
between the points. This assumption is a reasonable one for earth deformation
within the time scale of geodetic measurement (up to say 100 years). Harvey
(1985) gives specific examples of the errors which may be caused by the
assumption of infinitesimal deformation. In New Zealand, the strains observed
are less than 1 partin 104 in 100 years (1 ustrain / year for 100 years) and if
second order terms are ignored, the consequent errors are of the order of 10-4
ustrain / year. These are not significant when compared with those caused by

other errors and assumptions.

Coordinates (x,y,z) in a right handed Cartesian system are assigned to points
in the deformable body being studied. In the following equations, upper case
bold characters (e.g., A) are used to represent matrices, and lower case bold
characters (e.g., a) are used to represent vectors (single column matrices). If
coordinates are available before and after deformation, a transformation of the
coordinate system can be defined as

X2=AX1 +1 (221)

where x4, X, are the vectors of coordinates being transformed, A is a matrix of
transformation parameters and t is the translation vector.

For a general deformation model the elements of A are functions of position
and time. This is heterogeneous strain. An assumption frequently made in
deformation analysis is that of homogeneous strain. It is assumed that
within a given region the elements of A may be considered to be constant. The
validity of this assumption depends on the nature of the deformation, the size
of the chosen region and on how accurately the deformation can be
determined. When the strain is homogeneous, equation 2.2.1 is an example of
an affine transformation (Harvey 1985). Under affine transformation
straight lines remain straight and parallel lines remain parallel. The lengths
and orientations of lines are generally changed by an affine transformation.
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Even where the assumption of homogeneous strain is not valid for a complete
network, it may be a reasonable assumption for part of the network. For
example; strain may be homogeneous on either side of a major fault line with
a discontinuity at the fault. An extreme example of dividing the network into
sub-sections within which the strain is assumed to be homogeneous, is finite
element analysis where the sub-sections consist of individual network
triangles (e.g., Welsch, 1983).

Alternatively, a model of heterogeneous strain may be used where the
elements of A are functions of position. For examples of heterogeneous strain
models in theory and as applied in New Zealand, see Reilly (1986a, 1986b). In
this thesis homogeneous strain is assumed and the limitations of the
assumption are recognised. This will be discussed further in Section 2.3.1.

Equation (2.2.1) may now be rewritten (Harvey, 1985)
Xo=(S+R)xy+t (2.2.2)

The symmetric matrix S represents the strain tensor and R is the matrix of rigid
body rotations. The elements of S and R are (Harvey, 1985)

exx ©xy ©xz

S=| &y €y €y (2.2.3)

R=| -0, 1 o (2.2.4)

where
Ju
€xx = 'a';("
a_v
VY =3y
ow
€zz= g



ANCERNCA)
eXy=2 ay -+ ax)

1(ov  ow
eyz=2 aZ+ ayj

1(ou  aw
z2=205 " axj
oo o (OO
X~ 2|0z ay)

_1fow oy

@y =2 ox azj
g = AL (2.2.5)
Z= 2y ax) o

and where u,v,w are the displacementsin x,y,z

u X2 X1
v |={Y2 [—] VY1 (2.2.6)
w Zy Zy

The diagonal components of the strain tensor, exx , éyy , €zz aré the
extensional strains along the X, Y ,and Z axes respectively. The off
diagonal components eyy , €xz, €yz are the shear strains. The
components of the R matrix, wy, @y, ©z given in equation 2.2.4 are equal
to the rotations of the coordinate system axes about the X, Y, and Z axes
respectively (assuming that the rotations are small which is part of the
assumption of infinitesimal deformation).

The strain matrix S may be converted by rotation (or eigenvalue
decomposition) to a diagonal form Sp in which all shears are zero and the

diagonal terms are called the principal strains (e, €, €3). These are the
extensional strains in the principal directions which are given by the

eigenvectors.

€4 0 0
Sp=| 0 e O (2.2.7)
0 0 €3
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Topocentric Strain

The model used in this thesis is the topocentric strain model. The advantage of
this model is that some of the parameters are virtually identical to those of the
2D or plane deformation model that has generally been used in practice. The
features of the topocentric model and comparisons with other models are
given in Harvey (1985). The axes of a topocentric coordinate system are E
(east), N (north) and V (vertical). The origin of the coordinate system is a
point chosen near the centre of the network to be studied. It may be the
centroid of the network as in Harvey (1985) but this is not necessary. A
disadvantage of the centroid is that it changes if any stations in the network are
deleted or if their relative positions are changed. The topocentric system has
the vertical axis normal to the ellipsoid at the chosen origin point. The north
axis N is orthogonal to the V axis and lies in the plane containing the V axis
and the Z axis of the conventional terrestrial reference system (CTRS). The
east axis is orthogonalto N and V such that the triplet E, N,V form a right
handed system.

X
Diagram 2.2.1 Topocentric Reference System

The coordinates e, n, v are substituted for x,y, z in the strain equations
above and thus

S=| €en ©nn ©nv (2.2.8)



R=| -0, 1 e (2.2.9)

The assumption of homogeneous strain is only reasonable in New Zealand for
networks of limited extent ; say 100 km or less as discussed in section 2.3.1.
Over these distances the networks are approximately planar with all points
close to the E =N plane. The parameters of the topocentric mode! are easier
to interpret for such networks, than the parameters of models with different
axes. For example the rotation about the V axisis an azimuth rotation and the
rotations about the E and N axes represent gradients north and east
respectively between the two sets of coordinates which may be due, for
example, to a linear change in uplift across the network. The strains in the
east - north plane are more accurately determined than those in the vertical
direction and the topocentric model allows the separation of the poorly
determined parameters from the others. They may be held fixed and only 2D
strain parameters estimated.

The topocentric strain model will be used with four different sets of parameters.
The first is the full 3D model which contains 12 parameters. These are the 6
strain parameters in the matrix S, the 3 rotations in the matrix R and the 3
translations in the vector t of equation 2.2.2. The second model is the partial
3D model or 11 parameter model. This is the same as the full 3D model
except that the vertical strain ey, is not estimated. The third model is the
horizontal strain model. This contains 9 estimated parameters with the
vertical strains egy , €nv » €y Deing held fixed. This model has 3D rotations,
3D translations and 2D strains. The fourth model is the 2D model. This model
has 6 parameters with the parameters e , p 1y also being held fixed. This

model has 2D rotations, translations and strain.

Reilly (1979) considers the effect of network geometry and type of observation
on the estimability of deformation parameters. In the past, the 2D model has
been used in New Zealand but as GPS is a 3D system it is appropriate to
consider whether one of the other models described above should be used. In
Chapter 3, examples are presented of the estimation of the parameters of
these four models from geodetic networks. Here this is discussed from a
geometric viewpoint. If the network is completely planar, the vertical
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extensional strain e,, cannot be determined. Reilly (1979) shows that even
with distance measurements on lines sloping at 30°, this parameter is not well
determined. Lines with this gradient are possible using GPS in some
mountainous areas between mountain top and valley floor but are unlikely in
terrestrial geodetic nets because of problems with intervisibility.

Reilly (1979) notes that in a nearly planar geodetic network, the parameter
combinations (ey, + ®,) and (e,, — ,) can be determined directly from
zenith distances or levelling data. Alternatively, coordinates from an
adjustment using such data or from an adjustment of GPS may be used.
However, (e, — ®,) and (e,, + ®,) are not well determined and thus e, is not
easily separated from @, , nor e, from —w, . If the network lies completely on
the east - north plane, e,, and w, have identical signatures; namely an
apparent rotation about the north axis. Similarly, e,, and -w, have the
signature of a rotation about the east axis. If the network has some vertical
relief it will be possible to distinguish between these parameters but the results
will be strongly dependent on small inhomogeneities in the horizontal
coordinates. This is illustrated in diagram 2.2.2. An idealised network has
been chosen which extends for 50 km across a mountain range 1000 metres
high. This is projected onto the east - vertical plane. The effect of 10 ppm
values for e,, and o, are shown for 3 network stations (not to scale). The
only difference in the effect of these 2 parameters is a small difference in
horizontal displacement at the highest point. Thus the effect of (g¢, — @,) is @
small systematic horizontal displacement at the highest point. In this example,
a variation in horizontal displacement of 0.02 m per 1000 m in height can be
interpreted as either 20 ppm deformation or as a small systematic departure of
the horizontal strain from the assumption of homogeneity (0.02 m in 25 km or
0.8 ppm). The parameters e, , €, , ® , ®, May therefore absorb the effects
of inhomogeneities in the horizontal observations or adjustment, and their true
values will tend to be swamped by noise.

It may be possible to estimate the vertical extensional and shear strains if a
priori information is available from other sources. For example, conservation
of mass and some knowledge of the compressibility of the crust could be used
to constrain the magnitude of the 3D dilatation. However, the relationship
between a 3D geophysical model of the lithosphere and surface deformation
observed by geodesy may be uncertain and, if a geophysical model is used to
constrain the geodetic adjustment, the estimated parameters may be biased.
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Diagram 2.2.2 Relationship between vertical shear strain and rotation in
near - planar geodetic networks. (Not to scale)
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Diagram 2.2.3 Two interpretations of vertical shear strain e,, as
determined from displacements on a deformed cube.
A. Linear change in uplift with east coordinate.
B. Linear change in east displacement with height.
These interpretations differ only by a rotation about the north axis.

Even if the vertical shear strains could be accurately determined, the
interpretation of their geophysical significance would be difficult. Diagram
2.2.3 shows two possible interpretations of a positive value for e, . The shear
could be caused by a linear increase in uplift as the east coordinate increases
or as a linear increase in displacement east as height increases (or some
combination of the two). These two interpretations differ only by a rotation
about the north axis. The estimate of this rotation is dependent on any
changes in the definition of the reference system axes between epochs such
as will be present if terrestrial observations are used in one epoch and GPS
observations in the next. Thus it is seen that, from a geometric viewpoint, there
are difficulties in interpreting the vertical shear strain parameters from
combined terrestrial / GPS data. In Chapter 3 this topic is examined further to
see if there are any advantages or disadvantages in holding these parameters
fixed at zero.

Alternative 2D Strain Parameters
If only the 2D model is considered, the matrices S and R now become
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€ece €en
S = J (2.2.10)

1 o
R (2.2.11)
[ 7

The set of three strain parameters in S are not the only way to describe the
deformation and an alternative set is frequently used. These are (e.g., Frank,
1966; Bibby, 1975)

Pure Shear Y; = €ee ~ €nn
Engineering Shear Y, = 2€¢n
Dilatation (2D scale change) Sop =%(eee + €nn) (2.2.12)

There is a variety of definitions for shear and dilatation parameters in the
literature. For example, Welsch (1982,1983,1986a) defines vy, with the
opposite sign to that above. The definitions of equations 2.2.12 have been
chosen because they have been used extensively in New Zealand (Bibby,
1973, 1975, 1981; Bibby & Walcott, 1977; Walcott, 1978a, 1978b, 1979, 1984
Blick, 1986. See also Wellman, 1981). The dilatation of equation 2.2.12 is the
mean 2D extensional strain. Many other authors (e.g; Prescott et al 1979;
Livieratos & Vlachos, 1981; Dermanis & Livieratos, 1983; Welsch,
1982,1983,1986a; Harvey, 1985) prefer the areal dilatation (change in area
per unit area) which is the sum of the horizontal extensional strains and thus
equal to twice the dilatation defined above.

Of the parameters in equations 2.2.12 , s,p can only be estimated if the
change of scale is accurately known and the rotation ®, in R can only be
estimated if the change of orientation is accurately known. However v, and v,
are relatively independent of orientation and scale and may be estimated from
triangulation data where scale and orientation are not well known. For
example; an error in the scale definition of 10 ppm will only affect the
estimation of y, and v, by the same proportion; i.e.; 1 partin 105. The
dependence of v, and v, onthe orientation is related to the definition of the

axes E and N by which the strains are defined. An error of 1 minute in the
definition of azimuth will affect vy, and v, by a maximum of 3 parts in 104.
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These are second order effects which are ignored under the assumption of
infinitesimal deformation. Rotation and dilatation are affected directly (one to
one) by uncertainties in the definition of orientation and scale respectively.

From the three parameters in equation 2.2.12 the following may also be
derived using the equations in Bibby & Walcott (1977) or Harvey (1985) and
remembering the difference in the definition of dilatation.

i

Total Shear ¥ = (1,2 +1,2) "2

e . , Y
Maximum Principal Strain =~ ey =s,p +5%

Minimum Principal Strain e, =syp —§
. 1 I/
Azimuth of e, 0 = 3 arctan| —=
. 1 _’YQ T
Azimuth of e, ¢ =7 arctan Y_ =0t%
1
i 1 - T
Azimuth of y y =5 arctan :-y— =0+7 (2.2.13)
2

The direction of e4 (0) is the direction of maximum extension or tension and
the direction of e, (o) is the direction of minimum extension or maximum
compression. Therefore ¢ is also called the direction of the principal axis
of compression. The direction of maximum right lateral shear is given by

and the direction of maximum left lateral shearis ig. As the deformation
environment in New Zealand is generally compressive, the direction of the
principal axis of compression ¢ is the most useful of the three directions 0, ¢
, ¥ given above. The direction of maximum shear y may be the most
appropriate for an environment with simple shear across a plate boundary or
fault line (e.g., in California). These directions are based on the surveying
convention that azimuth is measured clockwise from north towards east.
Welsch (1982,1983,1986a) uses the mathematical convention that angles are
counted positive anti-clockwise from east towards north. Note the ambiguity in
the expressions for 6, ¢ and v if care is not taken to put the result of the
arctan function into the correct quadrant. This potential ambiguity is often
overlooked in the literature. For example, Walcott (1984) uses
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1 1,
¢ =7 arctan —;— (2.2.14)
1

which does not differentiate between 6 and ¢ . Savage & Burford (1970) use
the pair of equations

, ¥ 1
sin20 =|— , cos20=|— (2.2.15)
v Y

and these equations, taken together, define 6 unambiguously.

223 LEAST SQUARES ESTIMATION OF DEFORMATION

The methods used to estimate deformation parameters may be categorised as
the observation difference method, the coordinate difference method and the
method of simultaneous reduction.

Observation Differences

Where observations have been repeated in different epochs, the strain
parameters may be estimated directly from differences in the observations
without the need for a network adjustment. This is the basis of the method
used by Frank (1966), and others since then, to estimate the shear strains v,
and v, from repeated triangulation. This method is of most value when the
observation schemes for each epoch are identical. If some observations
appear only in one epoch they cannot be used, and in such cases this method
does not make full use of the available data. This model is not applicable to
the case where terrestrial observations are available in one epoch and GPS
observations in another epoch.

Simultaneous Reduction

Bibby (1982) describes how observations from different epochs can be used in
a single adjustment to estimate station coordinates at some reference epoch
and the deformation parameters between that epoch and other epochs. This
method does not require identical observation schemes in each epoch to
make the best use of the observations. It could be used to combine terrestrial
data from one epoch with GPS baseline or multi-station figures from another
epoch. It could also, in theory, be used with terrestrial observations and GPS
phase observations in a combined multi-session / deformation adjustment but,
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given the complexity of the GPS adjustment it is unlikely that such a model
would be contemplated in practice.

Coordinate Differences

The geodetic observations from each epoch can be adjusted separately to
generate coordinates, with these coordinates then being used as observations
in a deformation adjustment. If the datum is minimally constrained in each
epoch adjustment and if the coordinates and VCV matrices of these
adjustments are used, without alteration, in the deformation adjustment, this
method will give the same results as the method of simultaneous reduction.
Brunner et al (1981) describe the inner coordinate technique in which the
singular normal matrix of a free net adjustment is formed and the pseudo-
inverse used in the adjustment. This is also called the minimum norm or
minimum trace solution (Caspary, 1987) and ensures that the datum is defined
with minimum constraints.

The coordinate difference method has the advantage that the observations
can be checked for outliers and systematic errors at the network adjustment
stage before being used to estimate deformation parameters. The deformation
adjustment is based on a number of assumptions which need to be checked,
such as the assumption that the deformation is homogeneous or that
heterogeneous deformation can be completely described by the chosen
parameters. Some stations may have been subject to localised deformation or
disturbance. It will be easier to detect these anomalous single point
movements at the deformation adjustment stage, if it is known that the
observations associated with these points showed no inconsistency at the
network adjustment stage. If the network and deformation adjustments are
combined, as in the method of simultaneous reduction, it may be difficult to
distinguish between instrument or target eccentricity and single point
movements.

The method of simultaneous reduction and the coordinate difference method
are equivalent if there are no gross or systematic errors in the observations. In
general, such errors are to be expected and the coordinate difference method
offers more flexibility in detecting and dealing with them.
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2.3. DEFORMATION ANALYSIS IN NEW ZEALAND

2.3.1 GEODETICALLY DERIVED STRAINS.

The geodetic surveys used by Bibby and Walcott in their papers on strain in
New Zealand (Bibby, 1975, 1981; Bibby & Walcott, 1977; Walcott, 1978a,
1978b, 1979, 1984), are horizontal triangulation surveys dating back over 100
years. The earliest surveys are not of high accuracy but in some areas the
deformation rates are sufficient to cause changes in angles of 12" per century.
Errors of this magnitude, when systematic, are detectable by the early
triangulation surveys.

Strain rates as calculated by Bibby and Walcott, allow data from different
epoch pairs to be directly compared with each other. If the strain rate is
constant the data from several epochs may be combined in one calculation of
the strain rates with resultant increase in redundancy and precision. The
deformation parameters are calculated directly from horizontal direction
observations in the two epochs (the method of simultaneous reduction) rather
than from coordinates. Accurate scale and orientation are generally not
available for more than one epoch so only ?1 : 'Yz or ¥, ¢ are usedinthe
deformation analysis. Because the dilatation rate is not available from the
observations, the interpretation of the strain relies on knowledge of the pattern
of fault lines in the area. If the principal axis of compression is 90° to fault lines
then the deformation is interpreted as compressive; if it is parallel to the fault
lines then the deformation is considered to be tensional and if it is at 45° to the
fault then there is simple shear across the fault line. This is illustrated in
diagram 2.3.1.

COMPRESSION SHEAR TENSION

Fault Line Fault Line Fault Line

90°

Diagram 2.3.1 Use of the fault line structure and the principal axis of
compression to determine the nature of the strain.
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For a detailed analysis of strain rates in New Zealand, region by region, the
reader is referred to the above listed papers by Bibby and Walcott. Some of
the general features of strain in New Zealand are presented here.

The assumption of homogeneity has been found to be valid provided the
region of study is sufficiently small. This may be either because the strains are
homogeneous or because the observations are not sufficient to identify the
inhomogeneities, The triangulation surveys of last century were on a small
scale with lines of 10 km or less. This density of data allows strain rates to be
calculated for small,networks for which the assumption of homogeneity
appears to be valid and then tested against neighbouring networks. Bibby &
Walcott (1977) found in Marlborough that there is a systematic change in strain
over 80 km but that the change in a network covering 20 km is so small as to
be negligible. In calculating strain rates the assumption is made that the rate is
invariant with time. In the Marlborough shear zone this assumption appears to
be valid. The rates derived from different epoch pairs are not significantly
different from each other (Bibby 1981).

In the east of the North Island adjacent to the subduction zone, changes of
strain with time have been identified. Prior to the 1931 Hawkes Bay
earthquake (magnitude 7.9) the principal axis of compression was normal to
the direction of the plate boundary indicating compression across the
boundary (Walcott 1978b). Since the earthquake the axis of compression has
been parallel to the boundary which indicates extension across the boundary.
This is interpreted by Walcott (1978b) as either post-seismic relaxation or
gravitational sliding towards the trench. In the south of the North Island a
complementary picture emerges. Before 1920 the estimated strain indicates
an extensional component across the boundary. This extension may have
been occurring since an earthquake in 1855 (magnitude of about 8). Since
1920 there has been a compressional component across the boundary which
suggests that the subduction locked about 1920 (Walcott 1978b). The stress
has been accumulating since that date and when the failure point is reached a
major earthquake may be expected. However part of the compression up to
now will be recovery of the earlier extension and part may lead to permanent
anelastic deformation.

An analysis of strain adjacent to the Alpine Fault in the South Island indicates
inhomogeneous strain across the fault. Walcott (1979) describes strain
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analysis at Okarito where a network crossing the fault gives a shear strain rate
of 0.67 + 0.1 pstrain/yr. An analysis of that part of the network which does not

cross the fault gives a shear strain rate of 0.24 £ 0.07 pstrain/yr. The strain
across the fault is thus strongly heterogeneous.

Walcott (1984) gives strain rates for several areas of approximately 40 km x 40
km throughout New Zealand. These have been calculated using a set of axes
which are parallel to and normal to the plate boundary. Two different sets of
axes have been used to allow for the different orientation of the boundary in
the North and South Islands. This data has then been used to produce
contours of strain rates over the country. These are shown in diagram 2.3.2
below. Positive :/1' indicates relative compression across the boundary and
negative ?1' indicates relative extension. The shear across the boundary is

given by ?2'.

Diagram 2.3.2 Shear strain rates derived from geodetic data. The axes
used to derive the strain values in the North and South Islands are

shown. (After Walcott, 1984)
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2.3.2 COMPARISON WITH OTHER GEODYNAMIC DATA.

The information provided by derived strains may in some cases be compared
with data from other earth sciences. This allows independent checks to be
made on different data sets and from the comparisons, hypotheses can be

refined.

The velocity across the plate boundary has been calculated by integration of
geodetically determined strains across the northern part of the South Island
(Bibby, 1981). The result is 54 + 9 mm/yr with an azimuth of 264° £ 10°. This is
not significantly different from the value of 47 £ 5 mm/yr at 270° * 5° for the
same region calculated by Walcott (1984) from relative plate motions which
were derived from sea floor spreading data. The agreement between these
two results is surprising considering that the first is derived from 100 years of
data while the second is based on magnetic anomalies 3 Myrs old. In
comparing these two results the assumption is made that almost all of the
deformation caused by the relative plate motion is within the deformation zone.
The data does not contradict this assumption which is a fundamental tenet of
the plate tectonic theory. It also appears that the deformation, in this region at
least, is surprisingly uniform in time.

Walcott (1984) assumes that the sum of the extensional strains (e + €5, +
e.) is zero due to conservation of mass and thus relates compression across
the boundary (?1') to dilatation and thence to uplift or subsidence. The short
term ?1' derived from geodetic data can then be compared with long term
estimates based on rates of uplift and rates of erosion. He finds a close
correspondence despite a number of assumptions made in the comparison.
He deduces long term dilatation rates in the Southern Alps of the order of 0.1

ppm/yr.

The rate of rotation of central New Zealand relative to the Australian plate
derived from geodetic values of ?2' by Walcott (1984) is 8°/Myr (0.029"/yr). This
can be compared with an estimate of 6°/Myr derived from palagomagnetism as
an average over the last 5 Myr. There is an indication that the rotation is
increasing and this may help to reconcile the two values.

N
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The direction of the principal axis of compression as obtained from geodetic
data may, in many cases, be compared with that derived from study of micro-
earthquakes and from geological data. Bibby (1981) compares values for the
north east of the South Island. The geodetic value is 90° + 7°. The direction
from micro-earthquake studies over a wider area is 105° + 10° and the
direction from geological evidence covering 20,000 years is 110°-115°.

Walcott (1979) has found that the shear strain across the plate boundary in the
South Island is substantially less than the estimate of slip on the fault. He
reconciles these differences by noting that the structure of rocks adjacent to
the Alpine Fault indicates a rotation in line with the fault and that the shear may
be absorbed over a wide area by permanent anelastic deformation.

23.3 ASSESSMENT OF GEODETIC DATA IN GEODYNAMICS

The strain parameters derived in New Zealand from geodetic data do not
represent the complete state of deformation. The parameters are dependent
on assumptions of homogeneity in space and time. Of the parameters of 3D
rigid body motion and homogeneous strain only two, Yy and Y, , have been
used in the deformation analysis. Despite these limitations, the two parameters
derived have proved particularly useful in deformation analysis. The papers by
Bibby and Walcott listed at the start of section 2.3 provide good examples of
the application of strain data to problems in the structure and local dynamics of
the earth. This data has proved useful in several ways. It fills gaps in
knowledge left by the other techniques of geology and geophysics. It
quantifies processes which are otherwise only qualitative. It assists the analyst
in choosing between alternative hypotheses where other data is ambiguous
and it provides an independent check on that data. The additional information
which can be expected from space techniques will help further in resolving
many present problems in geodynamics.
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3. TERRESTRIAL GEODESY

3.1 INTRODUCTION

The principles and practice of terrestrial geodesy are well defined in texts such
as Bomford (1980) or Vanicek & Krakiwsky (1986) to which the reader is
referred. This Chapter deals with some aspects of terrestrial geodetic surveys
in New Zealand that are relevant to the study of earth deformation. A summary
is given of surveys in New Zealand which, by design or good fortune, are of
value in deformation analysis. The principal systematic errors in terrestrial
geodetic observations are briefly discussed. Data from the Castle Point - New
Plymouth Earth Deformation Studies (EDS) survey has been adjusted in a
number of different configurations. The sets of coordinates obtained from these
adjustments are then used in deformation adjustment software to determine
the strain between data sets. It is reasonable to assume that there was no
significant earth deformation during the 3 months of this observation
campaign, and thus the geophysical strain is zero. The estimates of strain
obtained are thus due solely to variations in the method of adjustment and
choice of observations. The term geodetic strain is used here to describe
the strain caused by systematic errors in the geodetic observations or
adjustment model. From these estimates of geodetic strain, conclusions can
be drawn about:
— the optimum method of adjusting the terrestrial data available in New
Zealand for deformation analysis,
— the deformation model with the greatest potential value for the
interpretation of deformation,
— the strengths and limitations of the terrestrial data that affect its
combination with GPS data.

One possible use of combined terrestrial / GPS data is the estimation of
relative uplift or subsidence. The principal difficulty lies in the comparison of
orthometric heights from precise levelling and ellipsoidal heights from GPS. At
present, the errors in relative geoid height determination are often larger than
the systematic errors in either the precise levelling or the GPS heights. The
results of Kearsley (1986) suggest that the error in relative geoid height can be
reduced to the level of 2 to 3 ppm of the baseline length which is of the order of
errors in the GPS ellipsoidal heights. Kearsley's method makes use of
observed gravity in an inner zone having a radius of 1° to 2° (110 km to 220
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km). Outside this zone a high order geopotential model is used. The greatest
distance of any point in New Zealand from the sea is about 1° and marine
gravity data is sparse with uncertainties in this area of the order of 20 mgal
(Wessel & Watts, 1988). Thus there may be difficulties in applying this method
to New Zealand data. ‘

An assessment of the methods used to estimate accurate relative geoid
heights is beyond the scope of this thesis. Nevertheless, without such an
analysis it is difficult to draw useful conclusions about the estimation of uplift or
subsidence from combined terrestrial / GPS data. Therefore this study is
confined to the analysis of horizontal triangulation or trilateration networks for
strain. The orthometric heights in these networks are mostly determined from
trigonometric levelling with uncertainties of the order of 0.2 mto 1.0 m
depending on the care taken in the observation of the vertical angles. Our
main interest in these heights arises from the need to ensure that height errors
do not corrupt the estimates of horizontal deformation.

32



ar

ansiiblasni e

3.2. GEODETIC SURVEYING IN NEW ZEALAND

The history of the definition of the New Zealand Geodetic Datum 1949 (NZGD-
49) is given in Lee (1978) together with a history of the early control surveys in
New Zealand. Bevin (1981) and Bevin et al (1984) describe the history of earth
deformation surveying in New Zealand. Some of the key points are
summarised in this section.

)
3.2.1 EARLY SURVEYS
Between settlement in 1840 and the abolition of the provincial governments in
1876 there were few surveys of a standard sufficient to be of use for
deformation analysis. Triangulation was uncommon and generally of low
accuracy. From 1877 to 1900 minor triangulation was extended over all settled
areas. This consisted mostly of chains of polygons with few cross rays and with
sides of about 5 km. By the mid 1880s a continuous chain of triangles ran the
length of New Zealand. These surveys were not intended to provide a primary
geodetic datum, as had been recommended in a report to the Government in
1855. They were an interim measure to link the settlement surveys that had
been undertaken in a piecemeal and haphazard fashion. Accuracy was low by
the standards of geodetic survey and triangle miscloses of 20" or more are not
uncommon (Blick, 1986). The extra accuracy and redundancy that could have
been provided by the observation of additional cross rays was deliberately
avoided, presumably to simplify the calculations and reduce costs (Lee, 1978).
Where observations were made of astronomical azimuth the techniques were
not sufficiently accurate to allow rotations relative to a global reference system
to be determined. The measurement of baseline lengths was also not accurate
enough for dilatation to be determined from these surveys. Given a dilatation
rate of 0.1 ppm/yr and a rotation rate of 0.03" /yr (Walcott, 1984; see section
2.3.2) accuracies of 5 ppm in scale and 1.5" in azimuth in these 100 year old
surveys would be required for dilatation and rotation to be detected at the 95%
confidence level.

This early New Zealand triangulation contained serious deficiencies for the
maintenance of a national survey system. However, the time that has elapsed
since these surveys were made and the rates of deformation typical in New
Zealand are such that the earth deformation "signal" is above the high
observation noise. The value of these triangulation schemes also stems from
the fact that the field books of raw observations have been kept. This is
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important, as the coordinates, bearings and lengths of lines calculated from
these surveys were not derived by rigorous adjustment and have no value for
deformation analysis. While the surveys do not cover the whole country, the
density of the information is high with distances between stations typically 5
km. In areas of heterogeneous strain the networks may therefore be broken up
into small regions where the assumption of homogeneity is reasonably valid
(e.g., Bibby & Walcott, 1977). In most of New Zealand, the triangulation
surveys of the 1870s and 1880s are the first epoch of data for strain analysis.

3.2.2 NEW ZEALAND GEODETIC DATUM 1949

Observations for 1st order geodetic triangulation began in 1923 and continued
with interruptions until 1949. The result was New Zealand Geodetic Datum
1949 (NZGD-49). The lengths of triangle sides was initially 30 km and was
later increased to 50 km due to slow progress. The majority of triangle
miscloses were less than 1" although occasionally up to 5". From 1929, Wild
T3 theodolites were used and observations were made to lamps at night. The
triangle miscloses improved, seldom exceeding 2". At least 12 sets of
horizontal observations were observed at each station, in most cases derived
from more than one nights observation. Vertical angle observations generally
consisted of 2 or more sets observed near midday or midnight to minimise the
effects of refraction. In 1931 the work was halted by a large earthquake near
the city of Napier. The fire which followed the earthquake destroyed survey
records for the province. Work was halted on the 1st order triangulation to re-
introduce cadastral survey control in the province. When the primary
triangulation restarted and the area was re-observed, comparisons indicated
shifts of up to 0.4 m during or immediately after the earthquake.

Eight baselines were measured: 5 in the North Island, measured between
1909 and 1913, and 3 baselines in the South Island measured in 1947. The
lengths of these ranged from 8.4 km to 18.3 km. Two of the North Island
baselines were re-measured in 1947 and the differences were 12 ppm and 7
ppm. The mean of these values was applied to the other North Island
baselines. Bevin & Forster (1973) describe the re-measurement of some of the
baselines by laser geodimeter. Differences of a few ppm were obtained
depending on the metre - foot ratio used. The S.I. ratio adopted on metrication
in 1972 differs by 2.5 ppm from the ratio valid when the invar tape used in
1947 was calibrated. It also differs by 1.7 ppm from the ratio used to derive
imperial units for the International (Hayford) Spheroid 1924 used in the
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geodetic adjustment. The differences in baseline lengths derived by Bevin and
Forster are of the order of the systematic errors in the measurements and no
conclusions can be drawn as to the effect of earth deformation on these lines.
For the purposes of deformation analysis, scale is considered to be undefined
by surveys conducted before the advent of EDM.

Astronomic observations for latitude were made at 67 stations being 1 in 3 first
order stations in the North Island and 1 in 6 first order stations in the South
Island. Astronomic azimuth was observed at 40 stations being 1 in 7 stations in
both islands and at 12 Laplace stations astronomic longitude was also
observed. These observations were generally carried out using the same
theodolites as the triangulation (Troughton & Simms transit theodolites before
1929 and Wild T3 theodolites from 1929). A fundamental longitude was also
observed as part of a world wide programme in 1933 and this was
incorporated in the network. The astro-azimuth observations began in 1927 in
the North Island and continued to the end of the triangulation observations in
the South Island in 1942. A variety of star catalogues including the Nautical
Almanac and the American Ephemeris were used until 1941 when the FK3
became available and was used for the remaining reductions. No account was
taken of possible systematic differences between these catalogues as the
errors were considered to be less than the errors in the observations. The
effects of polar motion were not included in the calculations for the same
reason. The internal precisions (1o) of the azimuths, derived from the
repeatability of the 12 sets observed, are an average of 0.46" and a maximum
of 0.71" (Lee 1978). There is no mention by Lee, of the azimuth observations
being spread over more than one night so it is presumed that they are single
night observations only. The internal precisions are therefore likely to be
optimistic if used as a measure of external precision or accuracy. If these
azimuths are to be used to estimate rotations, the original observations should
be re-calculated using a consistent catalogue and ILS polar motion values. In
the approximately 50 years since these observations were made the expected
rotation of central New Zealand relative to the Australian plate, based on the
figures of Walcott (1984) is 1.5". (See section 2.3.2). This is discussed further
in section 3.4.5.
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The triangulation of the North Island was completed in 1938, 15 years after
commencement. The observation of triangulation in the South Island was
completed between 1938 and 1942. The mountainous country of the Southern
Alps and the west coast of the South Island was avoided. The two main
islands were linked by a braced quadrilateral with sides up to 120 km which
allowed scale to be carried through between the islands.

The adjustment of NZGD-49 is of little consequence in the context of
deformation analysis, as the original observations are available. It appears
that orthometric heights were used in the reduction of observations as if they
were ellipsoidal heights. Similarly, although astro latitude and longitude were
observed at a number of stations, it appears that the horizontal and vertical
angles were not corrected for deflection of the vertical (Lee, 1978; Reilly,
1980). A number of other compromises were made as the calculations were
performed laboriously on calculating machines.

Since the definition of NZGD-49 there have been extensive 2nd and 3rd order
triangulation schemes. These have been adjusted into the datum by holding
the 1st order stations fixed. This does not account for any deformation that may
have occurred between the surveys. Once again, the original observations are
available and should be used in preference to the coordinates. The microwave
Tellurometer, introduced to New Zealand in 1959, and the laser Geodimeters
introduced in the 1960s, allowed EDM traverses to extend control into those
areas of the South Island that had been left out of the primary triangulation.

3.2.3 TRANSIT

Between 1975 and 1977, 18 sites in the North and South Islands were
occupied with TRANSIT Doppler receivers. The expected accuracy of these
position fixes ranges from 1.5 metres in each axis to 5 metres (Rowe, 1981).
The Doppler position determinations were used by Mackie (1982, 1983) to
estimate the translations along the x, y and z axes between NZGD-49 and
WGS-72. Because of the uncertainties in the TRANSIT data and the
inconsistencies in the adjustment of NZGD-49, the orientation and scale
between NZGD-49 and WGS-72 is expected to change significantly from
region to region.

The TRANSIT data is not considered to have any value in estimating
deformation when combined with earlier terrestrial data as it is too sparse, too
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inaccurate and based on a different reference system. Similarly it is of little
value for estimating deformation subsequent to 1977. The main value of these
observations is in providing a priori station coordinates with respect to the

geocentre for tracking GPS satellites.

3.2.4 EARTH DEFORMATION SURVEYS

The measurement of earth deformation in New Zealand was initially
concerned with large movements across fault lines at the time of major
earthquakes. In the 1929 Murchison earthquake, uplift of 4.9 m and horizontal
movements of 3.5 to 4 m were observed by re-measurement of surveys.
Subsequent earthquakes in Napier (1931), Wairoa (1932) and Inangahua
(1968) caused movements across fault lines at the several metre level (Bevin
et al, 1984). These movements were detected by surveys that had not been
intended to monitor earth deformation, including the primary triangulation at
Napier and Wairoa. Following the 1929 Murchison earthquake, small survey
patterns were placed across active faults and at present 28 fault monitoring
patterns have been established. None have shown discrete fault movement
although significant shear strain has been detected (Blick, 1986).

In more recent times the emphasis in geodetic measurement of earth
deformation has been extended to include larger scale surveys to detect
regional strain. It has become apparent that deformation is occurring
continuously over a broad zone which covers most of the country. Wellman
(1955) was the first in New Zealand to report strain from geodetic observations
without there being any known causative earthquake. Since then a number of
authors have reported extensive aseismic strain from geodetic observations.
These are summarised in section 2.3.

In 1973 the Earth Deformation Committee was set up by the Royal Society of
New Zealand to coordinate activity for the investigation of earth deformation in
New Zealand. A number of programs were initiated or stepped up under the
auspices of this committee. A description of these and the progress after 10
years is given in the report by the Royal Society of New Zealand, Earth
Deformation Committee (1985). The major geodetic projects are:

—~ major 1st order geodetic surveys

— regional monitoring patterns

- fault monitoring patterns

— strain monitoring patterns
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— tilt monitoring patterns

— precise levelling

— astro-geodetic observations

— TRANSIT doppler observations and
— gravity measurements.

The fault monitoring patterns and strain monitoring patterns are small networks
of 4 to 8 stations. The stations are separated by distances of approximately 1
km. The tilt monitoring patterns are groups of bench marks extending up to 1
km from a central point. These three types of network use precise terrestrial
observations and over these distances it is unlikely that GPS-can provide the
accuracy necessary to replace the terrestrial techniques.

40



3.3. SYSTEMATIC ERRORS

The principal difficulty in using terrestrial data from one epoch and GPS data
from another epoch to monitor earth deformation, is that of the different
character of the systematic errors associated with each technique. Where the
same observation type is used for both epochs, the effect of many of the
systematic errors can be minimised by repeating observation schemes as
closely as possible. The propagation of errors is then nearly the same in both
epochs and there will be a tendency for the errors to cancel when deformation
is estimated. The principal error sources in terrestrial observations are different
from those of GPS observations and the errors will propagate through the
networks in different ways. Therefore, these errors will tend not to cancel when
terrestrial observations from one epoch and GPS observations from another
are used. The systematic errors of terrestrial observations that may have been
ignored in the past need to be studied. The most insidious errors are those that
are small but which affect many of the observations. Although the effect on
individual observations may be small compared to the observation variance,
the net result is that the residuals are not normally distributed (the assumption
on which the optimality of least squares adjustment depends) and the common
assumption of zero correlations between observations is false. The cumulative
effect on the adjusted parameters may be significant.

3.3.1 DEFLECTION OF THE VERTICAL

Errors in the a priori astronomic coordinates or deflections of the vertical may
cause systematic errors. The deflections may be determined by astro-geodetic
observation but such observations are usually made only at a few stations, if
any, in geodetic networks. Gravimetric deflections may also be derived from
observed gravity, normal gravity or a high order geopotential model. If
topographic data is available in a convenient form, such as a digital terrain
model, then corrections for the effect of local masses may be applied.

It is often assumed that the deflection is zero (this assumption was made in the
adjustment of NZGD-49). Thomson et al (1974) give examples of the network
distortion that results from neglect of the deflections of the vertical. It is
reasonable to assume, in most cases, that the deflection does not change
significantly from one epoch to the next. If nearly identical triangulation
networks are observed in two epochs and if the deflections are modelled the
same way in both epochs (for example, if they are neglected in both epochs),
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the effect of the deflection error will tend to cancel. Coleman & Lambeck
(1983) demonstrate the spurious deformation that may be estimated if the
observations are corrected in one epoch and not in the other. Similarly, if
terrestrial methods are used in one epoch and space techniques such as GPS
in the next, the effect of deflection errors will not cancel.

The Laplace equation gives the difference between an observed astronomic
azimuth and the reduced geodetic azimuth. The correction Acj to an
astronomic azimuth o from station i to station j is (Vanicek & Krakiwsky,

1986)
Aoy = -1 tan ¢; — (& sin o —m; COS o) ot Zj (3.3.1)

where zj is the zenith distance from i to j, & and m; are the components of
the deflection of the vertical at i and ¢; is the latitude of i. The first term may
be neglected in reducing direction observations as it is the same for all
directions from a point and is thus indistinguishable from the unknown
orientation error. It is required in reducing azimuth observations. As equation
3.3.1 is used for reducing observations, it may also be used to determine the
effect of errors in the a priori values of & and m; used in the reduction. For
horizontal lines the effect of the deflection on direction observations is zero.
For a line with a zenith distance of 95° the effect has a maximum value of
0.087 d; where

N ©32)

is the total deflection. The maximum effect occurs on lines at right angles to the
direction of total deflection d; . This is a small error if the deflections used are
correct to within a few arcsec. If gravimetric deflections are used, the deflection
errors will tend to be larger in mountainous terrain than in flat terrain (Kearsley
et al, 1985). The observed lines will also tend to be steeper in mountainous
terrain and thus the effect on the horizontal directions of deflection errors will
be greater.

The deflection errors have effects which are not isotropic (being azimuth
dependent). Nor are they necessarily homogeneous (being dependent on the
gradient of the line). Therefore, even though the effect of these errors may be
small compared with the observation uncertainty, the signature of the error is
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similar to that of strain and the effect on a deformation adjustment may be
significant.

3.3.2 HEIGHT

Errors in the a priori ellipsoidal heights of stations can affect the reduction of
EDM distances significantly. This error may be split into two components: the
effect of an error in the height difference between stations and the effect of a
height error common to both stations. As with errors in the deflection of the
vertical, the effect of height difference errors is greatest for steep lines. For
example, an error in the height difference of 1 m on a line having zenith
distance of 95° will result in an error of 0.087 in the reduced distance. An error
of 6 m in the elevation of both stations will cause approximately 1 ppm error in
the reduced distance on the ellipsoid. The effect of a height error will be the
same whether the distances are explicitly reduced to the ellipsoid before
processing in a 2D adjustment or whether this occurs implicitly in a 3D
adjustment where the heights are held fixed. The heights used in the reduction
of distances to the ellipsoid are, of course, ellipsoidal heights. For terrestrial
surveys a major source of error in these heights will be the error in the geoid
height N.

The reduction to the ellipsoid of azimuths and horizontal directions also
depends on height due to the skew normal correction. This is a small
correction and where it is applied, it is unlikely to be affected by realistic height
errors. For example; a height error of 10 m at a latitude of 40° has an effect of
less than 1 milli-arcsecond. If the correction is ignored then the error will be
0.13" at 2000 metres elevation on an azimuth of 45° and latitude 40°. This is a
small error but, being azimuth dependent and height dependent, the effect on
the network will not be isotropic or homogeneous and could introduce slight
geodetic strain.

3.3.3 ATMOSPHERIC REFRACTION AND PROPAGATION DELAY

In terrestrial techniques, as in space techniques, a major source of error is
unmodelled atmospheric effects; refraction for direction observations and
propagation delay for distance observations. This is a limitation on the
estimation of strain from repeated terrestrial surveys as well as for terrestrial /
GPS combination. One method often used to deal with atmospheric errors is to
inflate the observation variances to cover the error. This implicitly assumes that
the errors are normally distributed which will often not be the case. For that
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part of the error that cannot be eliminated by using atmospheric models or by
estimating refraction / delay coefficients, this method of assuming normally
distributed errors may be the only alternative. If the observations are repeated
under a wide variety of atmospheric conditions the assumption of normally
distributed errors may be reasonable.

The triangle miscloses may be used to estimate the accuracy of horizontal
direction observations. For the surveys of last century, instrumental errors will
usually be larger than refraction errors. Since the advent of modern optical
theodolites such as the Wild T3, refraction errors are of a similar magnitude to
instrumental errors or observer bias. Grazing rays across sloping ground are
likely candidates for horizontal refraction where the stratification is parallel to
the ground and not horizontal. Hannah (1986) has investigated the
observations of earth deformation surveys in New Zealand to determine
whether day observations are more affected by horizontal refraction than night
observations. He found the a posteriori variance factor of the direction
observations to be the same for day and night observed directions. However
the estimation of a single factor for all observations could mask systematic
azimuth or station dependent differences in the horizontal directions that
cause geodetic strain.

For observations of zenith distance, refraction is usually the largest error and
this is the reason for the poor determination of orthometric heights in geodetic
networks. The error may be reduced by the observation of simultaneous
reciprocal vertical angles. Even if orthometric height was well determined from
zenith distance observations, the problem of geoid height determination for
combining terrestrial and GPS observations would still remain. This is briefly
discussed in section 3.1 above.

The corrections for propagation delay usually applied to EDM observations in
New Zealand, depend on meteorological observations at the end points of the
line. These observations are strongly influenced by local and surface effects
and are often not representative of the atmosphere along the line. Two colour
EDM or a combination of infa-red and microwave frequencies can be used to
achieve accuracies of 0.1 ppm (Slater et al, 1983) but these instruments have
not been used in New Zealand. The line ratio method (or its equivalent, the
estimation of a common scale factor for EDM observations taken in quick
succession at a point) is also promising. EDM observations may then be used

44



to determine relative geometry with low systematic error (e.g. Robertson, 1972;
Vincenty 1975). Slater (1979) used multi-wavelength EDM to evaluate the
accuracy of line ratios calculated from single frequency EDM and found the
accuracy was about 0.5 ppm. Angus-Leppan (1979) suggests a combination
of the line ratio technique and atmospheric modelling as described by Brunner
& Fraser (1978). Van den Berg (1979) and Denys (1987) describe the
estimation of common scale factors in control surveys in New Zealand. The
line ratio method, for best results, depends on the rapid observation of a
number of lines from a point and it may not be appropriate to apply this method
retrospectively to EDM data that has not been observed in this manner. The
use of atmospheric models to improve the reduction of EDM observations
(Brunner & Fraser, 1978) should be investigated further for New Zealand
conditions.
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3.4. CASTLE POINT - NEW PLYMOUTH EDS

3.4.1 OBSERVATIONS

The observations of the Castle Point - New Plymouth EDS are described by
Hannah (1986). This network was virtually observed twice during the
observation campaign: once during the day and once at night. The data set
used in this study consists of the day observed horizontal directions, the day
and night observed EDM slope distances, the day and night observed zenith
distances and the astronomic observations of azimuth, latitude and longitude.
The night observed horizontal directions were not available for this analysis.
Hannah (1986) found no significant difference between the a posteriori
variance factor for day and night direction observations but, as noted in section
3.3.3, there could still be significant geodetic strain between triangulation
adjustments based on these two sets of observations. This merits further study.

The network, shown in diagram 3.4.1, consists of 25 stations in a triangulation
chain running across the lower North Island from north-west to south-east. The
chain is 250 km long and 35 km wide on average. The heights of the stations
range from 145 m to 1155 m and the steepest line has a slope of 2° 15" . The
distance between adjacent stations is typically 25 km.

There are 174 direction observations, each being the mean of at least eight
sets. The observation weights used are based partly on the standard deviation
of the mean of these sets and partly on the a priori variance scaling factor
which gives an a posteriori variance factor 302 of unity. The a priori
uncertainty of a direction observation is typically 0.74". There are reciprocal
zenith distance observations on 77 lines (day) and 80 lines (night). These are
means of at least 3 sets and are generally not simultaneously observed. An a
priori uncertainty of 2.0" was initially assigned to these observations but,
following an examination of the residuals, this was revised to 5.0" .

There are night observed EDM slope distance observations on 81 lines, 74 of
which were also measured during the day. The instrument used was the
Model 8 Geodimeter and a priori uncertainties of 0.005 m. +1.3 ppm were
used. A scale difference between the day and night observations was found
with the day observations being generally longer. This scale difference ranges
from —1.33 ppm to +6.42 ppm with a mean of +2.18 ppm and a standard
deviation of 1.38 ppm. This standard deviation of the scale differences is
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consistent with an internal precision of 0.98 ppm for the observations in each
of the data sets. This day / night scale difference has also been reported by
Jones (1971) and in New Zealand by Bevin & Forster (1973).

T .
0 10 20 30 40 50km

CASTLE POINT - NEW PLYMOUTH
EARTH DEFORMATION SURVEY

Diagram 3.4.1 Terrestrial network: Castle Point — New Plymouth Earth
Deformation Survey.

There are 8 astro-azimuth observations, each being the mean of at least 16
sets over 2 or more nights. These are reciprocal observations on 4 lines and
have a priori uncertainties of 0.5". Astro-latitudes and longitudes were
observed on at least 2 nights at these 8 stations. Latitudes and longitudes
were also observed at 4 other network stations and 4 non-network stations in
the general area. The mean a priori uncertainties of the observed latitude and

47




longitude are 0.25" and 0.30" respectively. These figures are based on the
internal precision of the repeated observations. The data supplied by the
Department of Survey & Land Information (New Zealand) includes deflections
of the vertical, derived by astro-geodetic interpolation, for the 13 network
stations that have no observed latitude or longitude. The details of this
interpolation are not known and a priori uncertainties of 2.0" have been
assigned to these values. This is approximately twice the error that could be
expected from a careful gravimetric estimation of deflections (Kearsiey et al,
1985).

Sub-networks

The complete network, being 250 km long, is too large for the assumption of
homogeneous strain to be valid. It has been divided into 3 sub-networks
shown in diagrams 3.4.2, 3.4.3 and 3.4.4. These are the north-west, central
and south-east networks and they consist of 9, 10 and 12 stations respectively.
The network divisions were chosen, somewhat arbitrarily, so that there is an
overlap of 3 stations between adjacent networks and each network has
observed reciprocal astro-azimuths on 2 lines. This allows an investigation
into the effect of multiple azimuth observations on the estimation of strain. The
observations were partitioned into a set for each sub-network and were
adjusted separately. No significant difference was found between the results of
the 3 sub-network adjustments and an adjustment of the complete network.
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NORTH WEST NETWORK
Diagram 3.4.2 North-west sub-network being 9 stations of the Castle Point
— New Plymouth EDS network

8
N\
I\
9
T AT
0 10 20 30 40 50 km
16

CENTRAL NETWORK

Diagram 3.4.3 Central sub-network being 10 stations of the Castle Point —
New Plymouth EDS network
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SOUTH EAST NETWORK

Diagram 3.4.4 South-east sub-network being 12 stations of the Castle
Point — New Plymouth EDS network

3.4.2 ADJUSTMENT SOFTWARE

The integrated adjustment software OPERA 2.3 was used for the terrestrial
network adjustments. The features and operation of this software are
described by Hein (1982a, 1982b); Hein & Landau (1983); Eissfeller & Hein
(1986) and Landau et al (1987). It allows the adjustment of a wide variety of
observations including horizontal directions, slope distances, astro-latitude,
longitude and azimuth, gravity, potential differences (levelling), and GPS
baselines or networks. These are adjusted by least squares collocation as
described by Moritz (1980a). The concept of integrated geodesy was
developed by Krarup in 1973 and appears in Eeg & Krarup (1973). The
principle of integrated geodesy is that the station coordinates and the gravity
field are determined in a single adjustment that uses all observations. There is
no need to apply "corrections" to the observations for geoid height, deflections
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of the vertical, etc., as these are implicit in the adjustment model. The full
features of this model have not been used here as gravity data, levelling
observations and GPS data were not available and so it was used in the 3D
adjustment mode. A refraction coefficient was estimated for each line that had
reciprocal zenith distance observations. Deflections of the vertical were
estimated for all stations and the coordinates of one station were held fixed.

The theory developed by Harvey (1985), was used for the estimation of strain
between coordinates of different adjustments of the networks. The topocentric
strain option was used which allows comparative testing of the different
deformation models given in section 2.2.2.

3.4.3 CHOICE OF STRAIN MODEL

The following analysis is based on data sets that are subsets of the Castle
Point - New Plymouth EDS observations. The first data set has day observed
zenith distances and EDM distances The second data set has night observed
zenith distances and EDM distances. The significance of the discrepancy
between the day and night EDM observations is discussed in section 3.4.5. In
this section the data is used purely to assess the 4 models of homogeneous
topocentric strain introduced in section 2.2.2. These are the full 3D strain
model ; the 11 parameter model in which the vertical extensional strain (ey,) is
held fixed at zero; the horizontal strain model in which the vertical shear
strains (e, , €,y) are also fixed at zero; and the 2D model where the vertical
strains, rotations about the horizontal axes (o, , ®,) and the vertical translation
(t,) are fixed at zero. The change in the estimates of strain for the different
models is of interest here: not the actual strain itself. The analysis was applied
to the north-western, central and south-eastern networks described in section
3.4.1. Similar results were obtained for all networks and only the results for the

north-western network are presented here.

The geodetic strain between the coordinates of 3D network adjustments of
these data sets was considered first. The differences in horizontal coordinates
range from —0.113 to +0.107 m. The differences in height range from -1.046

to +1.845 m.
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Table 3.4.1 Estimates of strain between coordinates of different 3D network
adjustments. Different EDM and ZD observations (day vs night) were
used and all other observations were the same for both adjustments.

Param Units 3D Strain 11 Parameter Horizontal 2D
Strain

€ce ppm -2.00 £+ 0.61 -2.03+ 0.61 -2.20 + 0.60 | —2.21 = 0.60

€nn ppm -1.85 £+ 0.81 -2.00%£ 0.80 -2.47 £ 0.77 | -2.46 £ 0.77

e,y ppm |-186.7 £ 375.1

€an ppm -0.09 = 0.56 -0.12+ 0.56 -0.45 + 0.53 | —0.46 = 0.53

gy ppm 13.33 = 17.24 14.61+17.06

€nv ppm 29.80 £ 17.86 32.21+£17.26

O arcsec 402 £+ 3.98 4.35+ 3.93 -2.18 £ 1.77

W, arcsec ~590 + 3.74 | -6.06+ 3.73 | -3.08 + 1.46

w, arcsec 004 + 0.36 0.05+ 0.36 0.06 + 0.35 0.01 + 0.35

Sop ppm -1.88 + 0.46 -2.01+ 0.46 -2.34 + 043 | -2.34 + 0.43

Y1 ppm -0.06 £ 1.09 -0.04% 1.09 0.28 £ 1.08 0.25 + 1.08

Yo ppm -0.19 = 1.12 -0.23+ 112 -0.89 + 1.07 | -0.91 £ 1.07

Y ppm 0.20 £+ 1.14 0.23+ 1.13 0.94 =+ 1.04 0.95 = 1.04

(€qy + ) ppM -1527 + 7.14 | -14.78+ 7.08

(e, — ) ppm 10.32 £+ 8.73 11.13 % 8.60

The estimates of strain for the 4 strain models are summarised in table 3.4.1.

Note that while the vertical extensional strain e, in the 3D strain model is

large, its uncertainty is even larger. This parameter is not well determined from

nearly planar geodetic networks as discussed in section 2.2.2. When e,, was

fixed to zero in the 11 parameter strain model the estimates of the other

parameters changed only slightly. Thus, even in the presence of large height

differences, the parameter e,, can be held fixed without significantly affecting

the estimation of the other deformation parameters. This may not be true for

networks with steep lines but it is true for nearly planar terrestrial networks of

which this EDS network is a typical example. Therefore, it is recommended

that e,, need not be estimated and thus that the 3D strain model not be

used. To summarise, the reasons for not estimating e,, are that:

(i) it is not well determined from nearly planar geodetic networks,

(i) itis highly sensitive to systematic errors in the heights,

(iii) it therefore provides no useful information on deformation and,

(iv)  no significant bias is introduced to the estimates of the other parameters
when it is held fixed to zero.
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In the horizontal strain model, the rotations about the horizontal axes, ®, and
o, , are significant but when these were fixed to zero in the 2D strain model,
the remaining parameters were not altered significantly. The greatest
difference between models was that between the 11 parameter strain model
and the horizontal strain or 2D strain models. A decision must be made
whether to estimate e,, and e,, and this decision affects estimates of the
other parameters. The estimate of shear strain y obtained when e,, and e,
were estimated is 0.6 - 0.7 ppm different from that obtained when they were

fixed.

To further investigate the difference between the 11 parameter and horizontal
strain models, calculations are presented from network adjustments in which
the heights were effectively held fixed and the zenith distances were not used.
These two adjustments differ only in the choice of day or night observed EDM
distances. This was achieved by using pseudo observations of ellipsoidal
height with a priori uncertainties of 0.001 m. and so these network
adjustments may be referred to as 3D height fixed. This model is similar to
the 3D height fixed model of Vincenty & Bowring (1978) and Vincenty (1980).
The horizontal coordinates obtained are the same as those of a 2D network
adjustment where a priori heights are used to reduce the observations to the
ellipsoid.

The strain between these two 3D height fixed network adjustments was then
estimated. As the heights are identical in both data sets, e,y is zero and

results are only presented for the 11 parameter, horizontal strain and 2D
models. These are summarised in table 3.4.2.

It the parameters, o, and @, , are interpreted as being the same quantities
that are estimated in a 3D transformation adjustment (the rotations between
reference frame axes), zero rotations will be expected as the height
differences are zero. In the 11 parameter model, these rotations are large and
statistically significant and their interpretation depends on the estimates of the
vertical shear strains e,, and e,, . In this case, the values obtained for ey ,
eny» W, and o, inthe 11 parameter model are due entirely to small
systematic variations in the horizontal displacement with station height. Note
that the estimates of (e, + ®,) and (e,,—w,) are close to zero and that the
rotations w, and o, are zero in the horizontal strain model as expected. In
section 2.2.2 the estimation of vertical shear strains was discussed and it was
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noted that small but systematic variations in the horizontal coordinate
displacements with height could resutlt in large values for the estimates of e, ,
e, 0, and o, . Therefore the estimates of these 4 parameters are highly
sensitive to systematic errors in the horizontal coordinates and their
interpretation for earth deformation is difficult.

Table 3.4.2 Estimates of strain between coordinates of different height
fixed network adjustments Fixed heights were the same in both
network adjustments. Different EDM observations (day vs night) were
used and all other observations were the same.

Param  Units 11 Parameter Horizontal 2D
Strain

€ee ppm -2.00 + 0.60 -2.17 + 0.59 ~2.15 + 0.58

€nn ppm -2.00 + 0.80 -2.46 £ 0.76 -2.48 £ 0.76

€yv ppm

€an ppm -0.15 + 0.55 -0.48 + 0.53 -0.48 + 0.53

gy ppm 18.50 £16.96

€ny ppm -28.96 £17.21

Wg arcsec 597 £ 3.55 0.00 = 0.00

W, arcsec -3.82 + 3.50 0.00 £ 0.00

W, arcsec 0.03 + 0.36 0.02 + 0.34 -0.01 + 0.33

Sop ppm 2.00 £ 0.45 -2.31 + 0.43 -2.32 £ 0.43

Y1 ppm -0.00 + 1.08 0.28 + 1.07 0.33 + 1.05

Yo ppm -0.29 + 1.11 -0.97 + 1.06 -0.96 + 1.05

Y ppm 029 + 1.1 1.01 + 1.04 1.01 £ 1.03

(6, + ®,) ppm 0.00 = 0.02

(e — 0 PPM 0.01 = 0.03

The estimation of 2D strain (in particular the estimation of y; and vy, or y and
@) from horizontal terrestrial data, using heights assumed to be without error,
has been successfully applied in the past in New Zealand. The estimates of
strain derived in this way have proved very useful in interpreting earth
deformation. They have been found to be consistent with studies of earth
deformation from other disciplines such as Geophysics and Geology. In using
GPS for strain analysis there are obvious advantages in estimating strain
parameters consistent with those that have proved useful in the past.

The simultaneous reduction model used in New Zealand to estimate 2D strain
directly from the geodetic observations is equivalent to using the 2D strain
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model on coordinates from an 2D (or 3D height fixed) adjustment as in the
third column of table 3.4.2. Estimates of strain within 10% of this are obtained,
if the horizontal strain or 2D strain models are used with 3D adjustment data
sets (third and fourth columns of table 3.4.1). If e, , e,, are estimated, a

change is required in the interpretation of the estimates of horizontal strain.

Therefore, it is recommended that the parameters e,, and e,

should not be gstimated and thus that the 11 parameter strain model not

be used. The reasons for not estimating e,, and e,, are that:

(i) they are highly sensitive to small systematic errors in the horizontal
coordinates,

(i)  the interpretation of the other parameters is difficult when they are
estimated and,

(i)  when they are fixed, the estimates of the other parameters are close to
those that have proved useful in the past for interpreting earth
deformation.

Note that it is recommended that e, need not be estimated and that e,
and e, should not be estimated.

There is no significant difference between the parameter estimates in the
horizontal strain and 2D strain models even where the fixed rotation
parameters are significant as in table 3.4.1. In adjustments between terrestrial
and GPS networks the rotations «, , ®, and the vertical translation 1, will be
significant due mainly to differences in the reference frame definition. These
parameters provide useful information on the reference frames even though
their use in interpreting deformation is limited. It is recommended that the
parameters o, and ®, should be estimated and therefore that

the 9 parameter, horizontal strain model be used.

These conclusions are based on the use of terrestrial data for the estimation of
deformation parameters. The data from the first GPS deformation surveys will
not only be used with terrestrial data, but also with GPS data from future
surveys. The use of repeated GPS survey data to determine earth deformation
is beyond the scope of this thesis, but the question of whether the conclusions
above will apply in such cases is briefly addressed.
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To determine e,, to an accuracy of 1 ppm, height differences accurate to 2
mm between stations separated in height by 2000 m are required. For lines
with a gradient of 1 in 10 (5.7° elevation angle), proportional errors of the order
of 0.1 ppm or better and sub-millimetre constant errors (including the
determination of the position of the antenna phase centre) are required. Even
for very steep lines with gradients of 1 in 2 (elevation angle of 30°) between
mountain top and valley floor it is unlikely that GPS could provide the 2 mm
accuracy required in the foreseeable future.

The vertical shear strains may be interpreted as either due to a systematic
variation in uplift with horizontal position or as a systematic variation in
horizontal displacement with height (two quite different phenomena) or some
combination of the two (see section 2.2.2). This difficulty in the interpretation of
the vertical shear strains is due mainly to the limitation in the geometry of
geodetic networks. Therefore, unless small very high precision networks with
steep lines (say >30° elevation angle) are observed with GPS, it appears that
the conclusions above, that e, , e,, and e,, not be estimated, will also

apply to repeated GPS surveys in the future.

3.4.4 3D NETWORK ADJUSTMENT MODELS

The horizontal strain model has been chosen for the combination of terrestrial
and GPS data and now a set of 3D coordinates and variance - covariance
(VCV) matrix for the terrestrial data must be generated. There are a number of
ways of doing this.

A A 3D adjustment of the terrestrial data including observed zenith
distances. A data set of this type has been generated using the day
observed EDM distances and zenith distances together with the
horizontal directions and astronomic observations.

B If observed zenith distances are not available (e.g. for early surveys in
New Zealand), pseudo-observations of ellipsoidal heights with realistic
variances could be used in a 3D adjustment. This is equivalent to
Bayesian estimation with a priori variances on the height parameters. A
data set of this type has been generated using pseudo observations of
ellipsoidal height with a priori uncertainties of 0.5 metres and no zenith
distance observations.
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C If only 2D network adjustment software is available, the following
procedure could be adopted.
(i) use the a priori heights to reduce the observations to the

ellipsoid.

(i)  adjust the observations on the ellipsoid in a 2D adjustment.
(iii)  create a 3D set of coordinates using the a priori heights.
(iv)  create a 3D VCV matrix with realistic variances on the heights.
A data sef that is the equivalent of this has been generated by
performing a 3D adjustment with observed heights as in B except that a
priori uncertainties of 0.001 metres were assigned to the heights to
effectively give a 2D adjustment. The variances of the heights were then
changed a posteriori to (0.500 metres)®.

D Adopt the same procedure as in C except that in step (iii), the heights
used to create the 3D coordinate set are different from those used to
reduce the observations to the ellipsoid. This is clearly undesirable but
there are a number of reasons why such a change in the heights may
occur. Orthometric heights may be used to reduce the observations and
ellipsoidal heights may be used in the final coordinate data set. If the
network adjustment is not well documented and if the strain is estimated
some time later by different people or organisations, there may be
confusion as to which heights were used in the data reduction. A data
set that is the equivalent of this has been generated by performing a 3D
height fixed adjustment as in C, changing the height variances to (0.500
metres)? and changing the heights to equal those of the 3D adjustment
in A.

In data sets A and B the coordinates and VCV used in the strain adjustment
have not been changed from those generated in the network adjustment. In
the others a change has been made to the VCV (sets C and D), and heights
(set D). The differences between the 3D adjusted heights used in A and D and
the pseudo observed a priori heights of B and C range from —-0.467 to
+1.819 m. The a priori heights were generated from orthometric heights
obtained from trigonometric levelling and geoid heights calculated using the
OSU81 180x180 geopotential model (Rapp, 1981). The adjusted heights in
the 3D model A depend on the day observed zenith distance observations
(reciprocal but generally not simultaneous) and the estimates of the deflection
of the vertical. Thus the large differences in height above are expected.
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The VCV matrix of a simulated GPS observation campaign of the north-
western network was generated using the simulation software described in
Appendix F. It was assumed, for simplicity, that all 9 stations were occupied for
a 2 hour observing session and that tropospheric zenith delay parameters
were estimated in the adjustment (see section 7.5). It was also assumed that
the ambiguities were all resolved to their correct integer values and fixed in the
adjustment. It is well known that the VCV of the adjusted parameters from a
GPS adjustment is often very optimistic. In the simulated adjustment, the
precision of baselines between adjacent stations is of the order of 0.002 m,
0.003 m, and 0.013 m in east, north and height components respectively. The
high precision indicated by these values would not be matched in practice by
high accuracy because of the presence of significant systematic errors, e.g.,
orbital errors. In Chapter 7, results of studies into the effect of systematic errors
in GPS adjustment are presented. Here, a VCV matrix similar to the one that
would be obtained from an adjustment of real GPS data is all that is required.

The coordinates used in conjunction with this simulated GPS VCV matrix were
those of the full 3D adjustment in data set A. The deformation between the
GPS data set and the reference data set A was in this way arbitrarily set to
zero. The 9 parameter horizontal strain model was used to estimate the
deformation between the GPS data and data sets B, C and D. Any differences
between these estimates of strain and zero (the strain obtained using the
reference data set A) are due solely to the method used to generate heights
and height variances, and are therefore geodetic strain.

The results of the strain analysis from these data sets is summarised in table
3.4.3. Only the estimates of rotation about the vertical axis, the dilatation and
the total shear strain are shown. The results shown are only for the north-
western network.
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Table 3.4.3 Geodetic strain estimates from different methods of height
determination in combined adjustment of horizontal direction and EDM

distances.

Data Sets Rotation o, Dilatation s,p Total Shear y
GPS / A 0 + 0.24 0 + 0.31 0 + 0.77
GPS / B -0.02 £ 0.24 0.00 £ 0.31 0.02 + 0.77
GPS/ C - -0.03 + 0.24 0.15 £ 0.32 0.37 + 0.76
GPS / D | —0.04 + 0.24 0.45 £ 0.32 0.79 + 0.75

Key to Data Sets
A 3D adjustment using zenith distances. Reference data set.
B 3D adjustment using pseudo observed heights. Opgight = 0.5 M.

C 3D height fixed adjustment using pseudo observed heights. Cheight = 0.001 m..
Oheight changed a posteriori to 0.5 m.

D 3D height fixed adjustment as in C. Heights changed a posteriori to those of A.
Oheight changed a posteriori to 0.5 m.

GPS Simulated GPS VCV and coordinates of data set A.

The parameter estimates for data sets GPS / B are insignificant. Thus, for this
network at least, the different methods of determining heights in A and B
(zenith distances and pseudo observed ellipsoidal heights) have little effect on
the horizontal strain parameters. If the height differences between A and B
were substantially larger than the 1 to 2 metre differences here, or if the
network had steeper lines (maximum elevation angle here of 2° 15') , this
conclusion might not be applicable. In data set C, the effective fixing of the
heights causes geodetic strain at the 0.5 level. If the terrestrial heights are
changed after the network adjustment, as in data set D, geodetic strain above
the 1o level is introduced. As expected, the rotation about the vertical axis is

not affected significantly by the method of height determination.

Therefore, the conclusion drawn from these results is that the adjustment of a
terrestrial geodetic network incorporating horizontal directions and EDM
distances, should be a 3D adjustment. If zenith distance or levelling
observations are not available in the same epoch as the horizontal data,
pseudo observed ellipsoidal heights can be used. One possible source of
these heights, if no others are available, is the GPS network itself, although it

59



should be noted that the estimated rotations about the horizontal axes then
have no significance. It is not advisable to assign heights to the terrestrial
stations other than those used in the 2D or 3D height fixed adjustment. The
decision on how the heights are to be determined and what variances they
should have, should be made before a 3D network adjustment and not after
a 2D network adjustment.

EDM slope distances are dependent on station height but horizontal directions
have only have a small dependence through the skew normal correction.
Therefore, the above analysis was repeated for triangulation and trilateration
adjustments to see if there was any difference in the dependence of the
geodetic strain on the method of height determination. Data sets A to D were
generated for triangulation adjustments using the same horizontal directions,
zenith distances, ellipsoidal heights and astronomic observations as were
used above for the combined terrestrial adjustments. One arbitrarily chosen
distance was included to define the scale. The dilatation is thus arbitrary and
has not been shown in the results.

Table 3.4.4 Geodetic strain estimates from different methods of height
determination in triangulation adjustment of horizontal directions.

Data Sets Rotation o, Total Shear vy
GPS / A 0 £ 0.29 0 + 1.81
GPS / B -0.02 + 0.29 0.11 + 1.67
GPS/ C -0.02 + 0.29 0.11 * 1.67
GPS / D 0.00 + 0.29 0.01 + 1.85

Key to Data Sets

A 3D adjustment using zenith distances. Reference data set.
B 3D adjustment using pseudo observed heights. Opeight = 0.5 M.
C 3D height fixed adjustment using pseudo observed heights. Cpeight = 0.001 m..

Oheight changed a posteriori to 0.5 m.

D 3D height fixed adjustment as in C. Heights changed a posteriori to those of A.
Oheight changed a posteriori to 0.5 m.

GPS Simulated GPS VCV and coordinates of data set A.
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The coordinates of the 3D adjustment using zenith distances (data set A) were
again defined as a reference and used together with the simulated GPS VCV
to provide the GPS data set. The differences between the 3D adjusted heights
used in A and D and the pseudo observed heights of B and C range from —
1.222 to +0.980 m. The estimates of rotation and total shear from the
deformation adjustments are given in table 3.4.4. The geodetic strain is
insignificant for all data sets. The deformation adjustment is generally
insensitive to the;method of height determination and this reflects the fact that
the horizontal direction observations are relatively insensitive to the station
heights.

Data sets A to D were next generated for trilateration adjustments using the
same EDM distances, zenith distances, ellipsoidal heights and astronomic
observations as were used above for the combined terrestrial adjustments.
The coordinates of the GPS data set were obtained from data set A as above.
The differences between the 3D adjusted heights used in A and D and the
pseudo observed heights of B and C range from -1.166 to +0.989 m. The
estimates of rotation, dilatation and total shear from the deformation
adjustments are given in table 3.4.5. The results are similar to those of the
combined adjustment presented in table 3.4.3. The different heights in data set
B do not introduce significant strain but geodetic strain is introduced if either of
the other data sets are used.

In conclusion, a distinction is made between those terrestrial adjustments that
use distance observations and those that don't. If EDM distances are used, a
3D terrestrial network adjustment is required for the best results. The heights of
this adjustment should be used, without alteration, in the deformation
adjustment. In the network studied here, the estimates of strain are quite
insensitive to metre level variations in the heights used provided that realistic
variances are used for either the zenith distances or the pseudo observed
heights. For smaller networks with steeper lines, the results would probably be
more sensitive to height errors. Brunner & Coleman (1988) note significant
effects of height errors in a trilateration network of short steep lines used to
monitor deformation in California.
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Table 3.4.5 Geodetic strain estimates from different methods of height
determination in trilateration adjustment of EDM distances.

Data Sets Rotation o, Dilatation s;p Total Shear vy
GPS / A 0 +025 0 +0.32 0 + 0.86
GPS / B -0.01 + 0.25 -0.00 + 0.32 0.02 + 0.82
GPS/ C -0.03 + 0.25 0.14 £ 0.33 0.37 + 0.84
GPS / D -0.04 + 0.25 0.45 =+ 0.33 0.92 + 0.84

Key to Data Sets

A 3D adjustment using zenith distances. Reference data set.
B 3D adjustment using pseudo observed heights. Cpgight = 0.5 M.
C 3D height fixed adjustment using pseudo observed heights. Gpeignt = 0.001 m..

Oheight changed a posteriori 10 0.5 m.
D 3D height fixed adjustment as in C. Heights changed a posteriori to those of A.
Oheight changed a posteriori to 0.5 m.

GPS Simulated GPS VCV and coordinates of data set A.

For triangulation networks, the method of height determination is less
important. This is fortunate as many early triangulation surveys have little or no
height information. It appears that a 2D adjustment of the network may be used
and a 3D data set constructed using ellipsoidal heights and realistic variances
as in data sets C or D.

3.4.5 GEODETIC STRAIN IN TERRESTRIAL NETWORKS

In the manner of the previous sections, strain was estimated between different

subsets of the observations so that some idea of the magnitude of geodetic

strain could be obtained. For each of the 3 sub-networks of the Castle Point -

New Plymouth EDS network, 3 adjustments were carried out. These were:

1 A triangulation adjustment using horizontal directions, pseudo
observations of ellipsoidal height, astro-latitude, longitude and azimuth
and one arbitrary distance to define the scale.

2 A trilateration adjustment using day observed EDM slope distances,
ellipsoidal heights and astro-azimuth.
3 As for 2 except using night observed EDM slope distances.
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The three adjustments are essentially independent except for the common
astro-azimuth observations and ellipsoidal heights. The total shear strain vy
and the direction of the principal axis of compression ¢ between the
triangulation adjustment and the two trilateration adjustments are illustrated in
diagram 3.4.5. The total shear strain ranges from 1.4c to 1.9¢ and is quite
systematic being similar for all 3 sub-networks. Horizontal directions and EDM
distances have different systematic errors which propagate differently through
triangulation and trilateration networks so these significant strain values are
not unexpected. Similar problems are expected in estimating strain from
terrestrial and GPS.data.

These results demonstrate that caution is required when determining the
significance of strain estimates based on data sets with different types of
observation in each epoch. The observation weights in the network
adjustments were chosen to give estimated variance factors 302 closeto 1.0
for the combined data sets. The variance factors in the strain adjustments
were mostly less than 1.0 with the largest being 1.13. Thus there is nothing in
the least squares adjustments to indicate that the a priori observation
uncertainties are too small. Only a small data set has been analysed here, but
these results suggest that an additional ad hoc variance factor of about 4
could be used prior to significance tests for strain. The standard deviations of
the estimated parameters would then be increased by a factor of 2.

Most of the work in earth deformation analysis in New Zealand until now has
been based purely on triangulation data but EDS and other control surveys
over the last 20 years have also used EDM and in the future GPS will be used.
The estimates of strain from different regions or different epochs may be based
on different types of observations. Any attempted comparison of these values
will be difficult if the uncertainties are too optimistic. A number of combined
terrestrial / GPS surveys will be required to determine an ad hoc variance
factor similar to that determined above for triangulation vs trilateration.
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Diagram 3.4.5 Strain between triangulation and trilateration. Calculated

from adjustments of the NW , Central and SE Networks. Day and Night
EDM observations used in trilateration adjustments.

EDM and Dilatation

The results of the deformation adjustment between the trilateration
adjustments, shown in diagram 3.4.6, demonstrate the effect of the mean scale
change between night and day EDM observations of more than 2 ppm, noted
in section 3.4.1. Jones (1971) reported night / day scale differences of about 4
ppm from 200 lines measured in Canada and attributes these to ground
proximity effects on the meteorological observations. Bevin & Forster (1973)
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reported similar results in New Zealand and noted that the scale difference
does not appear to be significant on lines which have very low ground
clearance for most of their length. The mean of night and day observations
may be used as a more accurate definition of scale where both have been
observed on most of the lines in a network but in many cases only day or only
night observations are available. In some cases a network may have a
combination of day and night EDM observations and significant distortion
could be introduced if these were adjusted together without making allowance
for a scale difference between them. Day and night scale factors could be
determined but it unlikely that this simple categorisation of "night" and "day" is
sufficient to fully describe the scale difference. If it is due to ground proximity
effects as suggested by Jones (1971) then presumably, the effect varies with
different weather conditions (overcast or clear, calm or windy); different
locations (exposed mountaintops or sheltered valleys) and, as noted by Bevin
& Forster (1973), different lines depending on ground clearance.

The precision of the dilatation estimate is based on the assumption that the
errors in the EDM observations are normally distributed. This is not true if only
night or day EDM observations are available and the precision of the dilatation
will be optimistic. As well as the random errors in EDM measurements of the
order of 1 - 2 ppm, these is a systematic uncertainty in the mean definition of
scale of about the same magnitude. Walcott (1984) gives the rate of dilatation
in New Zealand as approximately 0.1 ppm/yr or less (see section 2.3.2). Thus
it will take about 20 years for geophysical dilatation to approach the level of
systematic errors in the EDM data and considerably longer before it can be
detected with confidence. In areas of low dilatation it may be a century or more
before dilatation can be detected using this EDM data. If dilatation is to be
estimated using EDM and GPS data, improved atmospheric modelling such as
that of Brunner & Fraser (1978) will be required.

From the estimate of shear strain y between trilateration adjustments, shown

in diagram 3.4.6, it can be seen that the night / day scale difference is not
uniform. The shear strain is close to the 1o level and this is presumably due to

variations in the scale difference for reason such as those noted above.
However the direction of the principal axis of compression ¢ appears to be
more random than that estimated between triangulation and trilateration.
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Diagram 3.4.6 Strain between trilateration adjustments (day vs night EDM
observations)

Astronomical Azimuth and Rotation

Torge (1980) recommends that astronomic azimuth observations be at least
200 km apart to avoid distortion of the network due to systematic errors in the
azimuth observations. Harvey (1985) using this recommendation, suggests
that networks extending up to 400 km should have only one observed azimuth
so that systematic errors will only cause a rotation of the network. The
distortion that could be introduced by the use of several azimuth observations
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would be due to an error in the observed relative orientation of azimuth
lines. An error in the mean orientation would only introduce a rotation of the
whole network about the vertical axis. However, if the azimuth observation
weights are chosen appropriately, the azimuth observations should be no
more likely to introduce distortion than direction observations which are also
observations of relative orientation and which can also be affected by
systematic errors. Any observation that can be used to detect geophysical
strain has the potential to cause geodetic strain and should not be
rejected a priori on the grounds of this potential alone. If the azimuth
observations are known to be of poor quality then the decision may be made
to reject them as with any observation. Alternatively, they may be given such
high a priori variances that they cannot distort the network adjustment.
Otherwise they should be used and be subjected to the same outlier detection
tests used for the direction observations. If they introduce significant distortion
to the adjustment this can be detected at the network adjustment stage.

The principal difference between errors in azimuth observations and errors in
direction observations is that an error in the longitude deflection of the vertical
has a much greater effect on the reduced geodetic azimuths than on the
directions for which the major effect is absorbed by the orientation parameter.
From equation 3.3.1, it is seen that an error of 1" in astro-longitude results in
an error of 0.84" in azimuth at latitude £40°. The a priori uncertainty assigned
to the azimuth observation should account for the uncertainty in the longitude
deflection.

There are 4 observed astro-azimuths (reciprocal azimuths on 2 lines) in each
of the networks analysed here which extend for approximately 100 km. To
check that these multiple azimuth observations do not cause geodetic strain,
adjustments using directions, distances, latitudes, longitudes and 4 azimuth
observations were compared with adjustments using the same directions,
distances latitudes and longitudes, but having only 1 azimuth observation as

recommended by Torge (1980) and Harvey (1985). In the resulting
deformation adjustments the only significant parameter was the rotation w, as

expected. The maximum estimate of ®, was 0.90 + 0.55 arcsec and the
maximum estimate of shear strain y was 0.06 + 1.05 ppm. The variation
between the azimuth observations is therefore significant (as shown by the
significant rotation) but (in this case) does not result in significant shear strain.
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I rotation is estimated from astro-azimuth observations and GPS determined

azimuth, the result will be biased by the error in the longitude deflection of the

vertical. If rotation were determined from repeated astro-azimuths, the rotation

would be biased only by the change in this deflection between epochs which

can be assumed to be relatively small. Can astro-azimuth observations and

GPS can be used to estimate the rotation of parts of New Zealand relative to

each other? The procedure would be:

(i Use GPS to determine azimuths on lines that have had astro-azimuth
observations.

(ii) Determine the rotations between the GPS and astro-azimuth
observations at each point.

(i)  Compare the rotations from different regions to see if any differential
rotation can be detected.

The assumption is made that the astro-azimuth observations are in terms of a

consistent reference system and that any differential rotations are then due

only to observation errors and local or regional tectonic rotation. The azimuth

observations of NZGD-49 would need to be re-calculated using polar motion

and a single stellar catalogue before this assumption could be considered to

be reasonable (see section 3.2.2).

The internal precisions of the NZGD-49 astro-azimuths are an average of
0.46" and a maximum of 0.71" (Lee, 1978). The upper value is taken as an
optimistic estimate of the external precision or accuracy. The astro-
longitudes at the Laplace stations have internal precision of 0.30" to 0.45"
(Lee, 1978) and again, the upper value is taken as an optimistic estimate of
accuracy. If the GPS azimuths are accurate to 1 ppm (0.2") then the GPS /
terrestrial rotations will have uncertainty of 0.86" and the differential rotation
between two azimuth lines will thus have an uncertainty of 1.2". The expected
rotation of central New Zealand relative to other regions since the
observations for NZGD-49, is 1.5" (0.03"/yr for 50 years; see section 2.3.2).
Therefore, even with the optimistic accuracies chosen and the assumption that
there is no uncertainty or change in the reference systems, the rotations will
only just be significant at the 1o level. There are only 12 Laplace azimuths in
the observations for NZGD-49 and thus the relative rotation of different regions
will be determined from only one or two pairs of Laplace azimuths. With such
low redundancy it will be difficult to distinguish between systematic errors and
rotation with a tectonic cause. The other 28 astro-azimuths observed for
NZGD-49 have no observed astro-longitude and if gravimetric deflections of
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the vertical are used, errors greater than the optimistic value of 0.45" used
above can be expected (Kearsley et al 1985). The azimuth observations of the
EDS surveys, beginning in 1980 are more accurate (0.5" as an estimate of the
accuracy of an astro-azimuth) but the maximum tectonic rotation between
different regions in New Zealand in the 5 to 8 years since they were observed
is only expected to be 0.15" to 0.25". Therefore, it is concluded that terrestrial
and GPS observations cannot be used in New Zealand in the near future to
determine tectonic rotations with confidence.

3.4.6 VARIANCE COMPONENT ESTIMATION

The theory of variance component estimation (VCE) is described, for example,
by Welsch (1981) and Caspary (1987) and is applied to combined terrestrial /
GPS networks by Welsch & Oswald (1985); Welsch (1986b). VCE may be
used when networks are observed by terrestrial methods and GPS, and allows
the determination of the relative uncertainties of the different types of
observation. The terrestrial and GPS observations should be simultaneous or
near simultaneous to ensure no appreciable earth deformation.

The relative a priori uncertainties of directions and distances in the Castle
Point - New Plymouth EDS were determined by Hannah (1986) using a
method which is an approximation of VCE. The directions were used in a

triangulation adjustment and the a priori weights scaled to give an a posteriori
variance 302 of unity. The distances were then added to the adjustment and

their weights scaled to give 602 of unity again. The result of this analysis is a
priori uncertainties of 0.005 m + 1.3 ppm for the distances and around 0.74
arcsec or 3.6 ppm for directions. This analysis is not the same as VCE but is
based on a similar principle. It is likely that the result would be different if the
distances had been adjusted first in a trilateration adjustment with the
directions then added in. In the method used, any inconsistency between the
directions and distances is accommodated entirely by an increase in the a
priori distance uncertainties. In VCE it would be accommodated by a change
in the uncertainties of both distances and directions. Thus the estimated
uncertainties of the distances are probably larger from the above method than
if VCE had been used.

In view of the significant shear strains between the 2 trilateration adjustments,
it would seem that the a priori uncertainties of the distance observations are
too optimistic. If VCE had been used they would probably have been even
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more optimistic for the reasons noted above. This highlights the limitations of
VCE, or similar methods, when used in isolation. They are based on the
assumption that all significant errors are randomly represented in the data set
and it is often assumed that a single variance scale factor is sufficient to
account for the errors in one observation type. Observations may form a self
consistent set, as the day or night EDM observations do when taken
separately, and still be affected by undetected systematic errors, such as the
day / night scale factor. VCE, if applied automatically without caution, will then
give undue weight to these observations.

Combined terrestrial / GPS surveys will not be observed at all points of interest
for earth deformation. The technique that is more likely can be thought of as a
calibration of GPS in terms of terrestrial observations. This calibration will be
functional (estimation of translation, scale difference and rotation) and
stochastic (estimation of variance components). These calibrations will then be
used for other surveys where GPS and terrestrial observations are from
different epochs and where earth deformation is to be estimated. Strictly, this
will only be applicable where the nets used in the calibration process are
almost identical to those where the calibrations are applied. This will not be
possible in practice. The early triangulation surveys were slow and thus
conducted under a wide variety of conditions and seasons. One of the
principal advantages claimed for GPS is speed and networks may be
completed in a few days under a limited range of conditions and with a limited
sample of errors.

It is recommended that methods such as VCE be accompanied by attempts to
evaluate the effect of systematic errors. The estimation of strain from subsets of
combined observation schemes, as used in section 3.4.5 for directions and
distances, provides valuable information on the relative accuracy of different
observations and on systematic errors that may have gone undetected
otherwise. A high level of redundancy is required for such analysis. The
techniques of covariance analysis, developed in Chapter 5 and applied in
Chapter 7, will also assist by:
(i) warning of possible under-estimation of errors by VCE and
(i)  determining the relative accuracy of the nets used in the calibration
process and those where the calibration is applied.
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4. GEODESY WITH GPS

4.1. THE GLOBAL POSITIONING SYSTEM

The characteristics of the Global Positioning System may be found in a large
number of publications. For background material the reader is referred to
Remondi (1984), King et al (1987) and Eckels (1987). Only a brief review of
the characteristics of the system is given here but the GPS observation and
adjustment models are described in some detail. These will be used to study
the effects of systematic errors on estimated coordinates and deformation
parameters. This will help in distinguishing between geophysical strain and
geodetic strain. The validity of this analysis depends on both the method of
adjustment and assumptions made about the magnitude and behaviour of the
systematic errors. The systematic errors are studied in Chapter 6.

4.1.1 SATELLITE CONSTELLATION

The systematic error analysis for GPS, is based on the proposed 18 satellite
constellation. The geometry of the constellation is illustrated in diagram 4.1.1.
The simulated satellites are in 6 orbital planes inclined at 55° to the equator
and separated in right ascension by 60°. In each plane there are 3 satellites
separated by 120° in argurhent of latitude (true anomaly plus argument of
perigee). Going from one orbital plane to the next (increasing right ascension)
the argument of latitude of the 3 satellites increases by 40°. The radius of the
nearly circular orbits is approximately 26,500 km (altitude above the earth of
approximately 20,200 km). The satellites complete 2 orbits per sidereal day
(23 hours 56 minutes) during which time the earth completes one rotation
about its spin axis. Thus, relative to the earth, the satellites return to the same
point in the sky after one sidereal day. Due to the symmetry of the 18 satellite
constellation, the satellite geometry relative to the earth is duplicated twice a
day but with different satellites. Satellites 12, 10, 11, 15, 13, 14, 18, 16, 17 (on
diagram 4.1.1) have the same ground tracks as satellites 1, 2, 3,4,5,6,7, 8,9
respectively with a time offset of 11 hours 58 minutes. (Note that the satellite
numbers used here for the Block II constellation are not necessarily those that
will be valid when the satellites become operational.)
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Diagram 4.1.1 Relative Geometry of Proposed Block II Satellites.

In addition to these 18 satellites it is planned to have 3 spare satellites which
will be active (broadcasting). These are also shown on diagram 4.1.1. These
spares will be used to replace satellites that fail. However, their availability is
uncertain and thus only the 18 nominal satellites are considered. The original
proposal for GPS called for 24 satellites and this is still a possibility,
depending on additional funding being made available by the U.S. Congress.

4.1.2 SIGNALS

Codes

The GPS signals are broadcast on 2 carrier waves; L1 and L2, having
frequencies of 1575.42 MHz (wavelength of approximately 19 cm) and
1227.60 MHz (wavelength of approximately 24 cm) respectively. The carriers
are modulated with 1 or 2 pseudo random noise (PRN) sequences known as
the P code and the C/A code. The chipping frequencies of these signals are
10.23 MHz (P code) and 1.023 MHz (C/A code) which correspond to
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wavelengths of 30 metres and 300 metres respectively. The P and C/A codes
are timing signals that allow the time of transmission of the signal to be
determined. Given an identical code sequence in the receiver, the time shift
required to correlate the two signals can be measured. This time shift, scaled
by the speed of light, is the pseudo-range. It is the satellite - receiver range
biased by the difference in clock errors between satellite and receiver. If the
time shift can be resolved to, say, 1% of the wavelength, the nominal precision
of the pseudo-range is 0.3 metres for P code and 3 metres for C/A code.

The P code is modulated on both L1 and L2 frequencies and thus the P code
pseudo-ranges can be measured on both frequencies. As the effect of the
ionosphere on the transmitted signals is dispersive, the P code pseudo-ranges
can be corrected for the effects of the ionospheric delay. The C/A code is only
modulated on the L1 frequency and thus the effect of the ionosphere on C/A
code pseudo-ranges must be determined in some other way or ignored. Both
P and C/A codes are available to all users in the Block I satellites but it is
intended that the P code will not be available for general civilian use with the
Block II satellites.

Given pseudo-ranges to 4 satellites at any instant, it is possible to solve for the
4D coordinates of the receiver position: 3 spatial parameters x, y, z and the
receiver clock error. This assumes that the 4D coordinates (position and clock
error) of the satellites are known and are correct. The specified positioning
accuracy for the Block II system at the 95% confidence level is £ 20 metres
using the P code and + 100 metres using the C/A code (Stein, 1986). If
observations from 2 receivers to the same 4 satellites are available each
epoch, the effect of the satellite clock errors and much of the satellite position
errors cancel in the calculation of the baseline. Accuracies at the 2 to 3 metre
level are possible with this method (Chisholm, 1987). These accuracies are
not generally sufficient for geodetic surveying. For navigation the pseudo-
ranges play a primary role but in geodetic surveying they play a secondary
role, providing extra information for the elimination or estimation of errors. For
example, the pseudo-range observations are often used to synchronise the
receiver clocks at the psec level. The principal observation for GPS geodesy is

integrated carrier beat phase.



Carrier Beat Phase ,

If the receiver can duplicate the P or C/A codes it is possible to remove the
code from the signal and reconstruct the original carrier phase signal.
Receivers with the P code, such as the Texas Instruments Tl 4100, can do this
on both frequencies (with the Block | satellites). For those that only have the
C/A code, such as the Trimble 4000SX or the Wild Magnavox WM101, this is
only possible for the L1 carrier phase. Another technique is to square the
received signal thus generating a "codeless" signal with twice the frequency of
the original carrier wave (King et al, 1987). This technique is used by the
Macrometer V1000 and may be used on both L1 and L2 (e.g. the Macrometer
Il and Mini Mac).

The carrier beat phase observation is the difference between the phase of
the received carrier phase and the phase of a signal generated by the local
receiver oscillator at the same nominal frequency. If both receiver and satellite
frequencies are the same and if there are no changes in the atmospheric
propagation delays, the carrier beat phase changes by 1 cycle as the satellite -
receiver range changes by 1 wavelength (approximately 19 cm for L1 and 24
cm for L2). If this phase can be measured with an accuracy of 1% of a cycle the
measurement precision is approximately 2 mm which is 2 orders of magnitude
better than P code and 3 orders of magnitude better than C/A code. The carrier
beat phase may be thought of as an ambiguous pseudo-range. It is biased by
errors in the satellite and receiver oscillators as pseudo-ranges are, but there
is an additional bias called the integer ambiguity. This bias arises because
the total integer number of cycles in the difference between received and local
oscillator phase is indeterminate. These biases are discussed further in
section 4.2 in relation to the GPS observation equations and in section 4.3.4
on GPS processing.

Navigation Message

The navigation message is a 50 bps signal modulated on both L1 and L2
carriers. It contains the broadcast ephemeris, an almanac (approximate
ephemeris) of all other satellites, clock correction parameters, ionospheric
correction parameters, satellite health and timing information which assists the
receiver in locking onto the P and C/A codes. The broadcast ephemeris is
a predicted or extrapolated ephemeris based on measurements from a set of
monitor stations that continuously track the GPS satellites. The method of
generation of the broadcast ephemeris is described by King et al (1987). Clock
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error parameters are also generated which give the relationship between the
satellite clock and GPS Time (GPST). GPST has the same rate as UTC and,
in theory, differs from it by an integer number of seconds as the leap seconds
applied to UTC are not applied to GPST. In practice GPST is maintained by 3
cesium clocks at the Master Control Station which are "steered" to within 1
usec of UTC as defined by the U. S. Naval Observatory (Percival, 1987).
Satellite manoeuvres may be required from time to time as satellites drift out of
position or as some satellites fail and others are moved to replace them. Any
ephemeris (broadcast or otherwise) will probably be less accurate during and
immediately after such manoeuvres.

4.1.3 COMPARISON WITH TERRESTRIAL GEODESY

GPS observations are independent of the local gravity field at the observation
point. They are dependent on the global gravity field as this affects the motion
of the satellites but at an altitude of over 20,000 km the satellites are only
affected by large scale variations in the gravity field. A geopotential model of
degree and order 8 is considered sufficient for modelling GPS orbits (Rizos &
Stolz, 1985). Station intervisibility is not a requirement of GPS. Network
stations may be chosen on the basis of logistics, geometry or at sites of special
interest for deformation. They may be located in valleys where transport is
cheaper and where the weather conditions are less extreme. This does not
mean that the mountain top trig stations can be completely abandoned for
deformation surveys. They have the longest record of geodetic observation
and should be included, to some extent, in future observation schemes. GPS
is a 3D system and thus the separation of horizontal and vertical control is
eliminated. However the ellipsoidal heights obtained from GPS cannot be
compared directly with orthometric or normal heights derived from levelling.
GPS can theoretically be used in all weather but there may be reduced
accuracy during bad weather, particularly thunderstorms (Ware et al 1985).
Overall GPS has been shown to require much shorter field observation times
than terrestrial techniques although in the early stages of implementation the
extra time required for data processing may partly offset this.

GPS surveys have a number of disadvantages compared with terrestrial
surveys. Firstly, the adjustment models are generally more complex. The
theories of triangulation, trilateration or levelling are well established and the
consequences of assumptions made in setting up the model can usually be
readily understood. This is not the case for GPS carrier phase adjustment. The
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models used to process the data are complex and there is still much to be
learned. The data collection and pre-processing stages for terrestrial
observations are more open to scrutiny and analysis than those of GPS. The
observations that are output by a GPS receiver are the result of substantial
internal pre-processing. While the general principles of this pre-processing
may be understood, the details are often not available to the user where this is
proprietary information. Even in a receiver manufacturing company there may
be few that completely understand all the subtleties of the receiver processing.

The number of observations in a terrestrial geodetic network is much lower
than in a GPS network. The problems of data collection, storage and
processing are not as severe for terrestrial techniques. Archiving GPS data in
a secure, permanent and accessible form will be a significant problem. This
raw data needs to be kept for 100 years or more to allow the use of improved
processing methods and improved tracking station coordinates in the future.
The large number of observations in a GPS survey campaign may also
impose limitations on the quality of the data editing and data processing
procedures that are practicable. Short cuts may be required to avoid extensive
processing backlogs and these may bias the results. The complexity of the
GPS model is such that the effects of such short cuts may not be readily
apparent.
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4.2. OBSERVATION EQUATIONS

4.21 CARRIER BEAT PHASE

In developing the observation equations for carrier beat phase it is useful to
suppose that every clock / oscillator can be compared directly with a "perfect"
oscillator having a known and constant frequency f, in the chosen reference
time scale (e.g GPS Time). The phase of the "perfect" oscillator at time T is
represented by (T). The behaviour of phase with time in general obeys the

relation

T
O(T) = D(To) + [H(T)dT (4.2.1)
To

where {(T) is the time dependent frequency of the oscillator and T, is the
time of a reference epoch. Because the frequency of the "perfect” oscillator is
constant at f,

D(T) = D(Tp) + o (T—Tp) (4.2.2)

The oscillators in the satellites and receivers are used to generate timed
signals such as the P code, C/A code and observation time tags. It is common
therefore, to think of them as clocks and to think of the errors caused by the
variation of frequency as clock errors. This nomenclature makes it difficult to
distinguish between the carrier phase error caused by variations in the
receiver oscillator frequency, and the error in the observation time tag which is
also affected by these frequency variations. The term clock phase error is
used for the former and time tag error is used for the latter. Although the
carrier phase and observation time tags are generated by the same oscillator,
they are generally treated as if they were independent in GPS processing. For
example, the time tags are often corrected according to the clock error
estimates obtained from a pseudo range point position. These corrections will
generally not be accompanied by an equivalent correction to the observed
carrier phase.

The phase of the imperfect satellite or receiver oscillator at time T is
represented by ¢(T) and the clock phase error ¢(T) is defined in terms of the

phase error (¢(T) —CD(T)) . lLe,
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oT) = % (o(T) - @(T)) (4.2.3)

or
o(T) = D(T) + fyc(T) (4.2.4)

In using equations 4.2.3 or 4.2.4 to relate phase to clock phase errors, it is
necessary to account for both the integral and fractional parts of the phase.
This point is important when considering how the phase is actually measured.

Now consider the transmission of a signal from a satellite i to a receiver |.
The time of reception of a signal at receiver j is T;. The time of transmission of
that signal from satellite i is Tji. The transit time of the signal from i to j is

’Cji(Tj) and is defined by

’Cji(Tj) =T,-T| (4.2.5)

The beat phase formed as an observation in the receiver is the difference
between the phase of the received signal and the phase of the local receiver
oscillator. The phase of the received signal at the time of reception T; is
equal to the phase of the transmitted signal at the time of transmission Tji .

Therefore,

Opj (Tj) = 0g'(T) = io5(T;)

= O'(T}) = oie(T)) (4.2.6)
where :
(])b]-i(Tj) = the carrier beat phase for receiver j, satellite i, at reception
¢,ji(Tj)= the received signal phase from satellite i at receiver j attime

T

dj{Tj) = the local oscillator phase of receiver j attime T,
oYi(Tj) = the transmitted signal phase from satellite i at transmission
time Tj

From equation 4.2.4
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where ¢;(T) is the clock phase error of receiver | . Using equations 4.2.2, 4.2.4
and 4.2.5,

OU(T) = @(T}) +fo S(T})
= o(T) —f ’C;(Tj) +fo C(T}) (4.2.8)

where ci(T) is the clock phase error of satellite i . Combining equations 4.2.6,
4.2.7 and 4.2.8

q;bji(Tj)J: —fy (’Cj'(Tj) —ci(Ty) + cj(Tj)) (4.2.9)
The transit time is made up of two parts. The main part is derived from the true
geometric range pji between the satellite at the time of transmission and the
receiver at the time of reception. This is determined by the position vectors of
the satellite and the receiver in the chosen reference system. Given the speed
of the signals (c, the speed of light) the time taken for the signal to travel this
distance can be calculated. It is because of the information on satellite and
receiver position vectors contained in the geometric range, that GPS can be
used for positioning. The value used for the speed of light ¢ is the speed in a
vacuum. The second part of the transit time accounts for the extra time taken
for the signal to travel through the earth's atmosphere. This is caused by a
change in velocity but can also be modelled as a time delay, a phase delay or
as an increase in range. This is written here as a phase correction ¢gimos - It
may be further broken down into terms for different parts of the atmospheric
delay (¢jon for the ionosphere, ¢yop for the troposphere).

fo Tji(Tj) =(fo/cC) Pji(Tj) + Oatmos (4.2.10)

There will also be a random noise associated with the phase measurement
process which can be described by the term ¢pise - Combining equations

4.2.9 and 4.2.10 and including the noise gives the equation

0gf(T)) = — (fo/c ) pj(T) +fo ( (T} — ¢(T)))

— datmos + Pnoise (4.2.11)

The measured carrier beat phase differs from this model in one important
respect. The definition of clock phase error in equation 4.2.3 depends on the
integral and fractional part of the carrier phase. When the carrier beat phase is
measured in the receiver the measurement is ambiguous as to the number of
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integer cycles. This integer is set to some arbitrary value when the satellite
signal is first acquired (e.g. zero). There is an unknown integer number of
cycles n,-i difference between the measured carrier beat phase and the model
of equation 4.2.11. This will be a unique number for each satellite-receiver
pair. It will be constant in time if the receiver tracks the integer number of
cycles after the satellite signal has been acquired. This observation is then
called integrated carrier beat phase. If the receiver fails to track the signal
correctly and the ambiguity changes between epochs then a cycle slip has
been introduced. If there was no atmospheric delay, nj would be equal to the
number of integer wavelengths in the satellite-receiver range at the time of
signal acquisition. In general it also includes the number of whole cycles in the
atmospheric delay at that time.

The model of the measured carrier beat phase must include this integer
ambiguity term. This is given in equation 4.2.12 below.

0u{(Tj) = = (fo/c ) pji(T)) + fo ( CI(T}) — 6(T))

+ Nj' = Patmos + Pnoise (4.2.12)

This is the basic observation equation for integrated carrier beat phase. The
dependence of Onoise @nd damos ON the receiver, satellite and epoch is not
explicitly noted in the equation but it should be remembered that these terms
will be slightly different for every observation. The change in observed carrier
beat phase with time is equal to the change in the following quantities:

satellite - receiver geometric range;

satellite - receiver clock phase difference;

net number of cycle slips;

atmospheric delay and,;

measurement noise.

4.2.2 OBSERVATION DIFFERENCING

The largest unknown terms in equation 4.2.12 are usually the satellite and
receiver clock phase errors and the integer ambiguity. These are known
collectively as the clock biases. An error of only 3 picoseconds in the clock
phase difference between satellite and receiver will affect the GPS L1 carrier
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beat phase by 1 mm (0.005 cycles). A common technique in GPS adjustment
is to form differences between observations to eliminate the unwanted clock
biases, particularly the receiver and satellite clock phase errors.

Between - Satellite Differences

Receiver clock phase errors may be eliminated by forming the difference
between observations from one receiver to two satellites at the same time. The
operator V is used to indicate a between - satellites difference. Using

equation 4.2.12 with satellites 1 and 2 and receiver j
VO2(Ty) = 05! (T;) = 52(T) (4.2.13)

where the two observations have been made at exactly the same time T;. The
differenced observation may be written as

V§i12(T) = = (fo/c) ( pI(T) = pAT)) )
+h (1) = c(T?))
+ M1 = N2 = Voamos + Vdnoise (4.2.14)

Note that the receiver clock phase error has been eliminated.

Between - Station Differences

The satellite clock phase errors may be almost eliminated by forming the
difference between observations from two receivers to one satellite at the
same time. The operator A is used to indicate a between - stations
difference also sometimes referred to, ambiguously, as a single difference.
The observation times are given by the receiver clocks and include receiver
time tag errors, written te;(T;) . Therefore, although the nominal observation or
reception times of the two measurements may be the same, the actual time of
measurement will differ from one receiver to the next. If the nominal reception
time is t (lower case indicating receiver clock time) and is the same for
both receivers then the true time of reception T; at receiver i is given by

Ti=t—1te(T) (4.2.15)
and therefore the difference in observation times is
T1 - T2 = te2(T2) - te1(T1) (421 6)

Using Equation 4.2.12 with receivers 1 and 2 and satellite i



Ad12i(t) = Gp1'(Ty) = 0p2!(To) (4.2.17)
and thus

Ad12i(t) = = (fo/c) ( p41(T4) = p2l(T2) )
+ 1o ( C(T4i) = ci(TS) )
=0 (¢1(T4) = cy(To) )
+ Nyl = Nol = Adatmos + Adnoise (4.2.18)

The satellite clock phase errors do not completely cancel because they refer to
different times. For C/A code receivers the receiver clocks can be
synchronised to GPS time and thus to each other from the pseudo-range
navigation solution. A position error of 300 metres in this solution corresponds
to a time error of 1 pusec. For codeless receivers such as the Macrometer
V1000 the clocks are synchronised directly before the observation session
(King et al, 1987). The transit times to the satellite are different because of the
different satellite - receiver ranges. This difference may be up to 1 millisecond
for a 300 km baseline. The total difference in transmission times from the
satellite is

Ty =Tyl =Ty = T + Ti(T) = T4i(Ty)
= tep(Tp) — teq(Ty) + Tol(To) — Tyi(Ty) (4.2 19)

Assuming that the cesium satellite clocks have a short term stability of at least

1 part in 1019, a difference in the satellite transmission times of 1 millisecond
will result in a difference in the satellite clock phase errors of 0.1 picosecond or
0.03 mm which is insignificant. It is usual to assume that the satellite clock
phase errors at the two transmission times are identical and thus cancel when
the between - receivers difference is formed. Thus,

Ad12i(t) = = (fo/c) ( p1i(T+) = p2i(T2) )
—fo (1(T1) = ¢x(T2) )
+ Nyl =Nl — Adatmos + Adnoise (4.2.20)

Double Differences

This is the term applied to the observation which has been formed by
differencing between satellites and receivers. This double difference phase
may be created by forming the between-satellite difference phase and then
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17)

18)

rto

ds

19)

differencing between stations or by first forming the between-station ditference
and then differencing between satellites.

dpp(t) = Vo112(T1) = Vo, 12(T))
= Adq2'(t) — Ad2(1) (4.2.21)

Assuming that satellite clock phase errors cancel in a between stations
difference, equation 4.2.20 can be used to derive the double difference
observation equation.

opp(t) == (fo/C) ( p11(T4) = p12(T1) — p21(T2) + pA(T2) )
#0411 =n2—ny! +ny2 — AVOatmos + AVOnoise  (4.2.22)

The only clock biases remaining in this equation are the integer ambiguities.

Triple Differences

Parameters which are constant with time may be eliminated by forming the
between-epochs difference. The operator 3 is used to represent this
difference. If it is applied to double difference observations the triple
difference observation results. Equation 4.2.22 may be used, together with
the assumption that the integer ambiguities are constant in time, to derive the
triple difference observation equation. The nominal reception times, in receiver
clock time, are ta and to.

Op(tab) = 8BAV4,12(tab)
= ¢pp(ta) — ¢pp(to)
= — (fo/c) ( p11(Taq) — p12(Tay) — pa'(Tap) + p22(Tap) )
+ (fo/e) ( p1!(Toy) = p42(Tby) — pp(Toy) + p22(Toy) )
— 8AVdatmos + 0AVdnoise (4.2.23)

Note that all the clock bias terms, including the integer ambiguities, have been
eliminated. If the assumption that the integer ambiguity is constant in time is
false, as in the presence of a cycle slip, an extra term will be required. The
triple difference observation is especially useful for cycle slip detection. Not
only have the unknown clock biases been removed, but also the effect of
errors in the other terms such as atmospheric delay, ephemeris error, receiver
coordinate error, are substantially reduced by triple differencing, especially if
the epochs are only a few seconds or minutes apart. Hence cycle slips may be
distinguished from other errors.
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4.3. GPS PHASE ADJUSTMENT

4.3.1 DIFFERENCED AND UNDIFFERENCED MODELS

In simulating GPS phase adjustment, the carrier beat phase observation of
equation 4.2.12 will be used. This is called "one way phase" or "undifferenced
phase" to distinguish it from the more commonly used single, double or triple
differenced phase observations. The name undifferenced phase is, strictly
speaking, a misnomer because it is formed by differencing the received and
the receiver oscillator phases. Nevertheless it is a commonly used name and
will be used in this thesis.

The use of undifferenced phase observations is described by, for example,
Goad (1985), Lindlohr & Wells (1985) and King et al (1987). Lindlohr & Wells
(1985) have studied the fundamental differencing theorem as it applies to
GPS. This theorem may be written as:
"Linear biases can be accounted for either by reducing the number of
observations so that the biases cancel , or by adding an equal number
of unknowns to model the biases. Both approaches give identical
results.” (Lindlohr & Wells, 1985)

Thus the effect of the clock phase errors may be eliminated either by double
differencing or by estimating them at each epoch. This statement is based on
the assumption that the double difference adjustment uses a weight matrix that
accounts for the correlations introduced by differencing. Given a matrix
operator D that creates a vector of linearly independent double difference
observations ¢pp from a vector of undifferenced phases ¢yp

opp = D dup (4.3.1)

and a VCV matrix of the undifferenced phases Qp , the VCV matrix of the
double differences Qpp is

If Qpp , as defined by equation 4.3.2 is used in an adjustment of the double
difference observations ¢pp , the result will be the same as if Qyp had been
used in an adjustment of the observations ¢,p with the clock phase
parameters being estimated for each epoch.
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The number of clock phase parameters to be estimated in the undifferenced
model is large but these parameters may be eliminated from the solution at
each epoch (Goad, 1985). This may be achieved by partitioning and
reducing the normal equations as described for GPS in King et al (1987)
or, for more general applications, by Meissl (1982) and Cross (1983). A
Kalman filter adjustment of the phase observations (see section 4.3.3) will be
used in this study and in such an adjustment, the normal matrix does not
appear. The same effect as that of reducing the normal equations can be
achieved by partitioning and reducing the observation equations at
each epoch. The procedure for reducing the observation equations is given by
Meissl (1982). If the parameter vector is partitioned into common parameters
x. (e.g., station positions) and epoch parameters (e.g., clock phase errors) Xo
then the design matrix A is partitioned similarly. Partitioning the observation
equations for epoch i (see Appendix A for the least squares equations)

(Ac Ae), @:C) —W, 4+, (4.3.3)

gives the reduced observation equations

A 5%, =W, +v, (4.3.4)
where

B, - (1= Ag(Ag P A A, P A 439
and

W = (1= A (AP A)'A,T P )W, (4.3.6)

It is easily demonstrated (e.g. Meissl, 1982) that the reduced normal
equations of Cross (1983) and King et al (1987) can be generated from
these reduced observation equations. King et al (1987) refer to the method
of eliminating clock phase errors by partitioning as implicit differencing to
emphasise that the result is the same as the explicit observation differencing of
section 4.2.2 and equation 4.3.1.

The reduction of the observation equations given, by equations 4.3.5 and
4.3.8, is an extra computational burden not required when the double
difference model is used. It may be argued therefore, that the double
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difference model is preferable, particularly as both methods give identical
results. However, the matrix DQ_;pD" must be formed and inverted for a
rigorous double difference adjustment and this balances the computational
requirements of the two methods. Beutler et al (1987a) discuss the efficient
computation of this VCV matrix for differenced observations. Double
differencing has clear advantages when the observation scheme is simple
(e.g. a single baseline adjustment using data from 2 receivers). When the
observation scheme becomes more complex with a larger number of
receivers, with missing observations, with receivers starting and finishing
observation at different times and with satellites rising at slightly different times
(e.g., when receivers are widely spaced or have different sky visibility), the
undifferenced phase model has advantages. The automatic matrix operations
in equations 4.3.5 and 4.3.6 replace the decision making required to
determine which observation differences should be formed. Bock et al, (1986)
discuss this decision making in the presence of missing observations. They
also demonstrate that double differenced observations may be weighted
according to baseline length to account for propagation and orbit errors. Their
a priori VCV matrix is derived by applying the differencing operator to a VCV
matrix of undifferenced phases Qp according to equation 4.3.2. This Qup is
formed by considering undifferenced observations to be correlated according
to baseline length. This can be achieved directly in the undifferenced case
simply by using the Qp of Bock et al (1986) as the a priori observation VCV.

The undifferenced model is preferred because it offers the flexibility of
alternative methods of modelling the clock phase errors while still allowing
adjustment of the observations in a manner equivalent to double differencing if
desired. Possible alternative clock phase error models include the use of clock
polynomials or the use of a Kalman filter with an appropriate dynamic model
for the clock phase errors. If the observations are differenced to eliminate clock
phase errors then these alternative models cannot be applied. A study of clock
phase error models is beyond the scope of this thesis but the software DASH
developed here has wider applications than the use of GPS data for earth
deformation studies, and the undifferenced phase model was adopted for
greater flexibility.

4.3.2 RANK DEFECT IN THE CLOCK BIAS PARAMETERS
If the estimation of all the clock biases in the undifferenced model (the satellite
and receiver clock phase errors plus the ambiguities), or in the double
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difference model (the ambiguities) is attempted, the normal matrix will be
singular. The rank defect in that part of the design matrix that is associated with
the clock bias parameters is noted in Remondi (1985) and discussed in detail
by Lindlohr & Wells (1985). The size of the rank defect and the reason for its
existence are covered in Appendix B.1. Given R receivers observing S
satellites for T epochs, the total number of clock biases is: RT receiver clock
phase errors, ST satellite clock phase errors and RS ambiguities. If the
normal matrix is formed with all of these clock biases, it has a rank defect of
R+S+T-1. In the double difference adjustment model the clock phase errors
have been eliminated and the RS ambiguities are the only clock biases to be
estimated. If the normal matrix is formed with these RS ambiguities, the rank
defect is R+S—1. One method of overcoming the rank defect, is to hold R+S—1
ambiguities fixed for both undifferenced or double differenced adjustments
and to also hold T clock phase errors fixed in undifferenced adjustments. It is
demonstrated in Appendix B.2, that the ambiguities estimated using this
strategy have integer expectation values.

In the undifferenced model, the T clock phase errors of a reference oscillator
may be fixed as noted in Appendix B.1. This may be thought of as a definition
of the phase datum of the adjustment. R+S—1 reference ambiguities are
then chosen to eliminate the remaining rank defect. These are chosen so that
they provide a phase link between the reference oscillator and every other
oscillator. In Appendix B.1 it is noted that it is the lack of an unambiguous
phase difference between the reference oscillator and the other R+S—1
oscillators that caused the rank defect. A common method of achieving this
phase link, is to hold the ambiguities between a base receiver and all
satellites fixed and the ambiguities between a base satellite and all
receivers fixed. The remaining estimated ambiguities are between non-base
receivers and non-base satellites. This, and other more complex choices of
reference ambiguities, are illustrated in diagram B.2.1 of Appendix B.2.

It has been noted by Lindlohr & Wells (1985), and confirmed numerically in
this study (section 7.4.3), that the choice of reference clock bias parameters
does not affect the estimates of non-bias parameters if the rank defect is
exactly eliminated by the fixed reference parameters (i.e., if the number and
choice of reference clock biases is both necessary and sufficient to eliminate
the rank defect). The method used to eliminate the rank defect is therefore
arbitrary if estimates of the remaining clock biases are of no interest. If,
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however, estimates close to integers are required for the ambiguities so that
they can be fixed to integers in a second adjustment, the choice of reference
clock biases is no longer arbitrary. Using the base receiver / base satellite
concept for undifferenced or double differenced phase adjustment, the
ambiguities from stations close to the base receiver are more accurately
determined than those from stations further away. The choice of base receiver
is therefore important. It should be chosen near the centre of the network to
minimise the distances from it to other receivers. This increases the likelihood
that the ambiguities can be resolved and fixed to integer values. It is not
necessary that the base receiver be at the station with fixed coordinates. Nor is
it necessary that the reference oscillator be that of the base receiver or base
satellite. These points are discussed further in section 7.4.3 where different
choices of base station and base satellite are made in simulated GPS phase
adjustments.

For implicit double differencing, where the clock phase errors of a reference
oscillator also need to be fixed, the choice of reference oscillator is arbitrary
unless the clock phase errors are of interest (unlikely as they are generally
eliminated from the solution). It is not even necessary for it to be the most
stable oscillator, because the clock phase errors are considered to be
independent from epoch to epoch and thus the adjustment does not depend
on the stability, between epochs, of any oscillator.

4.3.3 KALMAN FILTER ADJUSTMENT

The Kalman filter adjustment algorithm is used for the simulations of GPS
phase adjustment. The Kalman filter equations are presented in a notation
consistent with that used for least squares in Appendix A.

The most common application for the Kalman filter in GPS is kinematic
positioning where the receiver is moving. For this study the receivers are static
but there are a number of other parameters that change with time, namely the
clock phase errors, the tropospheric delay, the ionospheric delay and the
satellite positions. The Kalman filter allows a great deal of flexibility in dealing
with these, either as parameters to be estimated or as unmodelled error
sources. One of the processing options available with the Kalman filter
algorithm is that of sequential least squares which in turn is equivalent to a
standard least squares adjustment. In other words, least squares adjustment is
a special case of a Kalman filter adjustment where special conditions have

88




been implicitly imposed on the behaviour of the parameters in time. This is
discussed in Appendix C.

The Kalman filter equations may be found in a number of publications. They
are given in a notation familiar to geodesists in Krakiwsky (1981) and Cross
(1983). Suppose that observations are available at epochs t; ,ty, t5, ..., t, ...,
t, and that the parameters are to be estimated at each epoch. There are two
functional models. The primary or observation model for epoch t; is

W, +V, = Ai Sxi (437)

where the parametric model of Appendix A has been adopted. The
secondary or dynamic model describes the behaviour of the parameters
in time. The recursive equation

X; = (Di Xi.1 +Y; (438)

is used where @; is the transition matrix from epoch t_, to epoch t; and y; is
the vector of errors in the dynamic model as embodied in the transition matrix
®,; . The dynamic model errors are assumed to have zero mean, to be
uncorrelated between epochs and it is assumed that y; and x;, are
uncorrelated. The y; have the same role in the secondary or dynamic model
as the residuals v; have in the primary or observation model. The
observations /; and thus the misclose vectors w; are also assumed to be
zero mean, uncorrelated between epochs and uncorrelated with x; 4 .
Equation 4.3.8 can be expanded in terms of the a priori parameter estimates
x% for epoch t; and the parameter corrections OX; .

X%+ 8% = @; (X%q + 8Xiq ) + Y, (4.3.9)
and propagating the a priori parameters according to

X% = @; x°, (4.3.10)
gives

8% = @; 8X, ¢+, (4.3.11)

The Kalman filter estimation procedure has two steps based on the

. A
observation and dynamic models. Given a least squares estimate 8x;.4 for the
parameters at epoch t._;, the dynamic model is used to predict values for the
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parameters at epoch t;. This is the prediction step. The predicted parameter
correction vector is written 8X; where the symbol ~ denotes a prediction

based on a least squares estimate. The second step is to use the observations
and the predicted parameters to produce a least squares estimate 89(i . Thisis

the filtering step. A third step may also be employed called the smoothing
step. This involves the recalculation of earlier estimates 8x; to 8%, using
the new information contained in the observations of epoch t;. For a given
epoch t;, the predicted parameters 8X; are derived from observations up to
and including t 4 ; the filtered estimates &% are derived from observations up
to and including epoch t, and the final smoothed estimates are derived from
observations up to and including the final epoch t, . Smoothing will not be
considered further in this thesis. The interested reader is referred to Merminod
& Rizos (1988).

The VCV matrix of the parameters is also propagated forward at the prediction
and filtering steps. The equations for the prediction step are

8X; = @, 8%;.4 (4.3.12)

Q. =00, 27+Q, (4.3.13)

For the Kalman filter equations, the notation of Bierman (1977) is adopted,
where the predicted and filtered VCV matrices are written 6)( and 6)( rather
than as Q; or Q} as is used for least squares in this thesis. This notation
reflects the fact that the VCV matrices are passed through the prediction and
filter steps in a similar manner to the parameters.

The filtering step begins with the calculation of the gain matrix

G =Q, AT (Q;+ A QAT (4.3.14)
Next the filtered estimate of the parameters is calculated according to

8% = (1 - G; A)) 8% + G;w, (4.3.15)
and by propagation of variances

&, =(1-GA)Q (1-GA) +G QG (4.3.16)
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which can be shown (e.g. Krakiwsky, 1981; Cross 1983) to simplify to

~

Q, = (1-GA)Q, (4.3.17)

The five equations 4.3.12 - 16 or 17 are the Kalman filter equations and are
applied at every epoch for which observations are available. Only one matrix
inversion is required (in equation 4.3.14) and the order of this matrix is the
number of observations in that epoch. Equation 4.3.16, while requiring greater
computational effort than the commonly used 4.3.17, is more numerically
stable (Bucy & Joseph, 1968) and has been implemented in the software
DASH developed for this thesis. See Bierman (1977) for a detailed discussion
on numerical stability in the Kalman filter algorithm.

The Kalman filter estimation procedure needs to be started with an initial
estimate and VCV matrix of the parameters. For example, given pseudo
observed values of the parameters I, (see Appendix A on least squares
adjustment) and a VCV matrix Q, , these could be used as the predicted
estimates for epoch t; . The misclose vector of the pseudo observed

parameters is
w, = I, —x°% (4.3.18)

and will be zero if the a priori parameters x°; are set equal to the pseudo
observed values. For epoch t;

5%, = W, (4.3.19)

Q, =Q, (4.3.20)

The Kalman filter equations 4.3.14 - 16 or 17 are then used to calculate the
filtered estimate for epoch t; and so on.

4.3.4 AMBIGUITY RESOLUTION

Ambiguity resolution is generally considered to be the key to accurate
horizontal positioning with GPS. If the ambiguities are well determined in the
phase adjustment it may be possible to hold them fixed at integer values in a
new adjustment. This is often called "bias fixing" although the name itself is
ambiguous as the integer ambiguities are only some of the biases found in
GPS observations. The horizontal coordinates of the "ambiguity fixed"
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solution, particularly the east component, are generally more accurate than
those of the "ambiguity free" solution provided the ambiguities have been
fixed to the correct integer values. It is demonstrated in the simulations of
section 7.3, that the heights are not greatly improved by resolving the
ambiguities.

The ability to resolve the ambiguities depends on the change in satellite
geometry and thus on the length of the observation period. The ambiguities
estimated are, in effect, double differenced with respect to the reference
ambiguities of the base receiver and base satellite (see Appendix B.2). Thus
their estimation is affected by those errors that are not eliminated by double
differencing. The largest of these are tropospheric delay, ionospheric delay,
orbit errors and errors in the origin station coordinates. The effect of these
errors on double differences, and thus on the estimated ambiguities, increases
with an increase in the distance from the base receiver to the receiver
associated with the ambiguities to be estimated. (In a 2 station or baseline
solution it is simply dependent on the length of the baseline.) The distance at
which ambiguity resolution becomes difficult depends on the magnitude of
these errors and is therefore quite variable. Using standard processing
techniques it is generally accepted that the ambiguities can usually be
resolved for baselines up to 20 - 30 km and that it becomes increasingly
difficult beyond this distance. If dual frequency observations are used to
eliminate the ionospheric delay; if water vapour radiometers (WVRs) or
tropospheric estimation are used to minimise the tropospheric delay; and if
orbits are estimated, then the distance over which ambiguities can be resolved
will be increased significantly. For example, Blewitt (1988) cites a GPS survey
with baselines up to 1933 km in which 94% of the ambiguities were resolved
at the 99% confidence level.

There are a number of different strategies used to choose the correct integer
values for the ambiguities. A number of different sets of hypothesised integer
values for all ambiguities may be created with a test for the set with the lowest
VPV (e.g. TRIMVEC™ Trimble Navigation Ltd, 1986). This has the
disadvantage that the ambiguities must be either all resolved or all
unresolved. A search for all ambiguities that are within 3 standard deviations
of a single integer value may be used with these then resolved and the
adjustment re-run to see if the determination of the remaining ambiguities is
improved (e.g. PoPS™, WM Satellite Survey Company, 1987). A "bank" of

92




Kalman filters may be used to find the correct integer values (e.g. NOVAS,
Wanless & Lachapelle, 1988). Blewitt (1988) outlines various strategies for
ambiguity resolution. A study of the best strategy for ambiguity resolution is
beyond the scope of this thesis. In the GPS phase adjustment simulations of
Chapter 7, an iterative or progressive ambiguity resolution scheme is adopted
similar to that of PoPS in which the best determined ambiguities are fixed to
integers in a second adjustment. The remaining ambiguities from this second
adjustment are then tested to see if they can now be resolved and, if so, fixed
to integers in the next adjustment, and so on. If the errors in the ambiguities
are large then the ambiguity free solution will be the best that can be achieved.

4.3.5 DUAL FREQUENCY

As noted above, one of the error sources that may prevent ambiguity
resolution over long lines is that of ionospheric delay. If carrier phase
observations are available on both L1 and L2 frequencies, a combined
ionosphere free phase observable, written L1/L2 can be formed (e.g.
King et al 1987). This, unfortunately, increases the influence of other error
sources such as multipath (Schaffrin & Bock, 1987). On short baselines, where
the ionospheric delay is virtually the same for both receivers and thus cancels
in the explicit or implicit double differencing, it is best to form separate
solutions for L1 and L2 and calculate the mean to reduce this noise. On longer
lines (over 10 km , Hatch & Larson, 1985) the differential ionospheric delay
may be large enough for the combined L1/L2 observable to be preferable.
Schaffrin & Bock (1987) present a unified processing scheme with a priori
constraints on the ionospheric delay which is equivalent to the mean of L1 and
L2 for short baselines and to the combined L1/L2 for longer lines. This uses
double difference observations (explicit double differencing) but the a priori
VCV matrix of the double difference observations is constructed from a VCV of
the undifferenced observations in which correlations are introduced for
baseline dependent errors. Thus the method could be adapted to the
undifferenced model used here (implicit double differencing).

Georgiadou & Kleusberg (1988) use the ionospheric delay, determined from
dual frequency observations at one station, to estimate parameters of an
ionospheric model. They use polynomials of first order in latitude and third
order in hour angle of the sun. This model is then used to correct the single
frequency observations from other stations. A combination of this approach
and that of Schaffrin & Bock (1987) would be possible in which the
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ionospheric parameters were estimated at the same time as the other geodetic
parameters and where all observations (L1 from single frequency receivers,
L1 and L2 from dual frequency receivers) were processed together.

An analysis of such techniques is beyond the scope of this thesis and in the
simulations used here, one observation per receiver, per satellite, per epoch
will be used. This may be thought of as being an ionosphere free observation
such as L1/L2 or a corrected single frequency observation using the model of
Georgiadou & Kleusberg (1988). Alternatively it may be considered to be an
uncorrected single frequency L1 observation, in which case the effect of
ionospheric delay on the solution should be considered.
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4.4. GPS DATUM DEFINITION

If the datums of the terrestrial and GPS networks are defined by minimum
constraints, e.g. by holding thevappropriate number of parameters fixed or by
the inner coordinate method (Pelzer, 1971), the datum definition will have
introduced no strain. The estimates of translation, orientation and perhaps
scale will then be affected by the datum definition but the strain parameters will
be invariant.

For a terrestrial network the origin may be defined by holding the coordinates
of one point fixed. The orientation may be defined by zenith distance and
azimuth observations or by 3 more fixed coordinates of at least 2 more points.
The scale may be defined by measured distances or another fixed coordinate.
If necessary, the gravimetric datum may be defined by fixed deflections of the
vertical at one point and either a fixed geoid height or a value for the
geopotential at some point. In short the definition of the datum is reasonably
transparent and it is relatively easy to ensure that it is not over-constrained.

In GPS adjustment the datum definition is more complex and is generally over-
constrained. The reference system is defined, in part, by a set of tracking
stations which are used to generate satellite ephemerides. There are no direct
observations between these tracking stations and the stations of the survey
network. The datum definition is transferred from the tracking stations to the
survey stations via the satellite ephemerides. This is commonly a two step
process with an orbit adjustment which produces satellite ephemerides
followed by a multi-station adjustment where the orbits are held fixed. (The
term multi-station includes the case of a baseline adjustment for which the
number of stations is 2.) Alternatively, these two steps may be combined in a
single orbit / station adjustment where both satellite ephemerides and survey
station positions are estimated. The distinction between tracking stations and
survey stations is then blurred as observations from all stations contribute to
the orbit adjustment. The datum definition of the multi-station adjustment with
fixed orbits and the combined orbit / station adjustment will be examined
briefly. Both of these types of adjustment will be assessed in the covariance
analysis of Chapter 7.



4.4.1 MULTI-STATION ADJUSTMENT WITH FIXED ORBITS.

The fixed satellite ephemerides, together with the force model, define a datum.
The elements of any satellite would be sufficient, in theory, to define the origin,
orientation and scale of an earth centred quasi-inertial reference frame. If the
earth rotation parameters (polar motion and UT1) are considered to be known,
an earth centred - earth fixed reference frame is also defined and the positions
of receivers may be estimated in terms of this datum. If more than one satellite
is held fixed the datum is over-constrained. If the ephemerides have been
determined from a regional tracking network that surrounds, or is close to, the
survey network, it is likely that the datum definitions inherent in each
ephemeris will be consistent with each other and with that of the tracking
network. If they have been generated from a network with a preponderance of
tracking stations distant from the survey (say in the northern hemisphere for a
survey in New Zealand) the possibility of discrepancy between these datum
definitions is greater.

The estimation of receiver position relative to the geocentre is much weaker
than the definition of the relative geometry of the survey network. If all station
coordinates are estimated, the normal matrix will be non-singular but will be ill
conditioned and the inversion may be numerically unstable due to the high
correlations between the estimated coordinates. In such cases, systematic
errors tend to have a disproportionately large effect and thus it is usual to hold
the coordinates of one station fixed. This is a further over-constraint of the
datum. Large errors between the fixed coordinates adopted and the unknown
true coordinates of that point in the satellite ephemeris reference system, will
distort the network. This is examined further in Chapter 7. Remondi (1984)
suggests solving for the average and difference of the station coordinates in a
two station (baseline) adjustment. This would be equivalent to holding one
station fixed, estimating the coordinates of all other stations and estimating a
translation of all stations relative to the datum of the satellite ephemerides. The
accurately determined relative geometry is thus separated from the weakly
determined absolute position. Another alternative is to estimate the
coordinates of all stations by Bayesian estimation using a priori weights on
the coordinate parameters (Bossler, 1972).

As noted above there is a definition of scale in the satellite ephemerides and
the force model. The chosen value of the gravitational constant, GM, is
effectively a scale factor for the size of the orbit. With GPS measurements, the
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phase observable is converted to range through the speed of light. Thus there
are two, possibly different, definitions of scale. In practice, any discrepancy
between the scale defined by GM and that defined by the speed of light is
unlikely to be distinguishable from an error in the atmospheric propagation
model.

4.4.2 COMBINED ORBIT / STATION ADJUSTMENT.

There are various ways to define the datum in a combined orbit / station
adjustment. The fiducial station concept (e.g. Davidson et al, 1985) is
implemented by holding the coordinates of a number of tracking or fiducial
stations fixed and estimating the orbits and coordinates of the survey stations.
If six coordinates of three stations (e.g. 3 coordinates of one point, 2
coordinates of another and one coordinate of the third) are held fixed, the
origin and orientation of an earth fixed datum are defined. Scale is defined by
the observations. Typically, at least 3 points (9 coordinates) are held fixed (e.g.
Davidson et al, 1985; Delikaraoglou, 1987) and thus the datum is over
constrained. It is usually assumed that the coordinates are geocentric and that
they are in terms of the axes of the reference system used to determine polar
motion and UT1. There is potential for distortion of the adjustment if these
assumptions are not correct. The satellite motions are sensitive to the true
position of the geocentre and the model of satellite - receiver range is also
sensitive to earth rotation. One of the advantages of the fiducial station concept
is that the datum can be defined in the same way for each GPS campaign.
Thus if deformation is to be determined from repeated GPS surveys, good
results may be obtained from the fiducial station method. Any distortion caused
by incorrect fiducial station coordinates will tend to be the same for both
epochs (assuming no significant tectonic motion of the fiducial stations relative
to each other) and will thus cancel. This investigation is principally concerned
with the combination of terrestrial and GPS data and in this case the
distortions due to fiducial station coordinate errors will not cancel.

An alternative datum definition is the free net concept (Beutler et al 1985)
where the datum is defined by a priori weighted observations of all satellites
in a Bayesian estimation scheme and by the coordinates of one station which
is held fixed. The datum definition of the free net scheme is less "repeatable”
because the a priori ephemeris errors will change from epoch to epoch and
this may, or may not, be reflected in a change of the VCV of the a priori
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satellite elements. However the free net scheme will be less subject to the
distortions of an over defined datum.

There is a third possible option between these extremes in which the datum is
defined by a priori weighted observations of the station coordinates and
possibly also the satellite elements. The origin could be defined by 1 fixed
station or by the weighted observations of all station coordinates. Coordinate
variances should allow for possible tectonic motion of the tracking stations.
Where station coordinates are very accurate this method will tend to the
fiducial station method. Where they are poorly determined it will tend to the
free net method. There are a number of advantages of such a scheme. There
will be less distortion from an over defined datum than for the fiducial station
method. The solution will have greater geometric strength than the free net
concept and should thus be less sensitive to other systematic errors. Where
good tracking station coordinates are not available, (e.g., New Zealand) they
may be progressively improved over a number of GPS campaigns.

A common method used in network densification is to hold the coordinates of
primary control points fixed and to distort the new data to fit. This avoids
constantly changing coordinates for the primary control. However, it is well
recognised that this technique is not appropriate for deformation adjustment.
The fiducial station concept is equivalent to this method. It has proved useful in
the U.S.A. where station coordinates are accurate and regularly monitored by
SLR or VLBI. Despite this, there seems little justification for holding
coordinates fixed which are known to have errors, however small. In New
Zealand there are no VLBI or SLR stations and only TRANSIT Doppler
coordinates with uncertainties of several meters are available to provide a
geocentric datum. An SLR site and VLBI sites are available in eastern
Australia more than 2000 km to the west of New Zealand and another SLR site
is in West Australia over 5000 km from New Zealand. For the 1987 Australian
GPS orbit determination pilot project (Rizos et al ,1987) observations were
taken at 4 stations in Australia and one in New Zealand. Two of the Australian
stations are adjacent to SLR sites and the remaining 3 have TRANSIT Doppler
coordinates. Rizos et al (1987) note that the free network concept is more
appropriate to this project than the fiducial station concept because of the
uncertainties in the a priori station coordinates. They also intend to investigate
Bayesian estimation using a priori station coordinates and satellite elements
to define the datum.
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4.5. GPS NETWORK AND DEFORMATION ADJUSTMENTS

The preceding discussion has been of the GPS phase adjustment, or
session adjustment, using data from receivers that are simultaneously
observing a set of satellites in one observing session. It is unlikely that enough
receivers will be available to simultaneously observe from all stations in the
network. The results of several observing sessions can be combined in a GPS
network adjustment. The coordinates that result from the network
adjustment can be used, together with coordinates of a terrestrial network
adjustment, in a terrestrial / GPS deformation adjustment. The GPS
data will then have passed through 3 successive adjustments. The GPS
session and network adjustments could be combined in a multi-session
adjustment as described by Rizos & Stolz (1988). This model has advantages
where orbits are to be estimated as the orbital parameters can then be
common to all observing sessions. However, for large networks and long
observation campaigns, the number of observations and parameters in a
multi-session adjustment may be a considerable drain on computer resources.
For the simulations used here, each GPS observing session will be adjusted
separately. The network of stations observed in a single session is referred to
as a "sub-network".

The deformation parameters can be estimated directly from the terrestrial
coordinates and the GPS sub-network coordinates without the need for a GPS
network adjustment. This is easily implemented using existing deformation
adjustment software by extending the parameter set to allow a different set of
translations for each GPS sub-network. It is implicitly assumed that each of the
sub-networks have the same orientation and scale but that they have different
origins due to the standard practice of holding one arbitrarily chosen station
fixed in each session adjustment. This model will be used for the simulations
as it allows the effect of systematic errors on deformation parameters to be
studied without the need to propagate the errors through the network
adjustment stage. The parameters estimated are:

6 strain parameters

3 rotations

3 translations for each GPS sub-network
If the horizontal strain model recommended in Chapter 3 is adopted. the 3
vertical strain parameters will be held fixed.
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This model is convenient for simulations but it is not recommended for
processing GPS data for deformation analysis in practice. On the contrary, the
GPS network adjustment step is an important part of the data editing and
validation process required before deformation analysis begins. For example,
errors in locating the antenna relative to the station mark may be detected at
the network adjustment stage and anomalous results due to receiver
malfunction or severe multipath may also be detectable. The repeatability of
re-measured lines will be a guide as to the reliability of the GPS results
although repeatability is not synonymous with accuracy and constant errors
may be present that don't affect the repeatability.

The assumption that all sub-networks have the same orientation and scale is
usually also made in a GPS network adjustment. It may be advisable to verify
this by estimating rotation and scale parameter for each GPS sub-network
also. These could then be tested for significant differences. Each GPS session
would then require a minimum of 3 stations and preferably more. This
highlights the complexity of datum definition in GPS adjustment as discussed
in section 4.4. In a terrestrial network the datum is defined once for the whole
network but there is a different datum definition for each of the GPS session
adjustments that are combined in a GPS network adjustment. It will be
assumed here that there are no significant scale or rotation differences
between the GPS sub-networks.

Each station has only one set of terrestrial coordinates but may have several
sets of GPS coordinates if it has been occupied in more than one observing
session. Observed terrestrial coordinates are required for each point in the
GPS network but, in practice, some GPS stations could have been included to
provide strength to the network or to provide more accessible stations for
future deformation surveys. Orbit tracking stations may have been used
outside the zone for which the assumption of homogeneous strain is valid. If
the network and deformation adjustments were separate these additional GPS
points could be included in the GPS network adjustment but left out of the
deformation adjustment. In the chosen combined network / deformation model,
this problem may be overcome by adding approximate pseudo observed
terrestrial coordinates for the extra points with a priori uncertainties so large
(say 100 metres) that the extra observations do not affect the deformation
adjustment.
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The deformation model used is similar to the models described by Harvey
(1985). For GPS coordinates Xgpg;; of station i in sub-net j and
corresponding terrestrial coordinates Xxygg; the model is given by

xGPSij — (S + R) XTERI ™ t] =0 (451)

where S and R are the strain and rotation matrices and where tj is the
vector of translations for sub-net j. Adopting the topocentric model described
in section 2.2.2

S=| €en ©nn €nv (4.5.2)

R = —(,L)V 1 (l)e (453)

= (e by 1) (4.5.4)
and

Xapsi = (&, Nj» Vi) (4.5.5)

XTeRi = (€, Ny, Vi) (4.5.6)

Linearising these equations in the general least squares model described in
Appendix A gives

Add+Bv-w=0 (4.5.7)

where A is the matrix of partial derivatives of the equations with respect to the
deformation parameters d, B is the matrix of partial derivatives of the
equations with respect to the coordinate observations Xgpsj; and Xtegi » and
w is the vector of miscloses. This has solution (from equation A.1.17 in
Appendix A)

A

5d=(AT(BQB")"A+Q," )" AT (BQB' )" w (4.5.8)
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where Q is the VCV matrix of the "observed" coordinates and where Q, is
the a priori VCV matrix of the deformation parameters. The A; matrix for
station i and session j is

e, 0 0 n v 0 0 -v; n 1t 0 0
Aj=— 0O n 0 ¢ 0 vi v 0 -¢g 0 1 0
0 0 Vi 0 e n —-n e 0 0O 0 1
(4.5.9)
d = (eee €nn €y €en Coy €y W Wy O, . . tej tnj th o )
(4.5.10)

where the vector d' indicates the order of the parameters. The B matrix for
station i and sub-net j has the form

Bj=(0..0I10..0-S+R 0 . .0) (4.5.11)

where the identity matrix I contains the partial derivatives of the equations
with respect to Xgpgj; and where —(S + R) contains the partial derivatives of
the equations with respect to x1ggr;. The a priori estimates of the deformation
parameters are used to calculate (S + R) and if the a priori model assumes
zero strain and zero rotation then (S + R) =1. Inthiscase B issimply a
differencing operator to generate terrestrial - GPS coordinate differences from
the terrestrial and GPS "observed" coordinates. As a simple example, consider
the case where the 3 sides of a triangle are observed in separate sessions.

Sub-net Stations
1 1,2
2 1,3
3 2,3

The observation vector is

/XTGPSH \

.
X GgpPs21
.
X GPsi2
xT
GPS32
.
I =] X gps23 (4.5.12)
T
X Gps33
T
X TER1
.
X TER2
TreRs /
X TER3
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and if the a priori estimates of strain and rotation are zero, the B matrix is

(1 0o o0 o0 O O -1 O o\
o 1 0 0o O 0 o0 -I O
0 0 0 0. 0 O (4.5.13)
o o o I O O o 0 -I
o o o o I O o -1 O
\o 0o 0 o0 o I

0O 0 -I
J

where each of the sub-matrices is of order 3 x 3. The partial derivatives in
equations 4.5.9 and 4.5.13 are for the topocentric model where the
coordinates and VCV have been converted to the topocentric system.
Equations for such conversions are given in Appendix G.

The design matrices A and B given above are used in the program
COSTRAIN (described briefly in Appendix F) to propagate the errors of
simulated GPS session adjustments through to the parameters of a combined
terrestrial / GPS deformation adjustment. The theory for this is given in section
5.6.
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5. COVARIANCE ANALYSIS
5.1. SIMULATIONS

Simulations have a useful part to play in geodesy. When used before an
observation campaign begins, they allow the testing of different observation
schemes to ensure that the campaign objectives can be met in the most
efficient manner. If adjustment software is to be written or modified, new
models can be tested in a relatively simple form before the complexity of the
full adjustment software is implemented.

The feature of simulations that is their principal advantage, namely that no
observations are required, also leads to their principal disadvantage. The
results are dependent on the assumptions made in formulating the adjustment
model and these are not directly tested against the reality of observations.
These assumptions are usually partly based on the results of other earlier
adjustments. Of course, the circumstances of the campaign that is to be
simulated may be different from those on which the assumptions are based.
For a new observation technique like GPS, the assumptions will be more
tentative than for established techniques like triangulation. However this is
where simulations have their greatest value as there is less "established
wisdom" on the best way to design an observation scheme for GPS than for
triangulation. For conventional terrestrial observations the principles of
network design are well known to surveyors, almost instinctive, and
simulations are only needed to choose the best of several, basically sound,
observation schemes. For GPS the basic rules of optimum observation
scheduling have not yet been completely defined. The questions of satellite
geometry, network geometry, tracking station geometry where orbits are to be
determined, choice of parameters to be adjusted and the accuracy rather than
the precision of the results need to be addressed. Simulations of specific
observation schemes and adjustments assist here. To determine the accuracy
of simulated adjustments, the technique of covariance analysis can be used.

Simulations, in their simplest form, involve the calculation of the VCV matrix of
the adjusted parameters. Adopting the parametric least squares model
described in Appendix A.2,

L = f(x) (5.1.1)
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in parameters x and observables L . The linearised observation equations
are

W+ V= A dx (5.1.2)

The stochastic model is defined by the VCV matrices of the observations Q
and of the parameters Q,o . The VCV of adjusted parameters is

Qy = (ATPA + P o) (5.1.3)

If a Kalman filter adjustment is proposed the dynamic model must also be
defined by the choice of ® and Q, (see section 4.3.3 ). The recursive

equations

Q,-Q, o' +q, (5.1.4)
G=Q,AT(Q+A Q AT) (5.1.5)
&,=(1-G,A)Q, (5.1.6)

are used starting in the first epoch with
6)(1 = Q,0 ‘ (5.1.7)

Simple simulations such as those above give the precision of the parameter
estimates. They are based on the assumption that the functional and
stochastic models are correct, and that there are no systematic errors. For
deformation analysis the effects of systematic errors on the solution are of
prime importance and the accuracy of the solution is required. Assumptions
will still be required about the magnitude and behaviour of the systematic
errors. These can be made more plausible than the simple assumption that
systematic errors are zero.
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5.2. COVARIANCE ANALYSIS IN LEAST SQUARES

The study of systematic errors in simulated least squares adjustments is
known variously as covariance analysis, sensitivity analysis or
consider analysis (Gelb, 1974; Bierman, 1977). These names arise
because the cross-covariance matrix between systematic biases and the
estimated parameters is used to determine the sensitivity of the solution to
unadjusted parameters that are considered to be biased. The equations for
covariance analysis in least squares adjustment may be found in a number of
publications including Hatch & Goad (1973) and Bierman (1977). They are
derived here as a means of introducing the notation and as a preparation for
the more complex case of covariance analysis in a Kalman filter adjustment.

Systematic errors are considered to be errors in the a priori values of
parameters that are not adjusted in the least squares (or Kalman filter)
adjustment, but which are an integral part of the functional model. These may
be physical constants that have been derived empirically and which are not
known exactly. They may be observed, calculated or assumed values of
variables used to reduce the observations or to generate the computed
observations. They will often not appear explicitly in the model but appear
implicitly in assumptions on which the model is based. For example, a
triangulation adjustment model may be based on the assumptions that light
waves travel in a straight line and that the theodolite and observed target are
vertically over the station marks. The unadjusted parameters are then
horizontal refraction and station eccentricity. The adjustment models for EDM
and GPS observations may be based on an assumed speed of light through
the atmosphere. The unadjusted parameter is then atmospheric delay. Errors
in the a priori values of these parameters affect the misclose vector w, either
through "correction” of the observations by an imperfect pre-processing step or
as errors in the calculated observation. These systematic errors in the
misclose vector w lead to perturbations in the solution. The model on which
the observation equations are based (equation 5.1.1) is extended to explicitly
include these unadjusted parameters. The complete model is

L =f(x, s) (5.2.1)

where s is the vector of unadjusted parameters. The a priori values s° for
these parameters have systematic errors 0s.
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0s =8°—s (5.2.2)
The computed misclose vector w¢ is

we =] —f(x0, s°) (5.2.3)
whereas the actual or true misclose vector is

wa =] —f(xo, s)
=1 —f(x°, 80 — §s)
=1 —f(xo, s°) + (g—;) os
= WC + A, BS (5.2.4)

The matrix of partial derivatives A describes the behaviour of the
systematic errors and the vector 8s describes their magnitudes. Note that
here the error 3s is defined in the opposite sense to the correction &x. The
complete linearised model is

)
we+v=(A, A (__6’;} (5.2.5)
we + A ds +v=A, dX (5.2.6)
wa +v=A X (5.2.7)

The model used in the computations is

we+v=A éSx (5.2.8)
The actual solution is

%@ = (A,'PA, + P,o )™ (ATPwa + Pyo (I, — x9))

= (APA, + Po )" (A,/PWC + P,o (I, —x°)
X X
+ (A,'PA_ + P,0)" A,'PA, 8s (5.2.9)

(Note that this is the solution that would be obtained if the true values s were
used. It is not the same as the solution that would be obtained if the
parameters s were adjusted.) The computed solution is
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5%° = (ATPA, + P,o )" (A,TPwWe + Pyo (I, — x°))
= Qe (ATPWe + Po (I, — x9)) (5.2.10)
where
Q¢ = (A,’PA, + Po )" (5.2.11)

is the computed VCV of the adjusted parameters and indicates their
precision. The perturbation of the computed solution due to the systematic
errors is therefore given by

p=—Qu ATPA,5s (5.2.12)

where

p = 5%C — 5%2
A A
= X¢ — X2 (5.2.13)

Equation 5.2.12 may be written as

p = C3s (5.2.14)

C=-QAPA (5.2.15)

where C is the cross covariance matrix between 6 and &s and is known as
the sensitivity matrix.

There are now two options for the use of equation 5.2.14. Given a vector of
known systematic errors &8s, the perturbations f) may be calculated. Note that
the perturbations to the solution vector can be calculated without calculating
the solution vector itself. Thus, this technique can be used in simulations. This
type of analysis is especially useful if there is a choice of different values for
the a priori parameters s° and the effect on the solution of this choice is
required. For example, in GPS adjustment there may be several values for the
coordinates of the fixed origin station(s) based on different earlier adjustments.
There may be alternative integer values for the ambiguities that are to be fixed
or a choice of different satellite ephemerides. This type of analysis is used by
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the program ORAN and equation 5.2.12 appears in the mathematical
description of the program (Hatch & Goad, 1973). It is an option of the program
DASH developed for this investigation. (See Appendix F for a brief
description of ORAN and DASH.)

The second option is to consider the systematic errors 8s to be stochastic
variables with known variances and covariances. In practice this is often closer
to reality. The magnitude of the systematic errors is not known (if it were known
the model could be corrected) but some idea of their variances and, possibly,
covariances is often available. In other words, the vector ds is assumed to
have zero expectation value and known VCV matrix Qg

E(ds) =0 (5.2.16)
E(ds 8s™ ) = Q, (5.2.17)
Applying the law of propagation of variances to the equation

X@ = X¢ — Cds (5.2.18)
and assuming that X and s are uncorrelated,

Qg2 = Qg + €Q,CT

where Q¢ is the computed VCV of the parameters given in equation 5.2.11
and where the perturbation covariance matrix is

Q= CQ,C’ (5.2.20)

The actual VCV matrix Q2 is also called the consider covariance matrix
(Bierman, 1977).

It was assumed above that the systematic errors are not correlated with the

computed parameters. This is dependent on their being uncorrelated with the
observations I or the pseudo observations of the parameters [ . If any of the
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a priori values of the unadjusted parameters s° have been derived from an
earlier adjustment of the observations [ (or observations correlated with ')
then this assumption will not be valid. Similarly it will not be valid if, for
example, [, and s° were derived from a common adjustment. If the
correlations between s° andl, orl are non zero and known, equation
5.2.19 can be extended to account for the cross-covariance matrix between
the adjusted parameters and the perturbations. The assumption that these
correlations are zero is usually reasonable and will be adopted for the
remainder of this development.

The matrix Qg has two roles. Firstly as the VCV matrix of the perturbations ;A)
it indicates the expected magnitude of the perturbations. Secondly, when
added to the computed VCV Q¢ it gives the actual or consider VCV Qg2.
This actual VCV indicates the accuracy of the adjusted parameters as distinct
from Q¢ which indicates their precision. lts use as an measure of accuracy
depends on:

(i) the completeness of the set of systematic errors ds,

(i) the correctness of Qg and,

(i) the correctness of the functional model contained in Ag.

If the systematic errors are uncorrelated (Q diagonal) and only the diagonal
terms of Q3 are required, it may be more convenient to calculate the
perturbations with equation 5.2.14 rather than the perturbation covariance
matrix with equation 5.2.20. In this case the diagonal terms in Qj are equal to
the squares of the perturbations f) provided that the systematic errors 8s are
chosen to be equal to their standard deviations o,. The perturbation variances
may be obtained this way with less computational effort than by calculating the
full VCV matrix. If the systematic errors are correlated with each other (e.g.,
tropospheric delay errors at different stations in a GPS adjustment) or if the
covariances of the perturbations are required (e.g., for subsequent analysis of
GPS baselines and networks) equation 5.2.20 should be used. Both options
are available in the program DASH.

In both cases, the combined effect of all the systematic errors in 6s is

obtained. The effect of individual errors or groups of errors may also be of
interest. From the sensitivity matrix C , the perturbation matrix II can be

formed (Bierman, 1977).
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I1 = C Diag(ds1, 8sz, ...,8sn) (5.2.21)

This may be generated by multiplying each column of C by its corresponding
error 8s. The element I1(i,j) gives the perturbation to the estimated parameter
8%i due to systematic error dsj. In practice, the combined effect of groups of
similar systematic errors may be required. For example, all errors in the
satellite elements may be in one group and the tropospheric delay parameters
in another group. The perturbation due to a group of systematic errors can be
determined by adding the appropriate columns of the perturbation matrix.

The calculation of the effect of individual or grouped systematic errors can also
be applied to perturbation covariance analysis. A perturbation covariance
matrix Qg could be generated for each systematic error 8si.

Qp =ciog’cl (5.2.22)

where ci is the i 'th column vector of the sensitivity matrix C and where o’
is the variance of systematic error parameter dsi. If the systematic errors are
uncorrelated then

Q[S\ = 061 + 062 + ...+ Qé‘n (5223)

In practice, some of the systematic errors will be correlated with each other
and the complete decomposition of 5.2.22 and 5.2.23 will not be possible. Also
the large amount of data generated may be difficult to interpret. In general, s
may be partitioned into groups 3si for which a perturbation covariance matrix
Qp; is required and in such a way that there are no correlations between
groups. Thus Qg is a block diagonal matrix

(051 0 ’ ) 0 \
0 QSQ : ) 0
Q= - - - - (5.2.24)

\.0 0 - - Q)

The sensitivity matrix C is also partitioned column-wise according to the
partitioning of 8s
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C=(Ci,Cz..... ,Cn) (5.2.25)

Thus
Qs =Ci Qg Ci (5.2.26)

and equation 5.2.23 still applies.

This partitioning of 8s into groups of parameters is simply for convenience in

analysing the results. It does not preclude the possibility of having a separate
group for each parameter (if Q, diagonal) or one group for all parameters. It
allows the effect of, say, all orbital errors on a GPS solution to be determined
without the need to consider the effect of an error in each element of each
satellite.
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5.3. COVARIANCE ANALYSIS IN THE KALMAN FILTER

In Bierman (1977) the effects of un-estimated biases and random processes
on a Kalman filter adjustment is considered. The derivation is similar to that
above for least squares. The equations for Kalman filter adjustment are
presented in section 4.3.3. It will be assumed that the parameters x and s
are dynamically independent.

()5 2%,

where y is the vector of dynamic model errors in the estimated parameters X,
where z is the vector of dynamic model errors in the un-estimated parameters
s, and where @, and @ are the transition matrices for vectors x and s. As
above, 0x is a vector of corrections and 8s is a vector of errors.

Prediction
From equation 5.2.13

p, = 8¢, - 5xa (5.3.2)

5; = Bici - 8§ai (5.3.3)
The prediction step equations for the actual and computed parameters are

%2 = @, 5X2
=, (5§ci - 6i ) (5.3.4)

s%c = @, 5xC (5.3.5)

]
and thus from equations 5.3.2, 5.3.3, 5.3.4 and 5.3.5

B =0, P (5.3.6)

i1

It will be assumed, at this stage, that ﬁi and éS;\(Ci are uncorrelated as was

assumed for the least squares adjustment above. This depends on the
assumption that the a priori estimates of the systematic parameters s° and
the dynamic mode! errors z; are uncorrelated with the observations [, the
pseudo observed parameters I, and the dynamic model corrections y;. Then,

113



b2=0Qc+Q, (5.3.7)
The prediction of the VCV matrices is given by

6)(3' =, CAJXaI L0+ Q

=0, (Qc  +Q, )0, +Q, (5.3.8)

and

Qe =0, 0c o+Q, (5.3.9)
thus

Q, = D, Q, _, (5.3.10)
where the predicted VCV also satisfies the equation

Q2 =Qc +Q, (5.3.11)

From equation 5.3.1, the prediction equations for the systematic biases ds can
be written.

0s = Pg 0s,_ +2Z, (5.3.12)

1

Q= D, Qs _, O + Q;, (5.3.13)

Filter
Next the equations for the filter or measurement update step are developed.
Writing equation 5.2.4 for epoch i

wa = WC + Ag 8S, (5.3.14)

The actual filter measurement update equation that would be obtained if the
true values s were used is

xa = (I—-GA, )oXa + Gwa
= (I-GA, )(8xc P, )+ Gwe + GAg 5s,
=8 — (I~ GA, )P, + GA,, 8s, (5.3.15)

where the update equation for the computed estimate is
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5% = (I - GA, )% + Gwe (5.3.16)
and thus for the perturbations
p, =(1-GA, )p - GA, 5s (5.3.17)

Note that these equations can also be derived by comparing the complete
model (Bierman, 1977)

A ~
oxa I 0 G dxa G
(—Ssji =[( 0 1 )_ ( 0 )i(AX AS)J (—Ss)i +( 0 )i v
(5.3.18)
with the model used in computations
5x¢ = (- GA, ) 8% + G we (5.3.19)

The equations for the update of the VCV matrix of the perturbations is more
complex than for the prediction step because the errors 8s. in epoch i are

correlated with earlier epochs (equations 5.3.12, 5.3.13) and thus with ﬁ.

Systematic errors that are invariant in time will be considered first.

5.3.1 CONSTANT SYSTEMATIC ERRORS
For constant systematic errors, 8s, is not changed at the prediction stage

(being constant), nor at the filter stage (being unadjusted) and thus

3s = 3s Vi (5.3.20)
Given a sensitivity matrix ém for epoch i—1 where

p,=C._ss (5.3.21)
as in equation 5.2.14, and using equations 5.3.4, 5.3.2, 5.3.5 and 5.3.21

%2 =D, 8xa_
- 8% — @, C_3s (5.3.22)

Thus
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P, = 8x°, — 8xa
= Oy, ¢ 5s

i-1

= C3s (5.3.23)

where

¢ -o C (5.3.24)

From equation 5.3.17
p, = I1-GA, )b, — GA, 3s

= (I-GA, )C3s - GA, s
C 8s (5.3.25)

where

¢ = 1-GA, )C,-GA, (5.3.26)

Equations 5.3.24 and 5.3.26 can be used to generate the sensitivity matrix at
each epoch and thus to calculate the perturbations and perturbation VCV
using equation 5.3.25 and

A A A
Q, =CQ,C’ (5.3.27)

The calculation starts at epoch 1 with

C =0 (5.3.28)

1

A
C =-GA,, (5.3.29)

The vector of systematic errors may be partitioned into groups of similar errors
as in section 5.2 above and a consider covariance matrix generated for each

group.
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5.3.2 DYNAMIC SYSTEMATIC ERRORS

To use equations 5.3.6 and 5.3.17 to calculate the perturbation vector, the
dynamic model errors z; in equation 5.3.12 must be specified at each epoch.

It is more convenient to treat these errors as stochastic variables with zero
mean and known Q,. Equation 5.3.10 can be used in the prediction step to
calculate the predicted consider covariance matrix. To apply the propagation
of variances to equation 5.3.17 , the cross covariance matrix between p, and
ds. is required and must be generated at the prediction and filter stage as with

the other VCV matrices. To derive the prediction and filter equations for this

cross covariance matrix, the combined vector

A

(2]

is formed with VCV matrix

A

A
A Q Q
QQiz(d " " j

T
ps s

o

From equations 5.3.6 and 5.3.12
B ) (@, 0 p 0
~ (P ) _ X
(s (5 . (5 ) (o)
From equations 5.3.10 and 5.3.13

~ (D, 0 A o," 0 0 0
QQi_(O Cbsj_qu—‘( 0 (DST}"'(O Qz)

and thus
~ A .
Qp: = (DXi Opi -1 CDX;
épsi = &y, éps,_, b, ' (5.3.35)
A :
Qgi = (DSI QSF-1 CI)Si '+ QZI

(5.3.30)

(5.3.31)

(5.3.32)

(5.3.33)



From equation 5.3.17 (remembering that ds, is unadjusted and thus unaltered

in the filter step)

A

A (p )Y (I-GA, -GA; p
qi'(ﬁsl"( 0 I ji[as)i (5.3.37)

and propagating the VCV

=l o 1 % -@Ay)T 1

A (I—GAX—GAS) ((I—GAX)T 0
Qi qi

) (5.3.38)

Thus

&, =(1-GA,) Q, I1-GA,)" - (I-GA,) Gy, A,G]

~GA, Q, TI-GA,)" +GA; Q, A'GT  (53.39)

Q. = (1~ GA,) Q- GA, Qg (5.3.40)

1

o= Qg (5.3.41)

This sequence is started at the first epoch with

Q, =0 (5.3.42)

Q,, = Qgp, =0 (5.3.43)

Q,, = Q0 (5.3.44)
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5.4 DYNAMIC MODEL ERRORS

In section 5.3.2 above, the effect of dynamic errors in the systematic or
unadjusted parameters was considered. Now the effect of a time dependence
in adjusted parameters that have been modelled as constants is investigated.
In a standard least squares adjustment, all adjusted parameters implicitly have
a constant dynamic model (unless a new parameter is introduced for each
epoch as with GPS clock errors). Even where a time dependent function such
as a polynomial is used to model a variable, the estimated parameters are the
constant coefficients of that function.

What, then, is the effect of choosing a constant dynamic model, explicitly in a
Kalman filter adjustment or implicitly in a least squares adjustment, for
parameters that change with time? This is a special case of the situation where
an incorrect dynamic model has been used for some or all of the adjusted
parameters. The equations for this general situation are developed first and
then applied to the special case. The principal application for this study is the
tropospheric delay which is sometimes modelled by a set of constant
estimated parameters in GPS and VLBI least squares adjustments.

5.4.1 GENERAL CASE: ERRONEOUS DYNAMIC MODEL FOR
ADJUSTED PARAMETERS
Suppose that an incorrect dynamic model has been used for some or all of the

adjusted parameters. The dynamic model used in the computations is

8XC = B, X +YC (5.4.1)

and the actual dynamic model is

oxa = @, dxa _+y2a (5.4.2)

Prediction
At the prediction step

5% = D, BX°, (5.4.3)

1

8%2 =@, OX2 (5.4.4)
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and the perturbations are defined as in equations 5.3.2 and 5.3.3. Thus

p, = 0X¢ — 0x?, (5.4.5)

B, = % — 8%2 (5.4.6)

A A A

p, = Ox¢ — dx? (5.4.7)
Defining

AD =@y — Dy (5.4.8)

AY. =Y, = VYa (5.4.9)

Then from equations 5.4.1, 5.4.2, 545, 5.4.8 and 5.4.9

A A
P, = g, 3XC, | + @y 0X2 | + Y¢, ~ Va
=0y P, +AD, 8XC, , + Ay, (5.4.10)

and similarly

(5.4.10)

thus

(b,—B.) =D, (b, =P, )+ AD, (5x°, - Bxe ) + Ay,  (5.4.11)

These perturbations, as distinct from those described in the sections above,
depend on the estimated parameters. In the absence of observations, the
perturbations cannot be calculated but their VCV matrix can be calculated. The
VCV of the perturbations is propagated using

Qp, =E[(p,-B)p,-B,)] (5.4.12)

Gy, =E[(p,-p,)(p,-P,)] (5.4.13)

yo, = E [ (8xc — 8, )(5x°, - 5x2,)" ] (5.4.14)
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The cross covariance matrix between ;’5 and ke (and between p and X¢)is
also required. Forming the combined vector of perturbation errors and
estimated parameter errors.

~ (p - Pp)
F - ((MC - 5#)) (5.4.15)
A
A (p —p)
ri = ((SXC _ 8)/20)) (5416)
with VCV matrix
A A
6,.:( Qp Qpxe j (5.4.17)
. Q xCp Q xC A

Then from equations 5.4.1, 5.4.3 and 5.4.11

(p~p~) _ D, AD (p_é\) Ay
((SXC - Bic)ji —( 0 o, Ji ((5)(0 - SQCJM + (yc ) (5.4.18)

The VCV propagates according to

g @7 Q,, Q
Qri=(®a A(D)ém( a OTj+( ay Ayyc) (5.4.19)

0 o, ADT D, Qyeay Qye
and thus

Q. =0, Q. &.7 + A® Qe ADT + O, Q0 ADT

pi = Pa Yp; Pyt N xC 8P+ Pg Wpxe, i
+ Aq)l Qp)((:Ti ’1®aiT + QAyI (54.20)

~ A

Qpre, = s, Qpxe, B + AD, Quo, @’ + Qayys, (5.4.21)
Qyo = D, Qye, D7 + Qe (5.4.22)
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Filter
The equations for the actual and computed adjusted parameters at the filter
step are

sxa = (I-GA )3%2 + Gw,
= (I-GA 8% — (I-GA B, +GWw, (5.4.23)
sxc = (I-GA, 3% + Gw, (5.4.24)

Thus from equations 5.4.7, 5.4.23, 5.4.24

p, =(I-GA )P (5.4.25)

Forming the combined vector ’r\i

A
r( 3 )
' ox¢ i
I -GA 0 p 0
=( o I GA ),(aic)+(G )wi (5.4.26)
and propagating the VCV

6ri=(I—GA 0 )6ri((I—GA)T 0 )

0 I-GA) 0 (I-GA)
0 T
+(a oo @) (5.4.27)
Thus
Qp = (I-GA) Qp I-GA) (5.4.28)
Qpxe,= (1= GA) Qpye, [~ GA) (5.4.29)

Oy, = (I-GA)Qye, I-GA) +G QG  (54.30)
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This sequence starts at the first epoch with

Q, =0 (5.4.31)
Qpxc, = Quep, = 0 (5.4.32)
Qyc, = Qyo (5.4.33)

The consider covariance matrix is calculated by applying the propagation of
variances to the equation 5.4.7

6Xai - 6xci + 6p' - 6pxci - 6pxCiT (5.434)

and thus the contribution to the consider covariance matrix is

AQ, = @y, — Quxe, — Qpxe” (5.4.35)

where
Qya, = Qo + AQ, (5.4.36)

Note that Aéxi is not necessarily a positive definite matrix. In fact it is possible

for the consider variances to be smaller than the computed variances (Gelb,
1974) with Aéxi having a generally negative contribution to the consider

covariance matrix.

5.4.2 SPECIAL CASE: DYNAMIC ERRORS FOR CONSTANT
ADJUSTED PARAMETERS

These equations are now applied to the case where a constant parameter
dynamic model has been used for time varying parameters. The x vector is
partitioned into the vectors d with correct dynamic model and e with
erroneous dynamic model.

X z( d ) (5.4.37)

The actual and computed dynamic models are given by
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oy 0
cpa_( 0 (De) (5.4.38)

cpc:( ‘gd f ) (5.4.39)
ya = G,'Z) (5.4.40)
ye = (‘g’) (5.4.41)
Q= ek Qoye ) (5.4.42)
Qyc = ( Qoyd 8 ) (5.4.43)
and thus
AD = ( g 1-21) ) ) (5.4.44)
Ay = (_(;e) (5.4.45)
Quy = ( 0 Qoye ) (5.4.46)

From equations 5.4.41 and 5.4.45, it is seen that y¢ and Ay are uncorrelated
provided that y¢ and ye are uncorrelated as has been assumed (equation
5.4.42). Thus

Qpyyo =0 (5.4.47)

Now equations 5.4.38, 5.4.39, 5.4.43, 5.4.44,5.4.46 and 5.4.47 may be
substituted into the prediction equations 5.4.20, 5.4.21 and 5.4.22. Equations
5.4.28, 5.4.29, and 5.4.30 are used at the filter step and the initial values are
given by equations 5.4.31, 5.4.32 and 5.4.33.
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5.5. CHOICE OF GAIN MATRIX

In Kalman filtering the eqguation for the gain matrix
G=0,AT(Q +AQ AT)’ (5.5.1)
is based on the least squares condition that

Z(vPv, + 3 Q3% + ¥y y ) = minimum  (5.5.2)
If the adjustment model is correct and if the observations, a priori parameters
and dynamic model errors are normally distributed then the matrix 6Xi is also
the VCV matrix of the predicted parameters ii . In this case the filter is said to

be optimal.

However, this investigation includes sub-optimal filters where there are
systematic errors in some unadjusted parameters and errors in the dynamic
modelling of some adjusted parameters. The choice of sub-optimal filter may
be made to minimise computer storage and execution time or due to limits on
our knowledge of the true model. The use of constant parameters to model
time dependent variables like tropospheric delay may be so that a least
squares adjustment can be used instead of the more complicated Kalman
filter. Whatever the reason for using a sub-optimal filter, the computed matrix
CNQXi above, now written 6Xci , is not the same as the actual VCV of the

predicted parameters, written axai . Which of these two matrices should be

used to calculate the gain matrix in equation 5.5.17

If the least squares condition of equation 5.5.2 is to be applied, 6Xci is used.
The equations developed in the sections above can then be used to determine
the actual covariance matrix of the least squares solution and the
perturbations (or perturbation VCV) of that solution. If 6Xai were to be used to

calculate the gain matrix, the result would be the consider filter solution
(Bierman, 1977). This is not the least squares solution, nor is it the optimum
solution which is only obtained by estimating all uncertain parameters with the
correct model. The distinction between consider analysis and consider
filtering is noted by Bierman (1977) where a discussion is also found on
some of the gain matrices that can be used in sub-optimal filters.
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The VCV of the consider filter solution is of interest only if the data is to be
adjusted with such a filter. If the data is to be adjusted by application of the
least squares condition of equation 5.5.2, then the perturbations and the actual
or consider covariance matrix of that solution are required. The consider filter
will not be used for simulated adjustments in this investigation and thus in all
cases the gain matrix is calculated with

G =Qu A'(Q +A Qu AT) (5.5.3)
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5.6. COVARIANCE ANALYSIS AND DEFORMATION

5.6.1 THE COVARIANCE ANALYSIS EQUATIONS

In section 4.5 the deformation model was presented that will be used to study
the effects of systematic errors on deformation parameters. Now that the
equations of covariance analysis have been developed, they can be applied
to this case. The linearised general model F(d,x) in deformation parameters
d and observed coordinates x is (equation 4.5.1)

XGPSj - (S + R) XTER - tJ =0= F(d,X) (561)

where Xgpg; is the GPS coordinates of sub-net j, xygg is the terrestrial
coordinates of the same points, S and R are the strain and rotation matrices
and t; is the vector of translations for sub-net j. From the a priori estimates ot
the parameters d, , the a priori strain, rotation and translation matrices are
S, . Ry, and t,;. The misclose vector w; is simply

Wl =— F(dO’Xj) = (SO + RO) XTER + tO] - XGPSj (562)

It will be assumed for simplicity that only one set of coordinates is affected by
systematic errors, in this case the GPS coordinates. These have perturbations
py; Which represent the difference between the computed GPS coordinates
X°gpg; used as observations in the deformation adjustment, and the actual
coordinates x3gpg; that would have been obtained if no systematic errors had

been present in the GPS adjustment. Thus

Pyj = X apsj — X%gps; (5.6.3)

w¢ = (S, + Ry) XER + toj — Xaps; (5.6.4)

w3 = (S, + Ry) X7ER + to — X%gpg;

- WS+ py (5.6.5)
The solution to the deformation adjustment is given by equation 4.5.8
A

5d = (AT (BQB)'A+Q," ) AT (BQB' )'w (4.5.8)
where

wh=(wy owo',wT, ) (5.6.7)



and thus the computed and actual vectors of estimated deformation
parameters are

sdc = (AT (BQBT)"'A + Q" ) AT (BQBT )'we (5.6.8)
sda = (AT (BQB')'A + Q" )™ AT (BQBT )'ws
~5dc+ (AT(BQBT)"A + Q" )™ AT (BQB" )'p, (5.6.9)
where
Py = (Pt Px2 oo Py o) (5.6.10)
The computed VCV of the deformation parameters is
Qge = (AT (BQBT)"A + Q") (5.6.11)

From equations 5.6.8 and 5.6.9, the perturbations in the deformation solution
A
pgy are

By = 5d¢ — 5da
-—(A"(BQB")'A +Q," )" AT (BQB" )"'p, (5.6.12)

or

py=Dp, (5.6.13)

D=-(AT(BQB")'A+Q," )" AT(BQBT)" (5.6.14)

where D is the sensitivity matrix of the deformation adjustment. Given the
sensitivity matrix C; of GPS session adjustment j , and the GPS systematic
biases 8s; , the perturbations in the deformation parameters due to the errors

in session | are given by

Py = DC; 85, (5.6.15)
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where DC; gives the sensitivity of the deformation parameters to systematic

errors in the GPS carrier phase observations. Alternatively, given the VCV
matrix of the systematic biases Qg; or the perturbation VCV prj due to, say,

a time varying systematic error (section 5.3.2) or an erroneous dynamic model
(section 5.4), the perturbation VCV Qﬁdj for the deformation adjustment due

to these errors in session | can be calculated using

Qfg; = DC; Q, C'D’ (5.6.16)

oﬁdj =D Qp, D' (5.6.17)

Using the above equations 5.6.15to 5.6.17 in conjunction with covariance
analysis of GPS session adjustments, it is possible to determine, for example,
the effect of orbital errors for a particular session on the deformation
adjustment. This is more useful than simply using the sensitivity matrix D to
determine the effect on the deformation adjustment, of coordinate errors of
unspecified cause.

5.6.2 DERIVED 2D STRAIN PARAMETERS

Given a VCV matrix of the strain parameters e, , €an » €nn - the variances of
the derived 2D shear strain parameters 7y, , v, and the dilatation Sop can be
easily derived using the Jacobian matrices given in Welsch (1983) or Harvey
(1985)- For e = (eee » €en s €nn ) and fl= ( Y1:Y2, S2p )

10 -1 103

vevi=| 02 0 lyey,l 0 20 (5.6.18)
1 1
50 3 -10 3

This equation differs from that of Welsch (1983) and Harvey (1985) due to the
different definition of the dilatation used here. The situation is more complex
for the total shear strain y because the partial derivatives of y with respect to
Y+ and vy, depend on the actual values of v, vy, and vy, . In other words, the
uncertainty in the total shear strain cannot be determined without knowing the
direction y of the maximum shear strain. As simulations are used, the value of
Y is not known.



This is analogous to the derivation of the length of a line from its components.
Given uncertainties in the baseline components, the error in the length of the
line cannot be determined without knowing its direction. However the
maximum and minimum eigenvalues of the baseline component VCV may be
used to determine the maximum and minimum uncertainty in the baseline
length. These eigenvalues are the squares of the semi-major and semi-minor
axes of the 1o error ellipsoid of the baseline. The same procedure can be
used to determine the maximum and minimum uncertainty in y. From the VCV
of the shear strains y; and 7y, (a sub-matrix of VCV; in equation 5.6.18)

2

Oy Oyip
VCVg = ) (5.6.19)
Syoy1 Oy

the maximum and minimum eigenvalues may be derived and the square roots

of these are o, . and o, .. Givena perturbation VCV the same procedure

may be used to determine the maximum and minimum 1¢ perturbation in .
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5.7. SUMMARY OF COVARIANCE ANALYSIS EQUATIONS

In the sections above the theory has been developed that will be used in the
simulation of terrestrial and GPS deformation surveys. Common to all
simulations is the definition of a set of adjusted parameters, an observation
scheme and the functional and stochastic models. The functional model is
contained in the matrix of partial derivatives A, and the stochastic model is
defined by the VCV matrices Q and Q,. These are sufficient for a simple
simulation using least squares as in section 5.1. If a Kalman filter adjustment is
to be simulated, the dynamic model must also be defined by specifying ® and
Q,.

The model is assumed to be correct for a simple simulation but it is generally
expected that some systematic errors will be present, especially for a complex
observation system like GPS. Therefore in section 5.2, the concept of errors in
additional unadjusted parameters implicit in the model was introduced. To
apply this, the set of unadjusted parameters s must be defined, together with
the extended functional model A, and the biases in those parameters $s.
The sensitivity matrix and perturbations to the solution are then calculated. If
the errors 8s are regarded as zero - mean stochastic variables with known
VCV Qg , rather than biases with known values 8s , the perturbation
covariance matrix can be calculated.

If a Kalman filter adjustment with constant systematic errors is to be simulated,
the equations of section 5.3.1 can be used to generate the sensitivity matrix at
each epoch. The perturbation vector and/or the perturbation covariance matrix
are derived from the sensitivity matrix as above. If some of the systematic
errors in the Kalman filter adjustment have a non-constant dynamic model, the
perturbations cannot be calculated without specifying the dynamic model
errors z at each epoch. However , the equations of section 5.3.2 may be used
to generate the covariance matrix of the perturbations at each epoch.

Given postulated errors in the dynamic model, the equations of section 5.4.1
can be used to generate the VCV matrix of the perturbation due to this error at
each epoch. The perturbation vector itself cannot be calculated without the
observations. The cross-covariance matrix between the perturbations and the
adjusted parameters is also required at each epoch. The case that will bg
considered for simulations here is that of the adjusted parameter which is
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assumed to be constant but which has a non-constant dynamic model in
reality. This case is described in section 5.4.2.

The computed VCV matrix of the coordinates, the sensitivity matrix, the VCV of
the systematic errors and the perturbation VCV matrices due to dynamic
systematic errors and an erroneous dynamic model may used to determine the
perturbations of deformation parameters for a given terrestrial / GPS network
scheme and deformation model. The equations and the procedure for this
analysis are given in section 5.6.

This does not exhaust the possibilities for covariance analysis but it is all that
will be considered here. Other possibilities are: the study of the effects of
incorrect observation VCV matrix Q (for example, the effect of using a
diagonal VCV matrix for correlated observations); and the study of the effects
of incorrect a priori parameter VCV matrix Q,o (for example, unduly optimistic
or pessimistic variances on the a priori parameters).

In the most complex case that will be considered, the vector s is partitioned
for convenience into groups of parameters which are stochastically and
dynamically independent (Q,, @, Q, block diagonal).

(1)  The computed VCV of the parameters 6x° is calculated.

(2) A perturbation vector f) is generated for each group of
systematic errors.

(3) A perturbation covariance matrix ﬁp is generated for the
perturbations due to each group of systematic errors, whether
constant or dynamic.

(4) A perturbation covariance matrix ép for the perturbations due to
the use of an erroneous dynamic model is calculated.

(5)  The contribution of the errors in (4) Aéx to the consider
covariance matrix is calculated.

(6) By summing the VCV matrices from (1), (3) and (5), the actual or
consider covariance matrix 6Xa is generated.

(7)  The results of this analysis are used as the data for 1 sub-network
of a simulated deformation adjustment. The computed VCV,
perturbation VCVs and consider VCV of the deformation
parameters are determined from the data from several such sub-
networks.
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6. GPS SYSTEMATIC ERRORS
6.1. INTRODUCTION

To study the effect of systematic errors on GPS adjustment, the behaviour of
the error (how the observations are affected) and the magnitude of the error
must be defined. The error analysis used in this investigation is partly based
on the program ORAN (Hatch & Goad, 1973). An example of covariance
analysis using ORAN is found in Stolz et al (1984). The capabilities of ORAN
have been extended with a suite of programs described in Appendix F. The
techniques of covariance analysis are described in Chapter 5. The behaviour
and magnitude of the systematic errors that will be dealt with in this study, are
discussed in the following sections.

In the observation equation for undifferenced carrier beat phase in section
4.2.1,

dj(T)) = = (fo/e) pj(T}) +fo (¢i(T)) — (Ty))

+ N = Patmos + Pnoise (4.2.12)

the satellite receiver range pj(T;) appears. This is calculated from the a priori
receiver position vector at the time of reception and the satellite position vector
at the time of transmission. The receiver position vector is given by the station
coordinates in an earth fixed (EF) reference frame. The origin of this frame will
not necessarily be coincident with the centre of mass. The satellite position
vector in an earth centred inertial (ECI) reference frame may be given by a set
of initial elements at some epoch and a force model. These allow the
calculation of the satellite position vector at the time of transmission of the
observed signal. To calculate the satellite - receiver vector, the 7 parameters
that describe the relationship between the EF reference frame of the receiver
coordinates and the ECI reference frame in which the satellite motions are
calculated are also required. These 7 parameters are: translation (the 3
coordinates of the centre of mass in the EF reference frame), rotation (given by
the adopted models of precession and nutation and the observed values of
polar motion and UT1) and scale. The scale of the satellite orbits in the ECI
reference frame is defined by the value of the earth's gravitational constant
GM as noted in section 4.4.
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The errors in calculating the geometric range may be categorised as follows:

(a)  The errors in station coordinates with respect to the EF reference frame.

(b)  The errors in the transformation between this EF reference frame and
the ECI reference frame in which the satellite motions are calculated.

(c)  The errors in the satellite initial elements with respect to this ECI
reference frame.

(d)  The error in the time tag of the observation used to calculate the time of
transmission and the time of reception of the signal.

(e)  The errors in the force model used to calculate the satellite position at
the time of transmission.

To relate the geometric range to the observed carrier beat phase, the effect of
errors in the other terms in equation 4.2.12 should also be considered. These
are the atmospheric delay (tropospheric and ionospheric), clock biases (clock
phase errors, errors in fixed ambiguities, cycle slips) and other noise sources
such as multipath, antenna phase centre positioning errors, biases between
the channels tracking different satellites and random errors of the phase
measuring process.
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6.2. STATION COORDINATES AND REFERENCE FRAME
ERRORS

ORAN generates partial derivatives of the range with respect to receiver
station coordinates. If the coordinates are held fixed they are potential
systematic errors. The coordinate axes used by ORAN are east, north and
height at each station. Note that this is not the same as the (east, north,
vertical) topocentric coordinate system illustrated in diagram 2.2.1 and used
for deformation analysis. In the east, north, height (ORAN) system, the height
axis is normal to the ellipsoid at each point and thus the orientation of the axes
is different for each point. In the topocentric system the vertical axis is normal
to the ellipsoid at the chosen origin point. For stations close to the origin, the
axes of the ORAN system are close to being parallel to those of the topocentric
system (an angle of approximately 1° between the axes over 110 km).

In Chapter 4.4, the GPS datum definition is discussed for:

(1) Multi-station adjustment with 1 fixed station and fixed orbits.

(2) Orbit adjustment using the fiducial station concept with 3 or more fixed
stations.

(38)  Orbit adjustment using the free net concept with 1 station held fixed. A
priori weighted observations of the other station coordinates may be
used to provide additional datum definition

The multi-station adjustment with fixed orbits is the most common configuration

for GPS adjustment and for such adjustments, the effect of an error in the

station coordinates with respect to the centre of mass is considered. This is
comprised of the error of the station coordinates with respect to the EF
reference frame and the error in the coordinates of the centre of mass in this
frame. With only 1 fixed station these two errors are indistinguishable.

For GPS surveys in New Zealand, 2 levels of error for fixed station coordinates

are adopted.

(i) Oe , Op , O = 3 metres for a GPS receiver on a station coordinated by
TRANSIT Doppiler.

(i) o, 0,,on =10 metres for receivers on other stations. The a priori
coordinates may be derived from a GPS pseudo-range point position or
by transformation from NZGD-49 to the chosen EF reference frame.

These values will also be adopted as a priori uncertainties for the adjusted

coordinates.
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The fiducial station concept depends on accurate station coordinates but these
are not available in the Australasian region to the extent that they are in North
America (see section 7.6). The coordinates of 1 station may be used to define
the origin of the EF reference frame in which case the coordinate errors of this
point are, by definition, zero. The uncertainty in the coordinates of the origin
station with respect to the centre of mass, pole and Greenwich meridian
should then be accounted for in adopting errors for the transformation between
the EF reference frame and the ECI reference frame. The coordinate errors
adopted for other fiducial stations are the errors with respect to the origin
station. This procedure allows us to separate the common coordinate errors
(reference frame errors) from relative coordinate errors. It will be assumed that
the origin station receiver is collocated with an SLR or VLBI site and that the
other stations have TRANSIT Doppler coordinates. The origin station
coordinates are considered to be without error and the other fiducial station
are considered to have 1o uncertainties of 3 metres in each component. For
the uncertainty in the position of the centre of mass in the EF reference frame,
0.5 metres in each coordinate is adopted (Stolz et al, 1987). This includes any
uncertainty in the connection between the SLR / VLBI reference point and the
GPS antenna.

Errors of 0.01" in polar motion and UT1 are adopted, which are equivalent to
0.3 metres at the surface of the earth. These are the values used by Stolz et al
(1984) and are conservative. Reigber et al (1987) have corroborated this by
demonstrating that the differences between earth rotation parameters derived
from SLR and VLBI are of the order of 0.0025" for polar motion and 0.07 msec
(0.001") for the length of day. Conservative values have been chosen to allow
for any uncertainty between the axes of the chosen EF reference frame and
the reference axes used in the determination of the earth rotation parameters.

The value of GM adopted for GRS-80 and WGS-84 is 3986005 x 10% m®s™
(Moritz, 1980b, Decker, 1986) and the value adopted for the GEM T1 gravity
field model based on satellite tracking data is 3986004.36 x 108 m®s (Marsh
et al, 1987). These values differ by 0.16 ppm and so 0.2 ppm has been
adopted as the uncertainty in the value of GM. Beutler et al (1987b) show that
an error of 1 ppm in GM will result in an error of only 0.07 ppm in the baseline
estimate. This assumes that the GPS orbits are to be held fixed and the effect
may be different if the satellite elements are also to be estimated.
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6.3 ORBIT ERRORS

ORAN provides partial derivatives of the observations with respect to the 6

initial satellite elements (position and velocity components) and the force

model parameters. These are calculated from the partial derivatives of the

observation with respect to the satellite position vector at the time of

transmission and the variational partials. From Rizos et al (1987)
dp dp

or
gg= P 'ax—o (6.3.1)
where p is the satellite receiver range, r is the satellite position vector at the

time of transmission, x, are the orbit parameters of interest (initial elements

r - :
and the force parameters), and aix' are the variational partials.
o

The errors in initial elements may be given in the height, cross-track, along-
track (HCL) system. The H or height axis is in the direction of the radius vector
of the satellite; the C or cross track axis is normal to the orbital plane and the L
or along track axis is orthogonal to H and C. For the nearly circular GPS orbits
the L axis lies close to the direction of the velocity vector. A study of GPS orbit
estimation by other researchers (Bertiger et al, 1986; Beutler et al, 1986;
Lichten & Border, 1987) revealed that the radial or height component H of the
satellite elements is the best determined, the along track component L is
generally the worst determined and the accuracy of the cross track component
C is closer to that of L than H. The error in L is typically 2 to 4 times that of H.
Therefore, HCL errors in the initial elements of 5 metres for H, 12 meters for C
and 15 meters for L have been adopted. The total error budget is 19.85
metres. It is assumed that the errors in H , ¢ , Lasa proportion of the total
velocity (4 km/sec) are approximately the same asthe errorsinH,C,Lasa
proportion of the position vector magnitude (26 000 km). Thus the errors
adopted for the initial velocity components are 0.8 mm/sec for 5, 1.8 mm/sec
for C and 2.4 mm/sec for L with a total velocity error budget of 3.1 mm/sec.
These HCLHCL errors are assumed to be uncorrelated and it is assumed that
there are no correlations between satellites. These last assumptions will not
generally be true as the satellite elements will all have been generated from

the same tracking network through the same adjustment software. .
Nevertheless, in the absence of any information as to what the correlations
could be, it is a necessary assumption. It is often stated in GPS literature that
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an error of 20 metres in the orbits will result in an error of 1 ppm in an
estimated GPS baseline. The orbit error of approximately 20 metres assumed
here should thus result in errors in the network of the order of 1 ppm. Where
orbits are to be adjusted, the values above will be adopted as the uncertainties
in the a priori satellite elements.

R. W. King (personal communication, 1987) has studied the accuracy of the
broadcast ephemeris and identified cross track errors of typically a few metres
but occasionally 20 - 80 metres. The along track errors are typically 10 - 15
metres but sometimes as large as 150 metres. For extrapolated orbits such as
these, the assumed error of 20 meters may be optimistic. For global post-
processed orbits based on pseudo-range observations, such as the precise
ephemeris, 20 metres may be somewhat conservative. Regional orbits have
been determined using carrier beat phase observations with accuracies at the
few metre level (e.g. Bertiger et al, 1986; Beutler et al, 1986; Lichten & Border,
1987; Delikaraoglou, 1987). Therefore, if orbits have been generated from a
regional tracking network using carrier phase observations (such as the
Australian orbit determination pilot project described in Rizos et al (1987) orbit
errors much less than 20 metres may be expected.

In equation 5.2.4, used to develop the covariance analysis equations, a linear
relationship is assumed between the size of an error and its effect on the
observations and thus on the adjusted parameters. Given the effect of 20
metre orbit errors on an adjustment, the effect of greater or smaller orbit errors
can easily be determined using this assumed linear relationship. If a regional
orbit determination project has provided orbits with accuracies of say 4 metres,
the calculated effects of 20 metre orbit errors may be reduced by a factor of 5.
The two levels of orbit error that will be considered in this thesis are 20 metres
as described above for globally determined ephemerides and 4 metres (1/5 of
the above H,C,L,I:I,é,l'_ errors) for ephemerides from a regional orbit
determination campaign. This latter figure is probably pessimistic.

The force parameters that will be considered to be in error are those of the
gravity field and direct solar radiation pressure. Drag is insignificant at GPS
satellite altitudes and, for the short arcs of 3 to 6 hours that will be considered
here, reflected radiation (albedo) pressure, and tidal effects on the gravity field
are also insignificant (King et al, 1987). The error in the earth's gravitational
constant GM is discussed above under the reference frame parameters. The
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error in the gravity field is taken to be the formal uncertainties in the GEM-9
model (Lerch et al, 1979) up to degree and order 8. Stolz et al (1984) note that
these uncertainties are likely to be pessimistic as more accurate gravity field
models such as GEM-L2 or GEM-T1 are now available. Solar radiation
pressure is assumed to be modelled to within 5% of the total effect. This is the
uncertainty assumed by Bertiger et al (1986) and Kroger et al (1986) in
covariance analyses of orbit determination and is also likely to be pessimistic.
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6.4 TROPOSPHERIC DELAY

A number of recent studies (e.g., Lichten & Border, 1987; Stephens &
Skrumeda, 1987; Tralli et al, 1988) have demonstrated that the effect of
tropospheric delay errors on GPS phase adjustments, may be reduced by
estimating tropospheric zenith delay parameters. Adjustments are simulated in
Chapter 7 where the observations are corrected a priori for tropospheric delay
using meteorological observations and:
~ no tropospheric delay parameters are estimated,
— the zenith tropospheric delay is estimated as a constant parameter
— the zenith tropospheric delay is estimated as a 1st order Gauss-Markov
process (see Appendix D for a description of the 1st order Gauss-
Markov process ).

The tropospheric range delay in the direction of a sateliite may be described in
terms of the zenith delay 1, and a mapping function m(z,0)) which is
dependent on the zenith distance z and azimuth « of the satellite - receiver

vector.
Yz,0) = T, M(z,0) (6.4.1)

The zenith delay is usually separated into two components: the "dry” and "wet"
delays. The zenith dry delay is of the order of 2.2 to 2.3 metres and can be
modelled to within a centimetre from the measured surface pressure (Tralli et
al, 1988). The zenith wet delay is of the order of 10 to 30 cm and is difficult to
model accurately. The uncertainty in the wet delay is often equated with the
uncertainty in the total tropospheric delay.

The assumption of spherical symmetry is usually applied to simplify the
mapping function in which case equation 6.4.1 may be written

1(z) = T, M(z) (6.4.2)

The complexity of the mapping function used depends on the accuracy
required and the maximum zenith distance of an observed satellite. See Davis
et al (1985) and Davis, (1986) for detailed description of mapping functions
and their errors. For simulations, a very precise mapping function is not
required as it is needed only to describe the general behaviour of the
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tropospheric delay error. ORAN uses the mapping function (Hatch & Goad,
1973)
_ 1
M(Z) =57026 + cos (2)

(6.4.3)

The partial derivative of the carrier beat phase observation with respect to the
parameter 1, is given by the mapping function.

Surface meteorological observations may be used in a tropospheric model
such as Hopfield or Saastamoinen (Hopfield, 1969; Saastamoinen, 1973), to
determine a value for the tropospheric zenith delay t, . A stochastic model can
be developed for the residual error in the zenith delay. It is clear that the
zenith delays are not independent for stations a few kilometres apart. The total
delay will be highly correlated for all stations as it only varies from about 1.9 to
2.6 m over the earth. The correlation of the residual zenith delay will be less
than that of the total delay and will depend on the distance between stations,
the spatial variability of the troposphere and the accuracy of the tropospheric
model. If atmospheric modelling is improved the residual delay error will
become increasingly dominated by errors in meteorological observations and
local atmospheric conditions which are independent at each station. Thus an
increase in tropospheric model accuracy will tend to reduce the correlation in
residual delay between adjacent stations. The dependence of correlation with
distance can be modelled by the choice of a spatial correlation function and
the definition of a correlation distance. For exponential correlation functions
the correlation distance is typically defined as the distance at which the
correlation is equal to e™ (0.368).

The variability of the residual zenith delay in time can also be modelled by the
choice of a temporal correlation function and a correlation time. Thus the
stochastic model for the residual delay may be defined by three parameters.

These are:
(1)  The variance of the zenith delay at a point Gvgp . If the 1st order Gauss-

Markov process is used to model the zenith delay, Gtr%p is considered

to be the steady state variance (see Appendix D).

(2)  The correlation distance Dy, for a spatial correlation function.

(3)  The correlation time Ty, for a temporal correlation function for those
cases where the tropospheric zenith delay error is not considered to be
constant.
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6.4.1 CONSTANT TROPOSPHERIC DELAY ERROR

When the tropospheric zenith delay error is considered to be constant
throughout the observation session, the stochastic model is defined by the
zenith delay variance and the correlation distance. As noted above, the
magnitude of the correlation distance is related to the variance. Where the
correlation between stations is high (short baselines) the effect of the
tropospheric delay error will tend to cancel in the explicit or implicit
observation differencing between stations. On long baselines where the
correlation is low, the full effect of the tropospheric errors will appear in the
adjustment. Thus the magnitude of ct,%p determines the magnitude of
tropospheric effects on long baselines where the correlation p(e) = 0. For a
given cst,?,p , the magnitude of Dy, determines the correlation and thus the
level of tropospheric effects on short baselines (less than Dyop). If ctrgp is
specified, it can be used together with a reasonable estimate of troposphere
induced errors in short baselines, to derive an appropriate Dy, . The height
error is the most useful for this analysis as it is this component that is most
affected by a differential error in tropospheric delay between stations, and the
perturbation in height is similar for ambiguity fixed and ambiguity free
adjustments (see section 7.3). It should be remembered that the value
obtained for Dy, is specific to the choice of ctrgp and will be different for
more or less accurate atmospheric modelling.

In the discussion on orbit errors in section 6.3, the linear relationship between
the magnitude of a systematic error and its effect on the adjustment was noted.
This linear relationship will only apply to tropospheric errors if the variance is
considered to be independent of the correlation distance. If a change in the
assumed variance is accompanied by a change in the assumed value for the
correlation distance, the net effect will depend on baseline length and will be
non-linear. Therefore the adopted values for cst%p and Dy,, need to be
chosen with care.

Coco & Clynch (1982) tested the Hopfield model (Hopfield 1969) against
radiosonde data in western Texas and found that the uncertainty in the zenith
delay ranged from 3.9 to 5.4 cm with a mean error of 4.2 cm. They also
summarised studies of tropospheric models by other researchers which
indicate uncertainties in the zenith tropospheric delay ranging from 1.6 to 5.7
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cm. Herring (1986) considers the uncertainty of tropospheric zenith delay
derived from surface meteorological data to be in the range of 2 to 5 cm.
Bertiger et al (1986) use a value of 5 cm zenith tropospheric delay error in their
covariance analysis while Kroger et al (1986) use 2 cm. Given the weak
correlation between surface observations of humidity and integrated
tropospheric water vapour (Reber & Swope, 1972), an uncertainty of 2 cm is
considered to be too optimistic. The uncertainty adopted here for tropospheric
zenith delay error Owop 1S 2% Of the total zenith delay which is approximately
equal to 48 mm.

A Gaussian spatial correlation function is used for the tropospheric delay error

b2

p(b) = exp(— 5 ) (6.4.4)
Dtrop

where p(b) is the correlation between two stations and b is the length of the

baseline. From this correlation function, the relationship between ctrgp » Dirop

and the uncertainty in height on short GPS baselines may be determined.

Beutler et al (1987b) derive the expression

c b
oan(b) = Eﬁ% (6.4.5)
where o,p(b) is the uncertainty in the GPS estimated height between stations,
Oatrop(b) is the between - stations tropospheric zenith delay error and z,,,, is
the maximum zenith distance at which satellites are observed. A similar
relationship is demonstrated for VLBI from simulated data by Herring (1986).
For the simulations here z,, = 75° is adopted. If the uncertainty in the
tropospheric delay oy, is the same at both stations

Otop(b) = 2 52 (1= p(b)) (6.4.6)

The correlation p(b) is zero for baselines much longer than the correlation
distance so Gyqp = 48 mm implies Gatrop(°) = 68 mm. For long baselines with
Zmax = 75° , the height error from residual tropospheric delay alone, is

Gan(>) = 260 mm from equation 6.4.5. For baselines significantly less than the

correlation distance

b? 4.7
p(b) = 1 bl Dt > (6 )
rop
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Thus, from equations 6.4.6 and 6.4.7

Y2 Orop b (6.4.8)

Oatrop(D) = Dirop
and substituting into equation 6.4.5

\/—2— Gtrop b
Oan(b)= Dtrop €0S(Zmax)

- GAtrop("") 9]
Dtrop COS(Zmax)

Opp(e) b

6.4.9
Dtrop ( )

The height uncertainty expressed as a proportion of the baseline length, €,

is then

S an(=)
Epn = Dirop (6.4.10)

with ©,(c2) =260 mm for the chosen z,,, . €4y is in units of ppm it Dy is
given in km and o,n() is given in mm. Note that if an improvement in
atmospheric modelling (smaller cy,, and thus smaller Gpn(e°) ) is
accompanied by a reduction in the correlation distance Dy , the net effect,
from equation 6.4.10, may be no improvement in the proportional height error
on short baselines although the absolute error on long baselines will be
improved. This is in agreement with the comments of Beutler et al (1987c) that
tropospheric modelling is better for large networks than for small networks.

Kouba et al (1986) use a correlation distance of 30 km (which is noted as
being a somewhat arbitrary choice) but this is based on a cp(e) of about 80

mm and results in €y, of about 2.7 ppm. This low value of Guu(=) is based on
24 hour VLBI solutions and may reflect the averaging that occurs in a 24 hour
period. If Dy = 30 km is used with Gyqp = 48 mm, € Will be equal to 8.7

ppm. Height errors of this magnitude from all error sources are uncommon in
GPS adjustments and these values are not reasonable for the contribution to
height error from the residual tropospheric delay error alone. Ladd (1986)
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reports height uncertainties of 1.6 ppm from dual frequency observations in
California of baselines ranging from 10 km to 56 km. This error will be mostly
due to troposphere and orbits. Sideris & Schwarz (1986) use the formula

oun(0) =20 + 1.8 b (6.4.11)

where c,n(b) is the relative error in millimetres from all error sources and
where b is the baseline length in kilometres. They note that this is consistent
with the relative height errors of the order of 2 to 3 ppm generally achieved in
practice. Coco & Clynch (1982) found that for inter-station distances of 150 to
200 km, Opy0p = Oyrop Which implies p =~ 0.5 (equation 6.4.6). If p =0.5 and
b =175 km are substituted in equation 6.4.4 the result is Dirop = 210 km and

from equation 6.4.10, €,;, = 1.2 ppm. This is generally consistent with the total

error budget given by equation 6.4.11.

The best estimate for the correlation distance for New Zealand conditions lies
between these extremes of 30 km and 210 km. The correlation distance of 30
km may be appropriate for a tropospheric model accurate to 20 mm but it leads
to unrealistically large errors if used with the chosen value of Gtrop = 48 mm.
The correlation distance of 210 km, derived from the study of Coco & Clynch
(1982) may be appropriate to continental climates such as that of the plains of
western Texas where the data was obtained, but in New Zealand the climatic
zones may change from maritime to alpine or from semi arid plains to
temperate rainforest in less than 200 km. Relative height errors greater than
those described by equation 6.4.11 are expected. It is considered that in New
Zealand, a realistic proportional height error on baselines less than the
correlation distance due to differential tropospheric delay errors is 3.5 ppm. A
correlation distance of approximately 75 km is then implied by equation 6.4.10.
Diagram 6.4.1 shows the values of the correlation p(b) , the differential height

error o,n(b) and the proportional height error €,;, for different baseline
lengths based on these assumed values of Gy, = 48 mm and Dygp = 75 km.
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Diagram 6.4.1 Zenith Tropospheric Delay Error.
Spatial correlation coefficient (p); Baseline height error (c,y); Baseline

height proportional error (€,, = o,n/b) for correlation distance Dyqp = 75
km and uncertainty in the zenith tropospheric delay oy, = 48 mm.
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6.4.2 TIME DEPENDENT TROPOSPHERIC DELAY ERROR

If the 1st order Gauss-Markov process is used to model the temporal variations
of the tropospheric delay error (see Appendix D), the correlation function is
given by

p(At) = exp|—
trop

A j (6.4.12)

Tralli et al (1988) used the 1st order Gauss-Markov process to model
tropospheric delay and determined values for the correlation time from water
vapour radiometer (WVR) observations. They assumed that the dry component
of the tropospheric delay was modelled perfectly and that all the uncertainty
was due to the difficulty of modelling the wet component. Thus the error in the
wet delay was equated with the error in the total tropospheric delay. The WVR
observations were used to quantify the errors in zenith delay derived from the
use of surface meteorological observations in a tropospheric model. When the
phase observations had been corrected for tropospheric delay using the
surface meteorological observations they found the best results using Gy, =
100 mm and Ty, = 16 hours. If their value of 16 hours is adopted with the
Oyrop @dopted here of 48 mm, the rate of change of the troposphere will be
constrained to a level less that that of their adjustment. Considering the
variation of the tropospheric delay error G,yop(At) between observation
epochs At apart,

aopA) = 2 6,2, (1= p(at) (6.4.13)

and for At << Ty

At

p(At) =1 — (6.4.14)

trop

[2 At
Catrop(At) = :i:t—ro_p- Oirop (6.4.15)

If, Tirop = 4 hours and oy, = 48 mm, are adopted, this will allow
approximately the same rate of change of tropospheric delay error between
measurement epochs as if the values, Gyqp =100 mm and Tyop = 16 hours,
had been used. The adopted Ty, = 4 hours is also near the mid-point of the
correlation times of 0.2 to 10 hours determined by Tralli et al (1988) from WVR

Thus
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data. Note that the relationship between correlation distance Dy , Oirop and
Carop(b) in equation 6.4.8 is different from that of the correlation time Ty
Orop @Nd Opyrop(At) in equation 6.4.15. This is due to the different spatial and
temporal correlation functions in equations 6.4.4 and 6.4.12.

6.4.3 MAPPING FUNCTION ERRORS

The mapping function used in equation 6.4.2 to relate the zenith delay to the
delay in the direction of the satellite, assumes spherical symmetry and a
certain vertical atmospheric structure. Davis (1986) considers the effect of
errors in the elevation angle dependence of the mapping function. The
mapping function is assumed to have the form

1

= cos(z)+ a tan(z) (6.4.16)

m(z)

Considering the effect of an error in the constant a, the partial derivative of the
observation with respectto a is

t(z) 1, sin(z)

e (6.4.17)

cos®(z)

Davis considers the effect on VLBI solutions, of a 10% error in the value of a
where a ~ 0.001. The same error magnitude is adopted here for GPS
adjustment.

The effect of azimuthal asymmetry is also considered by Davis based on the
work of Gardner (1977) on the effect of horizontal refractivity gradients on laser
ranging. The largest effect is due to horizontal temperature gradients (Gardner,
1977) and given a gradient VT in °K/km, the partial derivative is (Davis,

1986)

- [ 56.8 (1 + Gsin‘(z))
C

o= oot ~ °21° "5ty Cot(z)jcos (6) (6.4.18)

where 8 is the angle between the azimuth to the satellite and the azimuth of
the maximum temperature gradient. Davis considers an error in VT of 0.01 °K
/ km and finds that this gives close agreement with the results of Gardner
based on radiosonde data from Maryland. This is adopted here also.
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6.5 IONOSPHERIC DELAY

The effect of the ionosphere on GPS carrier phase observations is a delay of
metres to tens of metres (actually it is a phase advance but it can be described
as a negative delay). The delay is greatest a few hours after local noon and
least around 0400 hours local time. Its magnitude also depends on the 11.5
year solar activity cycle. Many of the good results reported for GPS have been
from observations during the solar cycle minimum of 1985 - 86. The
introduction of GPS to New Zealand will come at a time of increasing solar
activity with the peak of the cycle expected in 1991. Almost all the effect of
ionospheric delay can be eliminated through the use of dual frequency
receivers but these are more expensive than single frequency receivers. The
effect of the ionospheric delay on the adjustment of single frequency
observations will be considered in the simulations.

05 -07 May 1983 —— 26 - 28. Sep 1380 ---=----

[} -
8 AN fu RN
R i

VERTICAL IOCNOSPHERIC RANGE ERROR

LOCAL SOLAR TIME (h])

Diagram 6.5.1 Diurnal variation in zenith ionospheric delay at L1 frequency
at latitude 39° N after Campbell et al (1986).
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Diagram 6.5.2 Correlation coefficient of ionospheric delay vs station
separation in latitude and longitude. After Klobuchar (1983).

During the peak of the solar cycle, the use of single frequency receivers for
accurate geodetic surveys will be limited to night time observations through
the minimum of the diurnal cycle, when the ionospheric delay is 10 - 20% of
the daytime peak. Diagram 6.5.1 from Campbell et al (1986) shows the zenith

150




ionospheric delay at latitude 39°N for 1980 which was a maximum of the solar
cycle. The delay is less than 3 metres for several hours at night. At the
minimum of the solar cycle, the maximum daytime zenith delay at these
latitudes is of the order of 3 metres or less (Partis & Brunner, 1988). The
ionospheric model developed by Klobuchar (1986) is considered to be
accurate to 50%. Therefore an uncertainty of oy, = 1.5 metres is adopted for
the residual zenith ionospheric delay assuming night observations during
peak solar activity or day observations during minimum solar activity.

Diagram 6.5.2 from Klobuchar (1983) shows the ionospheric correlation
distance (p = 0.368) to be about 4000 km north - south and about 6000 - 7000
km east - west. This is the correlation distance for the total ionospheric delay
and it may be different for the residual ionospheric delay after modelling to the
50% level assumed above. Clynch & Coco (1986) note that the largest
gradients in the zenith ionospheric delay will be 4 m / 1000 km and 1 m / 1000
km at solar maximum and minimum respectively. Taking the latter figure as
being appropriate for the mean gradient when the total delay is 3 metres, and
assuming the gradient is also modelled to 50% gives 6,;,,(1000 km) = 0.5 m.

Assuming the same spatial correlation function for the ionosphere as for the
troposphere, and applying equations 6.4.4 and 6.4.6 to the ionospheric delay

ion

b2
Saien(b) = 2 64, (1 - exp(— 57 j) (6.5.1)

gives Dy, = 4180 km which is consistent with the results of Klobuchar (1983)
above. Applying equation 6.4.10 to the ionosphere for baselines less than the
correlation distance

\[?Gion

Dion COS(Zmax)

Ean=

= Géh(“oo‘) (6.5.2)
on

and adopting a correlation distance of 4000 km with zq,, = 75° gives €, =

2.05 ppm. Ladd (1986) from a study of 30 baselines observed during the day

during minimum solar activity, found height errors of 1.6 ppm from dgal

frequency data and 2.16 ppm from single frequency data which implies a
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height error due to the ionosphere alone, of 1.45 ppm. Thus the chosen
parameters oj,, = 1.5 m, D;, = 4000 km seem reasonable if slightly

pessimistic. Note however, that these values would be optimistic by a factor of
5 or more, if applied to single frequency daytime observations at a time of
maximum solar activity.

From diagram 6.5.1, the maximum rate of change of ionospheric delay is seen
to be of the order of 2 m in a 2 hour observing session. Assuming again that
this is modelled to 50% and applying equations 6.4.12 and 6.4.13 to the
ionospheric delay

6,2 (Al) = 2 5.2, (1 - exp(— TAt D (6.5.3)

ion

gives a correlation time of T, = 8 hours for the 1st order Gauss-Markov

process.

The ionospheric mapping function is derived from the assumption that the
ionosphere is concentrated in a thin homogeneous spherical layer at a known
height above the earth. From Georgiadou & Kleusberg (1988)

Tzion
Tion(z) = COS(Z') (654)
where
Z' =sin™ R cos(z) (6.5.5)
- R + H "

Tion(2) is the ionospheric delay in the satellite receiver range, T%on IS the
ionospheric zenith delay, z is the zenith distance to the satellite, z' isthe
zenith distance of the signal path at the ionospheric layer, R is the radius of
the earth and H is the ionospheric height which is assumed to be 400 km.
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6.6 CLOCK ERRORS

The clock phase errors (section 4.2.1) are too large and too variable, relative
to the measurement precision, to be held fixed at a priori values. These will be
estimated or eliminated in some way and are thus not considered to be
systematic errors. Four methods of dealing with these errors are:

(1) observation differencing (explicit differencing, section 4.2.2),

(2)  implicit differencing which is equivalent to (1), (see section 4.3.1)

(3)  estimation using clock polynomials,

(4)  estimation as a random walk process in a Kalman filter adjustment.

The implicit differencing option (2) is used in the simulated adjustments. It has
been verified in simulations, that the same results are obtained using explicit
differencing (1). The random walk model was also used with a rate of increase
of variance of (1071%?2 sec? / sec which is appropriate for the quartz oscillators
generally used in GPS receivers. The results of this simulated random walk
adjustment were identical to the implicit and explicit differencing adjustments.

Receiver oscillators perform a dual role in generating carrier phase
observations. The oscillator generates the reference frequency which is
combined with the received signal to produce the beat phase. This
observation is then given a time tag based on the time scale maintained by the
oscillator. The time tags are used to calculate the a priori satellite - receiver
range. An iterative process, described by Remondi (1985) and King et al
(1987), is used to calculate the satellite position at the time of transmission and
the receiver position at the time of reception. An error in the time tag, which is
the input of this iterative routine, will cause an error in the a priori carrier beat
phase observation. In section 4.2.2, a set of parameters were introduced to
describe the time tag error, written te;(t)) , for receiver j at time t;. The first order
effect of time tag error on the calculation of geometric satellite-receiver range
is given by

o/ (t + tey(t)) = p/'(t) + te(t) Pi(t) + ... (6.6.1)

where p is the rate of change of range (range rate). The maximum range raté

has been calculated for GPS satellites allowing for earth rotation. It is ‘
approximately 760 m/sec. If the time tag error is 1 usec the effect of the carrier

beat phase will be less than 0.76 mm which is less than the phase
measurement error of a few millimetres. Over an observation period of say 3
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hours (approximately 104 seconds) a crystal receiver clock with a stability of 1
part in 10'° will not change its error by more than 1 usec. It is assumed that the
time tags have been obtained from the pseudo-range solution with an
accuracy of the order of 1 usec (300 metres) and thus the effect of time tag

errors of this magnitude, is negligible.

An undetected cycle slip is a systematic error and could be modelled as an
unestimated parameter if the receiver, satellite and epoch are specified.
However, a cycle slip may occur at any epoch for any observed satellite -
receiver pair and thus, even considering the possibility of only 1 cycle slip per
observing session, there are as many possibilities for its placement as there
are observations. The perturbation of the solution will be different for each of
these possibilities and the analysis will be further complicated if several cycle
slips per observing session are considered. This analysis is not attempted
here. It is assumed that the observation output rate is sufficiently high (1
observation every few seconds) that there is no difficulty in distinguishing
between cycle slips and between-epoch changes in the double differences
due to other errors such as atmospheric delay, multipath, receiver coordinates
or orbits.
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6.7 RECEIVER AND ANTENNA ERRORS

The errors of multipath, antenna phase centre position errors, inter-channel
biases and the random errors associated with the phase measurement
process are included under this heading. The effects of these errors on the
observations will be independent of the length of the baseline and will thus be
most noticeable on short baselines where the errors due to orbits and
atmospheric propagation delay are least. Brunner et al (1986) demonstrate
that a comparison of a wide variety of GPS surveys with "ground truth”
indicates an accuracy of 10 mm + 2 ppm. The 10 mm constant error is due to a
combination of all the baseline independent errors listed above. Brunner et al
describe the zero baseline, short baseline and small network tests that can be
used to quantify the effects of these error sources. The errors they found with
the WM 101 receiver are, in all cases, less than 10 mm.

Georgiadou & Kleusberg (1987) note variations in the ionospheric delay
determined from L1 / L2 phase observations of several centimetres on a 3.5
metre baseline. These variations repeat every sidereal day as does the
receiver - satellite geometry. The errors are attributable to multipath or to
variations in the location of the L1 and L2 antenna phase centres. The effect of
multipath on dual frequency ionosphere free observations is of concern.
However it should be noted that the T1 4100 antenna, used to collect the data
above, is particularly sensitive to multipath (R.W. King, personal
communication, 1987) and that smaller errors may be obtained with other
antenna designs. The elimination of multipath errors by antenna design or
signal processing is the subject of on-going research. The effect of multipath is
not considered in these simulations due to the lack of a suitable model for its
behaviour. High frequency multipath noise can be accommodated by an
increase in the phase observation uncertainty. If a low frequency effect is also
present, as detected by Georgiadou & Kleusberg (1987), the errors will not
cancel and cannot be considered to be normally distributed.

An uncertainty of 5 mm is assigned to undifferenced phase observatioris with
one observation every 2 minutes. If the errors are random, this is equivalent to
a 10 mm uncertainty for observations taken every 30 seconds and isa
pessimistic estimate of the receiver noise.
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6.8 SUMMARY OF SYSTEMATIC ERRORS

Receiver Coordinates (fixed orbits)
Doppler coordinated sites + 3.0 m (east, north, height)
Other +10.0 m (east, north, height)
(these include centre of mass position uncertainty)

Receiver Coordinates (adjusted orbits)

SLR / VLBI origin station + 0 m by definition
Other receivers on Doppler sites + 3.0 m (east, north, height)
Reference Frame
Centre of mass (adjusted orbits) +0.5m(x,Y,2)
Polar motion, UT1 +0.01 arcsec (0.3 m)
GM + 0.2 ppm
Orbits and force model
Global 20m (5m, 12m, 15 m HCL)
Regional 4m(1m,24m,3mHCL)
Gravity field 100% of GEM-9 to (8,8)
Solar radiation 5%
Troposphere
Zenith delay 0.048 m (2%)
Correlation distance 75 km
Correlation time 4 hours
lonosphere
Zenith delay 1.5m
Correlation distance 4000 km
Correlation time 8 hours
Receiver measurement error (all receiver and antenna errors)
2 minute data 0.005m
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7. TERRESTRIAL / GPS COMBINATION
7.1. SATELLITE GEOMETRY AND SELECTION

For terrestrial observation campaigns, the design of a geometrically strong
network is an important factor in obtaining the most accurate results. When
using GPS, the best satellite geometry is an important consideration in
obtaining the highest accuracy. The choice of satellite geometry is governed
by the choice of observing time and, if the number of satellites that can be
observed by the receiver is less than the number visible, the set of observed
satellites. The geometric dilution of precision (GDOP) is often used to select
satellites and observation time for GPS surveys. This gives the optimum
satellite geometry for an instantaneous point position using pseudo ranges but
not necessarily the best geometry for a GPS carrier phase adjustment in which
the ambiguities are estimated. Good geometry for the ambiguity free solution is
necessary so that the ambiguities can be resolved to integers and the more
accurate ambiguity fixed solution can proceed. This is especially important
when the inter-station distances are of the order of 20 to 30 km or more, which
is typical for geodetic networks. Ambiguity resolution becomes more difficult for
GPS lines of this length and, if the best satellite geometry is not chosen, it may
not be possible to resolve the ambiguities to their correct integer values.

The BDOP1 (bias dilution of precision) factor developed by Merminod (1988)
and described briefly in Appendix E, indicates the relative precision of GPS
ambiguity free phase adjustments which use different satellite geometries.
Can it also be used to indicate relative accuracy when systematic errors are
considered?

The sensitivity matrix C which describes the sensitivity of the adjusted
parameters to systematic errors in the unadjusted parameters is (section 5.2)

C=-Q}cAPA, (7.1.1)

This is used to determine the perturbation VCV matrix of the adjusted
parameters Qp and thus the actual VCV matrix of the adjusted parameters

Q% a which gives the parameter accuracies (if the assumptions of the
covariance analysis are correct).
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Qfa = Q)¢+ Q4 (7.1.3)

The precision is given by the computed VCV matrix Q% c and thus there will
be a tendency for a more precise adjustment (smaller Q% ¢ ) to be less
sensitive to systematic errors (smaller C by equation 7.1.1). The perturbations
will tend to be smaller (equation 7.1.2) and thus the adjusted parameters will
tend to be more accurate (equation 7.1.3). The principle that the choice of a
geometrically strong (precise) network will limit the influence of systematic
errors is well known for terrestrial geodetic adjustments. It may also be applied
to GPS but, due to the complexity of the GPS adjustment, an intuitive
assessment of geometric strength is less reliable. This is where simulations
and covariance analysis are helpful. Covariance analysis may be used to
determine the relative accuracy of different satellite geometries but this is a
time consuming process as the number of possible observing sessions is
large. Therefore the BDOP1 factor will be used in these studies to choose the
best satellite geometry. First, its suitability as an indicator of relative accuracy
must be checked in comparison with the more commonly used GDOP.

Two 120 minute observation sessions and the simulated 18 satellite
constellation described in section 4.1, were used to compare the merits of
GDOP and BDOP1 as indicators of the best satellite geometry.

Session A:

TIME 0730 — 0930.
SATELLITES 2,4,7,9,12, 14.
BDOP1 2.61
GDOP ranges from 2.82 to 13.60. It is below 5 for most of
the observing session.
Session B:
TIME 0830 — 1030.
SATELLITES 4,7,9,12,14. (2 has set)
BDOP1 1.37
GDOP ranges from 2.82 to 96.83. It is above 5 for most of

the observing session.
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The sky-plots for these sessions are shown in diagram 7.1.1 and the GDOP
and BDOP1 values for the period of interest are shown in diagram‘7.1 2.1n
comparing the GDOP and BDOP1 plots, note that the range of GDOP values
over the session should be compared with the single BDOP1 value at the
mid-point of the session. This is because GDOP depends on instantaneous
geometry and BDOP1 is defined by the geometry over the whole observation
period. If low GDOP values are used as an indicator of the best geometry,
session A will be chosen. If low BDOP1 values are used to indicate good
geometry, session B will be chosen.

TABLE 7.1.1 Evaluation of BDOP1 as an indicator of good satellite

geometry.
Sess. Dist. Precision Origin Orbit Tropo. Total
A 7.2 km 0.017 0.020 0.018 0.044 0.054
B 7.2 km 0.009 0.019 0.013 0.023 0.034
A 28.4 km 0.018 0.081 0.067 0.164 0.196
B 28.4 km 0.009 0.080 0.048 0.085 0.127
A 107.6 km 0.018 0.312 0.230 0.406 0.562
B 107.6 km 0.009 0.346 0.170 0.214 0.441

Session A: BDOP1 =2.61 GDORP generally less than 5
Session B; BDOP1 =1.37 GDOP generally greater than 5

Errors are baseline vector errors expressed in metres (rss of east, north and height errors)

Total error is rss of precision, origin, orbit, tropospheric errors

Covariance analysis was applied to simulations of GPS adjustment of carrier
phase data on 3 baselines. The lengths of these baselines are 7.2 km , 28.4
km and 107.6 km. The observation sigma was chosen to be 0.005 m for
undifferenced phase observations every 2 minutes. Orbit errors of
approximately 20 metres; origin coordinate errors of 10 m in each component
and a 2% tropospheric zenith delay error with a correlation distance of 75 km
and a correlation time of 4 hours were considered. The magnitude and
behaviour of these errors are discussed in Chapter 6. The results of the
analysis for the 3 baselines are summarised in table 7.1.1. The errors, given in
metres, are the root sum square (rss) of the east, north and height errors and
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thus indicate the baseline vector error. The precision refers to the computed
uncertainty from the least squares solution. The total error is the root sum
square of the precision and the perturbations due to origin coordinates, orbits
and troposphere.

Note that the precision in session B is approximately twice as good as that of
session A. The ratio of the precisions in sessions A and B is equal to the ratio
of the BDOP1 values. This is an independent check on the use of BDOP1 as a
rmeasure of precision. It can be seen from the total error, that the results of
session B are also more accurate than those of session A. Thus the better
geometry in session B (as indicated by the BDOP1) leads to a greater
resistance to systematic error as expected from equations 7.1.1, 7.1.2 and
7.1.3. The baseline perturbation due to tropospheric error in session B is
approximately half that of session A. The perturbation due to orbit errors is
about 30% less in session B. It is interesting however, to note the anomalous
results for the perturbation due to origin coordinate error. For the short and
medium length lines, this perturbation is virtually the same for sessions A and
B. On the long line it is greater in session B which conflicts with the
perturbations due to orbit and troposphere. What could be the cause of this?

Bock et al (1984) demonstrate that GPS carrier phase can be used to estimate
a point position with an accuracy of several metres. it is this sensitivity of the
observations to absolute station position that may cause conflict with the errors
in the fixed coordinates. Presumably this conflict is greatest when the GPS
solution is strongest (strong satellite geometry and thus low BDOP). This
example indicates that errors in the origin coordinates can have a greater
effect when the satellite geometry is good than when it is poor. However, it
would be unwise to generalise from this example without further study.

The results in table 7.1.2 show the total errors in the east, north and vertical
components. The component that shows the greatest improvement from
session A to session B in all cases, is the east component. When ambiguities
are resolved and held fixed, it is well known that the east component generally
shows the greatest improvement. In these simulations the ambiguities are not
fixed but the solution with the best geometry for estimating them has the best
determined east baseline component.
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This close relationship between the ambiguities and the east baseline
components is a well known feature of GPS adjustment but the reason for it is
not known. It is sometimes assumed that it is due to the present limited
constellation but this example demonstrates that it will also be a feature of the
full 18 satellite constellation.

TABLE 7.1.2 Baseline component errors for sessions A and B

Sess. Dist. East North Height Total
A 7.2 km 0.041 0.015 0.033 0.054
B 7.2 km 0.017 0.015 0.025 0.034
A 28.4 km 0.141 0.052 0.126 0.196
B 28.4 km 0.065 0.053 0.094 0.127
A 107.6 km 0.407 0.174 0.346 0.562
B 107.6 km 0.265 0.181 0.302 0.441

Session A; BDOP1 =2.61 GDOP generally less than 5
Session B: BDOP1 = 1.37 GDOP generally greater than 5

Errors are rss of precision, origin, orbit, tropospheric errors in metres

Total error is baseline vector error (rss of east, north and height errors)

In general, these results indicate that BDOP1 may be used as an indication of
the best satellite geometry for the ambiguity free solution, that it can be
used as an indication of relative precision, and that it may be used, with
qualification, as an indication of relative accuracy. The qualification is that

i the relative accuracy depends on the nature and the magnitude of the

| systematic errors. For example, if the origin coordinate errors are large and the
orbit and tropospheric errors are small the BDOP1 will be less suitable as an
indicator of relative accuracy. Nevertheless, for GPS phase adjustment,
BDOP1 is to be preferred to GDOP for satellite selection and observation time
selection. The use of GDOP should be limited to point positioning with pseudo-
ranges: the application it was designed for. For small networks with baselines
of less than 10 km it may be reasonable to assume that the ambiguities can be
resolved even with relatively poor geometry. In such cases the BDOP3 factor
(see Appendix E), which indicates the relative precision of ambiguity fixed
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adjustments, may be more appropriate for selecting the optimum satellite
geometry.

BDOP1 has been used in the simulations that follow in this chapter, to choose
the optimum observation time. The simulated observing sessions are 2 hours
long with a maximum of 6 observed satellites from the 18 satellite
constellation. These are listed in table 7.1.3. The sessions used correspond to
4 of the 5 BDOP1 minima between 0 and 1200 hours in the BDOP1 plot of
diagram E.1 in Appendix E. The session from 0845 to 1045 hours,
corresponding to the BDOP1 minimum at 0945 hours, has not been used in
the simulations as it is too close to the observing sessions before and after to
allow for receiver redeployment. The sky plots of the 4 sessions used are
shown in diagram 7.1.3. Note that the time scale of these observing sessions
is arbitrarily defined as a simulated ephemeris is used.

TABLE 7.1.3 Simulated Observation Sessions

Session BDOP1 Time Satellites
1 1.29 2300 - 0100 3,5,6,8,15,17
2 0.83 0230 - 0430 3,5,7,8,10,16
3 1.29 0615 - 0815 2,4,5,7,12,14
4 1.28 1100 - 1300 4,9,11,13,14,16
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7.2 ACCURACY AND PRECISION

In the simulations above, measurement noise of 0.005 m for 2 minute data was
adopted. This is equivalent, if the measurement errors are random and
uncorrelated, to noise of 0.010 for 30 second data. This is a pessimistic value
for the random component of the measurement error but the precisions given
in table 7.1.1 are very optimistic when compared with the total error. The
classical method of dealing with this problem is to scale the output variances
. . Ao .
by the a posteriori variance factor 6.~ . This may be a 3 step process as the

GPS data may pass through 3 successive adjustments. At the session or
baseline adjustment step, 302 will be affected by random errors and by
systematic errors that change during the session (e.g., orbits, tropospheric
delay, multipath). When GPS session figures or baselines are combined in a
network adjustment, 302 for this adjustment is likely to be greater than 1 due
to the effects of those systematic errors that change between sessions. Finally,
if the GPS data is combined with terrestrial data, variance component
estimation (VCE) may be used to determine the relative accuracy of the GPS
and terrestrial data and 302 > 1 for the GPS data is likely again due to the
effects of those error sources that were constant during the observation
campaign (e.g., origin station coordinates).

The use of 302 to scale the a posteriori VCV matrices is based on the

assumption that the measurement errors are random with unknown variance.
In practice, with GPS the random component is often very small and has little
effect on the solution due to the high redundancy. The major component of the
measurement error is generally systematic and to inflate the a posteriori
variances and covariances by a single factor only goes part way towards the
generation of more realistic a posteriori statistics. To investigate the validity of
using 302 to scale the a posteriori VCV matrix, the ratio of total error to
precision was calculated for the east, north, height baseline components and
for the total baseline error of the 3 lines in used in section 7.1 above. The ratio
for each component is the square root of the ideal a posteriori variance factor
for that component. The ratio for the total baseline error is the square root of
the ideal a posteriori variance factor for the baseline. If the ratios for all
components are of similar magnitude, the use of a single scale factor for the
variances and covariances is valid. The ratios are given in table 7.2.1 for
session B and similar results were obtained for session A.
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Table 7.2.1 Ratio of total error to precision for baseline components using
the simulations of ambiguity free adjustment in section 7.1 for session B.
Length of line

7.2 km 28.4 km 107.6 km
East 2.4 9.3 37.9
North 5.0 17.7 60.3
Height 6.3 23.5 75.5
Total 3.8 14.1 49.0

The precisions of the north and height baseline components are more
optimistic (require larger a posteriori variance factors) than the precision of the
east component. If a single variance factor is used for a baseline, e.g., (3.8)2
for the 7.2 km line, the variance of the east component will be pessimistic and
the variance of the north and height components will still be optimistic. If a
multi-station adjustment with lines of different length as above is used, the
discrepancy will be compounded as the variances on the short line will be
pessimistic and those of the long line will be optimistic. In this example, the
appropriate variance factor for the height component on the long line (75.5)2 is
more than 900 times the appropriate variance factor for the east component of
the short line (2.4)2.

Correct statistical procedures for the a posteriori analysis of least squares
adjustment such as VCE tend to break down when the underlying
assumptions (random errors) are false. This is particularly true for GPS
adjustment where the influence of systematic errors is generally greater than
the effect of random errors. The scaled VCV matrix in the example above, will
still be much more realistic than the unscaled VCV and for many purposes will
be adequate. Testing for the significance of estimated deformation parameters
is an important part of deformation analysis and for this, good a posteriori
statistics are required. There are 2 procedures that can be used to improve the
a posteriori statistics of a GPS adjustment.

(1) Use the actual VCV derived from covariance analysis for statistical
testing. The assumptions on the magnitude and behaviour of the
systematic errors will need to be tested extensively against the results of
actual adjustments.

(2)  Include extra parameters in the adjustment model with appropriate a
priori uncertainties and estimate corrections for them along with the
other parameters (e.g., estimate tropospheric zenith delay parameters
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and orbital parameters). This will increase the computed variances of
the adjusted parameters and will decrease the perturbations. In other
words, the solution will be more accurate and less precise so that the
ratio of total error to precision will be closer to unity and the solution
errors will become dominated by random influences.

If these procedures are followed, techniques such as VCE and significance
testing of deformation parameters will be more reliable.
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7.3. AMBIGUITY RESOLUTION

The importance of the ambiguity resolution step in GPS phase adjustment was
mentioned in section 7.1 and any study of the accuracy of GPS should give
some consideration to the likelihood that some, but not necessarily all, of the
ambiguities will be resolvable and the benefits that may result if they are
resolved. The estimated horizontal coordinates (particularly the east
coordinate) are generally found to be more accurate when the ambiguities are
resolved. However, it is not reasonable to assume that all ambiguities can
always be resolved. A progressive ambiguity resolution scheme is proposed
here. After each adjustment, the most accurately determined ambiguity is
resolved to the nearest integer (if possible) and the adjustment is run again
with this ambiguity held fixed. The simulated observations on the 28.4 km line
used in section 7.1 above were used to study this scheme. This is about the
length of baseline beyond which ambiguity resolution becomes difficult.

The total errors in the ambiguities (rss of precision and perturbations due to
origin, orbit and tropospheric errors) are shown in diagram 7.3.1. As more
ambiguities are held fixed, those remaining become more accurately
determined. Table 7.3.1 shows the total error of the most accurately
determined ambiguity at each step. This indicates the difficulty of the resolution
of each ambiguity. In session A (high BDOP1) the ambiguity associated with
satellite 7 has an error of nearly one cycle in the first (ambiguity free)
adjustment but by the time it is resolved after adjustment 5, its error is only 0.14
cycles. The ambiguity that is the most difficult to resolve in session A, is the
one associated with satellite 9. In adjustment 2 it has an error of 0.29 cycles. |f
the ambiguity resolution is to proceed this ambiguity must be fixed to the
nearest integer in adjustment 3.

In session B there are only 5 satellites and thus only 4 ambiguities to resolve.
The ambiguity associated with satellite 14 is the most difficult to resolve. In
adjustment 2 it has an error of 0.25 cycles which is fixed to the nearest integer
in adjustment 3. The errors in the ambiguity free adjustment in session B are
significantly less than those of session A (diagram 7.3.1). However the error in
the ambiguity that is resolved at each step is similar for both sessions (table
7.3.1).
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Table 7.3.1 Total ambiguity error at time of resolution (rss of precision and
perturbations due to origin, orbit and tropospheric errors).

Session A
Adjustment Next ambiguity to be Error in previous
fixed (satellite number) adjustment (cycles)
1 All estimated -
2 2 0.19
3 9 0.29
4 14 0.22
5 12 0.15
6 7 0.14
Session B
1 All estimated -
2 9 0.18
3 14 0.25
4 12 0.18
5 7 0.17

Next, the accuracy of the baseline determination at each step of the ambiguity
resolution process is considered. The total error, which again includes the
precision and the perturbations due to origin coordinates, orbits and
troposphere, is illustrated in diagram 7.3.2 for the east, north and height
baseline components. In session A, the east component improves as each
ambiguity is resolved. The east component error is reduced by 75% with
ambiguity resolution. The north component error is virtually unaltered by
ambiguity resolution and the height component error is reduced by 25%. In
session B, ambiguity resolution causes virtually no change to the accuracy of
the north and height components and the improvement in the east component
is slight. This is because the ambiguities are already well determined in
session B so there is little to be gained from their correct resolution. Note also,
that the ambiguity that is hardest to resolve in session A (satellite 9) gives the
greatest improvement when correctly resolved.
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Diagram 7.3.3 Errors in east baseline component with ambiguities
progressively resolved on a 28.4 km line with simulated sessions A and

B described in section 7.1
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Diagram 7.3.3 shows the contribution of the different error sources considered,
to the east baseline component error. The errors in both sessions, due to
measurement noise (precision), orbit and troposphere decrease significantly,
as the ambiguities are resolved. The most dramatic improvement is in the
tropospheric perturbation. However the origin perturbation is slightly greater in
the ambiguity fixed adjustment than in the ambiguity free adjustment. Thus it
seems again, that the stronger adjustment (ambiguity fixed) is more sensitive
to an over-constraint of the datum. A similar effect was noted in section 7.1 for
differing satellite geometries.

If a baseline is observed several times and the same origin coordinates are
used in the adjustment each time, the east coordinates of the ambiguity fixed
solution will exhibit better repeatability than those of the ambiguity free
solution. The errors that change from one observation session to the next
(measurement noise, orbits, troposphere) have much smaller effects in the
ambiguity fixed solution. The origin error will tend to have the same effect on
all adjustments and will thus not greatly affect the repeatability. Repeatability
provides a measure of the error sources that do not average out within an
observation session but which change significantly between repeated
baseline observations in a campaign. It is insensitive to those error sources
that are constant during the days to weeks of an observation campaign but
which may change significantly in the years between campaigns. Repeatability
is also insensitive to constant errors such as those of the origin coordinates in
GPS adjustment. The error sources that change between observation
campaigns are of concern in deformation analysis as the effects of these errors
may not be readily distinguished from deformation. If deformation is to be
estimated from two GPS observation campaigns the effect of origin coordinate
errors may be minimised by using the same coordinates in both campaign
adjustments. When triangulation and GPS are to be combined for deformation
analysis the full effect of the origin coordinate errors will appear in the
estimated deformation parameters.
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Diagram 7.3.4 Errors in height baseline component with ambiguities
progressively resolved on a 28.4 km line with simulated sessions A and
B described in section 7.1
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Diagram 7.3.4 shows the contribution of the different errors sources
considered, to the height baseline component error. In session A there is a
reduction in the height error due to troposphere but in session B the accuracy
of the ambiguity free solution and the ambiguity fixed solution are virtually
identical. For a GPS survey in which accurate heights are the main
requirement, it is debatable whether it is advisable to attempt to resolve the
ambiguities. Given the slight improvement in height with ambiguity resolution
and the risk of introducing significant errors by choosing the wrong integer
value, the nett effect may be a reduction in height accuracy.

The horizontal strain parameters are of principal interest in this investigation
and the effect of ambiguity resolution on the estimation of these parameters is
studied in the following sections. The test adopted for ambiguity resolution is
that the ambiguities are resolvable if the total (consider) error is less than 0.5
cycles at the 95% confidence level. This is true when the 1o consider error is
less than or equal to 0.255 cycles (0.049 m using the full L1 wavelength). It
should be noted that if 100 ambiguities are resolved at, or close to, the 95%
confidence level, 5 can be expected to be incorrectly resolved. The solution
will then be biased by the incorrectly fixed ambiguities. The adopted
procedure for simulating ambiguity resolution is as follows.
(1) Simulate an adjustment in which all ambiguities are estimated (except
the reference ambiguities; section 4.3.2)
(2) Identify those ambiguities with total (consider) error less than 0.049 m.
(3) Hold these fixed in a new simulated adjustment.
(4) Return to (2) and repeat until all ambiguities are resolved or until all
remaining ambiguities fail the test criteria.
A number of ambiguities may be resolved at each step. Applying this
procedure to the examples above, it can be seen from table 7.3.1, that all
ambiguities can be resolved in session B, but that in session A the process
stops after the ambiguity to satellite 2 is resolved. The most accurate of the
remaining ambiguities, the one to satellite 9, has an accuracy of 0.29 cycles
which is above the test value. From diagram 7.3.2, it can be seen that the
biggest improvement to the east baseline component occurs if this ambiguity is
resolved. As it cannot be resolved under the chosen test limit, the improvement
in the east component is much less than when all are resolved, and thus the
baseline estimate in session A (high BDOP1, low GDOP) will be less accurate
than that in session B (low BDOP1, high GDOP).
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Significant errors may still be present in a GPS baseline after the ambiguities
have been successfully resolved. Even greater errors will be present if any of
the ambiguities have been fixed to the wrong value. Those errors that cause
the ambiguity estimates to take on non-integer values have not been
eliminated by ambiguity fixing. Their influence has simply been changed and,
hopefully, diminished. Where possible, it is preferable to improve the
adjustment model, perhaps with extra parameters to model the systematic
errors, and thus effectively eliminate their effects. The ambiguities will then be
resolved with greater certainty as their estimates will be close to integers.
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7.4. GPS NETWORK GEOMETRY

7.4.1 PRINCIPLES OF GPS NETWORK DESIGN

In designing a GPS survey campaign for deformation analysis, the choice of
station locations will be mostly dictated by the need to re-occupy as many
existing stations as possible. Therefore, although many of the restrictions of
triangulation network design do not apply to GPS (e.g., the need for station
intervisibility), the first GPS deformation surveys are likely to be of similar
design to the triangulation surveys of the past. The triangulation stations,
which are often high with difficult access, should be included in the GPS
networks because they have the longest record of geodetic observation. The
GPS networks may also include extra stations at more accessible locations so
that future re-observations with GPS are possible at lower cost. In the following
simulations a GPS observation campaign is adopted that re-occupies the
stations of the Castle point - New Plymouth EDS, used as a case study in
Chapter 3. The inclusion of extra GPS stations will not be considered except
tracking stations for orbit improvement in section 7.6.

This still leaves the question of the best way to deploy the receivers in each
observation session. In considering observation strategies where stations are
occupied a number of times Morgan (1987) states: "This is considered
undesirable as it increases the possibility of blunders occurring in the re-
establishment of the station relative to the initial occupation.” If such blunders
(e.g., an error in the measurement of antenna height) are considered likely, |
regard the re-occupation of stations several times as not undesirable but
essential to ensure that these errors do not go undetected. The
recommendation that such re-occupations be minimised, for reasons other
than that of economy, is only valid if the station marks are considered to be
temporary marks, established for the GPS campaign and with no geodetic role
in the past or future. This will rarely be the case and is certainly not the case for
deformation surveys. Hothem (1986) recommends that all stations be

occupied at least twice and that 80% be occupied at least 3 times for regional
deformation surveys where the accuracy specification is 0.1 ppm. For local
deformation surveys with an accuracy specification of 1 ppm he recommends
that 80% be occupied at least twice and that 40% be occupied at least 3 times.
| consider these recommendations to be reasonable for deformation surveys. If
a station is occupied once and anomalous deformation results are obtained for
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that station, doubts will later arise as to whether earth deformation or antenna
eccentricity has been detected.

The optimum level of redundancy in the network is another point to consider in
the context of GPS network design. Gross and systematic errors are more
likely to be detected when the redundancy is high. This is especially important
in deformation analysis where it is necessary to distinguish between geodetic
and geophysical strain. Also it may be some time after an observation
campaign is finished before all data has been processed and re-observation
of suspect stations after the campaign has finished may be very expensive. If a
high redundancy network has been observed, it may be possible to delete
outlying observations or reduce their weight in the adjustment without the
need for re-observation. These advantages of high redundancy cannot be
easily tested without real data from GPS observation campaigns but the effect
on the accuracy of extra observations that increase the redundancy can be
determined.

The final point that will be considered is whether direct observations of long
lines crossing or "bracing" the network should be used, or whether only only
short lines between adjacent stations should be observed. Morgan (1987)
states "/ do not favour designs that use long ‘crossing’ lines as such lines will
be dominated by the systematic orbital contributions rather than by random
contributions.” This will be tested using covariance analysis. Long "crossing”
or "bracing" lines will be added to the networks to see if the results are
improved or degraded. The principal criterion for whether a GPS network has
been improved will be the maximum consider error in the total shear strain v

(see section 5.6.2).

7.4.2 CONFIGURATION OF THE SIMULATED ADJUSTMENT

The Castle Point - New Plymouth terrestrial EDS network is basically, a linear
chain of braced quadrilaterals. It is assumed that a GPS survey of this network
would start at one end of the chain and progress steadily to the other end with
a number of receivers being shifted to new stations for each observing
session. It is assumed that 4 receivers are used and the following schemes are
considered.

Medium Redundancy

Move 2 receivers between sessions: 2 common stations.
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High Redundancy
Move 1 receiver between sessions: 3 common stations.

A low redundancy scheme with only one receiver in each session being
common to the previous session has not been considered. With such a
scheme the connection between sessions would be completely dependent on
the data from one receiver and on the correct positioning of the antenna at the
common point in both sessions. Errors would only be detected if a loop of
multi-station sessions was observed and even then, might not be
distinguishable from other errors if the loop were large. A loop is not readily
formed in the linear EDS chain without occupying extra stations. If
observations proceeded through the EDS chain without a loop being formed
and with only one station common to successive sessions, the result would be
the similar to an unclosed traverse.

A medium redundancy network scheme was simulated and the effect of extra
observation sessions that simulate a high redundancy scheme was then
considered. The effect of an extra session with long lines crossing the network
was also considered. The 9 station north west sub-network of the Castle Point
- New Plymouth EDS as illustrated in diagram 3.4.2 was used. The GPS
observation sessions are described in table 7.4.1 and illustrated in diagram
7.4.1. The times of 4 observing session in a 14 hour day, based on the
optimum satellite geometry, are listed in table 7.1.3. Where more than 4
observation sessions were required, these satellite sessions were repeated
one sidereal day (23 hours 56 minutes) later. A "standard" single frequency
GPS multi-station adjustment with implicit double differencing was simulated.
The systematic errors considered, are listed in table 7.4.4 and have been
discussed in detail in Chapter 6.

Table 7.4.2 describes how these sessions can be combined to form networks
and the number of station re-occupations are listed in table 7.4.3. The 7
session network virtually meets the specifications of Hothem (1986) for
regional deformation surveys (100% of stations occupied at least twice and
80% occupied at least 3 times). The 6 session network virtually meets his
specifications for local deformation surveys (80% of stations occupied at least
twice and 40% occupied at least 3 times).
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Table 7.4.1 Simulated observation sessions for NW EDS network.

Observation Stations Day Satellite
Session Session
Medium redundancy
1 1,2,3,4 1 1
2 3,4,5,6 1 2
3 5,6,7,9 1 3
4 5,7,8,9 1 4
Extra sessions for high redundancy
5 2,3,4,5 2 1
6 4,5,6,7 2 2
Extra ion to br he network
7 1,2,8,9 2 3

Table 7.4.2 Simulated GPS network configurations to test the effect of
different levels of redundancy

Network Description Sessions

4 session Medium redundancy 1,2,3,4

5 session Medium redundancy braced 1,2,3,4,7

6 session High redundancy 1,2,3,4,5,6
7 session High redundancy braced 1,2,3,4,5,6,7

Table 7.4.3 Station re-occupations

Network > 2 occupations > 3 occupations
4 session 67% 11%
5 session 100% 11%
6 session 78% 56%
7 session 100% 78%
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Table 7.4.4 Systematic errors considered for covariance analysis.

Origin Coordinates 10.0 m (east, north, height).
Polar motion, UT1 0.0t arcsec (0.3 m).

Orbits 20m(5m, 12 m, 15 m HCL).
Gravity field 100% of GEM-9 to (8,8).
Solar radiation 5% of total effect.
Troposphere 0.048 m (2%) zenith delay.

75 km correlation distance.
4 hours correlation time in a 1st
order Gauss Markov process.

Tropospheric mapping function 10% in "a" (equation 6.4.16).
0.01 °K / km temperature gradient

lonosphere 1.5 m zenith delay.
4000 km correlation distance.
8 hours correlation time in a 1st
order Gauss Markov process.

Measurement error 0.005 m (2 minute data).

The origin coordinate errors were assumed to be completely correlated
between sessions. In other words, it was assumed that a preliminary network
adjustment had allowed an accurate determination of the relative coordinates
of the stations adopted as the origin in each session and that the assumed 10
m error in each component was therefore common to each session
adjustment. The force parameters and earth rotation parameters were also
assumed to be completely correlated between session adjustments.