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ABSTRACT

Satellite positioning technologies are increasingly becoming an indispensable part of
the worldwide geo-spatial information infrastructure. The Global Positioning System
(GPS) and the GLObal NAvigation Satellite System (GLONASS) are major satellite
systems which are currently used in precise positioning. This study addresses the
most challenging modelling and quality control issues in precise GPS and
GLONASS positioning. Major contributions of this study are summarised below:

(a) Valid mathematical models for use in GLONASS and integrated
GPS/GLONASS relative positioning have been analysed. Based on both
theoretical derivation and empirical experiments, the optimal mathematical
model that can deliver the best performance in both ambiguity resolution and
precise positioning has been identified,

(b) A stochastic modelling procedure for use in static positioning has been
proposed, directly estimating the elements of the measurement covariance
matrix. With this new procedure, reliability and efficiency of the positioning
results can be improved;

(¢) A real-time stochastic modelling procedure for kinematic positioning has been
developed, which uses the measurement filtering residuals to adaptively
estimate the covariance matrix. The proposed procedure can significantly
improve the reliability of ambiguity resolution in precise real-time positioning;

(d) A linear model discrimination test procedure has been developed to validate
resolved integer ambiguities. The test statistic used in the ambiguity
discrimination test is constructed by the difference between the minimum and
second minimum quadratic form of the measurement residuals and its
derivation. The distribution of the proposed statistic has been theoretically
identified, and thus, the confidence levels for the ambiguity discrimination
tests can be rigorously calculated,;

() A novel approach to GLONASS ambiguity resolution has been developed.
This new approach includes some critical strategies to cancel the receiver clock
errors and combines both SD and DD ambiguity searches. Compared with
existing approaches, the advantage of the new approach is that it is not
sensitive to the biases in pseudoranges. Test results show this approach is

feasible for GLONASS and integrated GPS/GLONASS positioning.
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Chapter 1

INTRODUCTION

1.1 Global Positioning System (GPS)

The Global Positioning System (GPS) is a passive, all-weather satellite-based radio
navigation and time transfer system, which is deployed and operated by the U. S.
Department of Defense. The development of the Global Positioning System began
in the 1970s and obtained its full operational capability (FOC) in July, 1995. The
system can continuously provide precise three-dimensional position and velocity in a
common reference system, anywhere on or near the surface of the earth (e.g.

Wooden, 1985; Lamons, 1990; Parkinson, 1979).

GPS comprises three segments, namely the control segment, the space segment
(satellites) and the user segment (receivers). These components are briefly described

in the following.

The GPS control segment consists of a master control station, five monitoring
stations situated around the world and three ground control stations located in the
United States. Since July 1998, the number of the monitoring stations has been
increased to twelve to provide full-time coverage of the system (ION newsletter,
Vol. 8, No. 2, p. 10). The main tasks of the control segment are tracking the
satellites, predicting future satellite locations and future satellite clock time
corrections, and uploading to the satellites their location and clock time correction
information, which are then continuously transmitted by the satellites to the users as

a part of the navigation message.

GPS employs the ECEF (earth-centred, earth-fixed) World Geodetic System 1984,
known as WGS84 to compute its ephemerides. The U.S. National Imagery and
Mapping Agency (NIMA) is responsible for the definition and maintenance of
WGS84 (NIMA, 1997).



GPS time is referenced to the Universal Coordinated Time — UTC (U.S. Navy
Observation, USNO) without any leap seconds. The major integer shift between the

GPS time and UTC (USNO) is currently 13 seconds (as of January 1999).

The GPS space segment consists of a design constellation of 21 active satellites and
three active spares. The satellites, also known as Space Vehicles (SVs), are
deployed in six orbital planes with an inclination of 55 degrees and with four
satellites in each plane. The satellite orbits are nearly circular, with an altitude of
about 20,200km above the earth’s surface and an orbital period of approximately 11
hours and 58 minutes. With this constellation, the space segment can provide global
coverage with four to eight simultaneously observable satellites above 15 degree

elevation at any time and anywhere on the earth (Hofmann-Wellenhof ez al., 1997).

Each GPS satellite continuously transmits ranging signals on two L-band
frequencies, namely 1575.42 MHz (L1) and 1227.60 MHz (L2), which are generated
by the use of onboard atomic oscillators (Spilker, 1978). The GPS ranging signal
consists of a Pseudo-Random Noise (PRN) Coarse/Acquisition code known as C/A-
code or a PRN Precise code known as P-code, together with navigation message
including among other terms, satellite orbital information (ephemeris data), satellite
clock time corrections, and almanac health status to support the position solution
generation process. A PRN code consists of a series of binary digits generated by
mathematical algorithms (Wells et al., 1987). The PRN code for each satellite is
unique and therefore allows the GPS receivers to differentiate between satellites. The
C/A-code is a one-millisecond long PRN code broadcast at a bit rate of 1.023MHz,
which is only modulated on the L1 carrier. The P-code comprises week-long
segments of a 269-day PRN code broadcast at ten times the rate of the C/A-code,
10.23MHz, and is modulated on both the L1 and L2 carriers.

Compared with the C/A-code, the P-code has a higher modulation bandwidth and
therefore is more precise. The P-code is primarily used by the Precise Position
Service (PPS), while the C/A-code is mainly used by the Standard Position Service
(SPS). The PPS ranging signal is intentionally encrypted by the system operators,
under a policy known as Anti-Spoofing, and is only available to the military of the
United States and its allies for users properly equipped with PPS receivers. The SPS



ranging signal is primarily designed to provide a less accurate positioning capability
than the PPS ranging signal for civil and other users throughout the world. However,
the GPS system operators have the capability to degrade the accuracy of the C/A
code, which is known as selective availability. According to the SPS ranging signal
specification (Parkinson, 1996), the SPS will provide horizontal positioning
accuracies to within 100m (95 percent probability) and 300m (95 percent
probability). In the past decade, some advanced techniques have been developed to

overcome selective availability, allowing precise GPS positioning (Section 1.5).

The GPS user segment consists of the many types of GPS receivers collecting the
satellite signals to satisfy a broad range of positioning and timing applications. A
GPS receiver includes a number of components, namely an antenna and associated
preamplifier, a radio frequency or RF front-end section, a signal tracker block, a
micro-processor and installed firmware, memory unit, a command entry and display
unit, and a power supply (Langley, 1996). Three-dimensional navigation is the
primary function of the GPS system. For general navigation applications, GPS
receivers may just decode the GPS SPS ranging signals to obtain unambiguous
pseudoranges, which is the difference between the signal transmission time at the
satellite (as defined by the satellite’s clock) and the reception time at the receiver (as
defined by the receiver’s clock) multiplied by the speed of light. At least four
satellites have to be tracked to calculate the coordinates and time at any specific
point. For some precise GPS positioning, such as in geodetic surveying, GPS
receivers are designed to observe the carrier phase measurement, which is the phase
difference between the incoming carrier signal from the satellite and the signal

generated in the receiver.

Although the PPS ranging signal is encrypted, it can still be accessed in some way
with current receiver techniques, such as the narrow-correlation, squaring, code-
correlation squaring, cross-correlation, P-W tracking techniques. For more detailed
discussions see Hofmann-Wellenhof et al. (1997), Leick (1995), Ashjaee and Lorenz
(1992), Hatch et al. (1992), Counselman (1987), Fenton et al. (1991) and Seeber
(1993).



While the GPS system was mainly designed for military needs, it is being
successfully used in an increasing number of civil applications, such as navigation,
surveying, timing and communications. By the late 1990s, the GPS system has

become an important part of the worldwide geospatial information infrastructure.

1.2 Global Navigation Satellite System (GLONASS)

Similar to GPS, the GLObal NAvigation Satellite System (GLONASS) provides
precise three-dimensional position and velocity, as well as time information,
continuously, in all-weather, and on a worldwide basis. GLONASS was conceived
in the 1970s at the former Soviet Union’s Scientific Production Association of
Applied Mechanics (Kaplan, 1996), and is now developed and operated by the

Russian Federation Space Forces.

GLONASS, like GPS, comprises three segments (Durnev and Silantiev, 1996),
namely the control and monitoring segment, the space segment (satellites) and the

user equipment segment.

The GLONASS control and monitoring segment consists of a system control centre
scheduling and coordinating all system functions, a central synchroniser for
disseminating GLONASS time, and a phase control system monitoring GLONASS
time and phase offsets. In addition, this segment also includes three command and
tracking stations measuring the satellite trajectories and uploading satellite
ephemerides, two satellite laser ranging stations that track and periodically calibrate
the radio ranging data, and navigation field control units that measure GLONASS

navigation signals for system anomalies.

The GLONASS ephemerides are computed in the ECEF (earth-centred, earth-fixed)
Parametry Zelmy (English translation “Parameters of the Earth™) geodetic reference
frame of 1990, which is known as PZ90. PZ90 is defined and maintained by the

Russian Topographic Service of the Russian Federation Ministry of Defence.

Like GPS, the GLONASS system has its own time reference known as the
GLONASS time, which is coordinated with UTC (Moscow, Commonwealth of
Independent States, CIS). The shift between GLONASS system time and UTC(CIS)



is within one millisecond, whereas the accuracy of this shift is less than one
microsecond (ICAO, 1995). GLONASS time is periodically corrected to include the
UTC integer leap seconds (currently 13 seconds in January 1999), although there is a
constant offset of three hours between GLONASS time and UTC(CIS).

The GLONASS space segment consists of a design constellation of 24 active
satellites and one non-active spare. The GLONASS satellites are arranged in three
orbital planes separated by 120 degrees, having an argument of latitude displacement
of 45 degrees and an inclination of 64.8 degrees. The satellite orbits are nearly
circular, with an altitude of about 19,100km and an orbital period of approximately
11 hours and 15 minutes. With a higher inclination angle, the GLONASS satellite
constellation can provide better ground tracking coverage at the higher latitudes than

the GPS satellite constellation.

Like GPS, GLONASS has two signal transmission bands, namely L1 band and L2
band. However, unlike GPS, each GLONASS satellite transmits its navigation
signals at different frequencies. The original GLONASS frequency plan defines the
centre frequencies of the channels as 1602 + 0.5625#(MHz) in L1 band, and 1246 +
0.4375n(MHz) in L2 band, where n =0, 1, 2, ..., 24 are channel numbers. However,
to minimise interference in the radio astronomy band (1610.6-1613.8MHz), the
GLONASS frequency channels 15 to 20 are currently not employed, and each of the
frequency channels 21 to 24 is shared by a pair of satellites in antipodal positions.
Recently, the frequency band between 1610-1626.5MHz, corresponding to
GLONASS channels 15 to 24, has been allocated to a mobile satellite service (MSS).
Therefore, the GLONASS frequencies are to be reallocated. According to the
revised GLONASS Interface Control Document (ICAO, 1995), channels 0 to 12 will
be temporally used for years 1998-2005 and channels -7 to 6 are designed as the final
GLONASS frequency allocation.

Similar to the GPS system, the GLONASS ranging signal contains one or two PRN
codes, system time reference and navigation data including the satellite ephemerides
and almanac modulated on the two carriers. Again like the GPS system, the L1
carrier frequency of GLONASS satellites is modulated with both a PRN C/A-code

available for civilian users, and a PRN P-code, which is reserved primarily for



authorised users. The L2 carrier is modulated with the P-code ranging signal only.
In the GLONASS system, the C/A-code has a bit rate of 0.511MHz, whereas the P-
code has a bit rate at 5.11MHz. These code modulation frequencies are
approximately half that of the GPS system. Therefore, the GLONASS ranging
signal is theoretically less precise than that of the GPS ranging signal (Walsh and
Daly, 1998). However, unlike GPS, GLONASS has disavowed any plans to degrade
the ranging signals available for civilian users. The GLONASS C/A-code ranging
signal provides horizontal position accuracy of 60m (99.7 percent probability) and
vertical position accuracy of 75m (99.7 percent probability), which are much better

than those of GPS SPS (C/A-code) ranging signal (ICAO, 1995).

The GLONASS user segment consists of different GLONASS receivers which have
a similar structure with the GPS receivers. In the global commercial market, there
are many types of combined GPS/GLONASS receivers, for example, the Ashtech
GG24 (L1) and Z-18 (L1/L2), 3S Navigation R100(L.1/L2), JPS Legacy (L1/L2), and
MAN NR124 (L1). These combined GPS/GLONASS receivers can collect both
GPS and GLONASS satellite signals to satisfy a broader range of robust positioning

and timing applications.

The GLONASS system reached its complete constellation in January 1996 when
there were 24 operating satellites plus one spare. Since then, there have been a
number of satellite failures as the satellites near the end of their projected lifespan.
As of February 1999, there are 15 operating satellites and one spare. The Russian
Space Forces plans to eventually replace the existing experimental satellites with the
new GLONASS-M production satellites, which are expected to offer improved

reliability and longer lifespan.

The satellite navigation and positioning community has been looking forward to the
prospect of more satellites available for improved system integrity, greater
redundancy and better accuracy, for example, in urban areas and mining sites.
Accordingly, the integrated use of GPS and GLONASS is an important area of

research.



1.3 Fundamental GPS and GLONASS Measurements
The positioning capability of both GPS and GLONASS systems is implemented by
obtaining fundamental satellite signal measurements. These are the pseudorange and

the carrier phase.

1.3.1 Code Pseudorange Measurement

A pseudorange is the measurement of the time shift required to align a replica of the
satellite PRN code, generated by a receiver, with the code transmitted from a
satellite. If the satellite and receiver clocks are fully synchronised with GPS or
GLONASS time, the time delay between the transmission and the reception is
exactly equal to the travel time of the satellite signal. This delay can be converted
into the range between the satellite and the receiver. However, the satellite and
receiver clocks have different accuracy levels and, normally, are not synchronised.
Therefore, the range determined in this procedure inherently contains a clock error

and is thus referred to as the pseudorange.

The pseudorange measurement is presented mathematically as:
RE =pf +c (@t —diy)+If + Tf + drf +dmf +€f, (1.1)

where

R;f pseudorange from receiver k to satellite p;

pf topocentric distance between receiver k and satellite p;
c speed of light;

dtP  satellite clock error;

dt;  receiver clock error;
If  ionospheric delay;
Z}CP tropospheric delay;
drf  satellite orbital error;

dmf  multipath error;
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In applications where low accuracy but instantaneous positions are required, the

pseudoranges are the preferred measurements.

1.3.2 Carrier Phase Measurement

The carrier phase is the measurement of the phase difference between the carrier
signal generated by a receiver oscillator and the carrier signal from a satellite. The
receiver can measure the fractional part of the phase, but cannot resolve the integer
number of cycles between the receiver and the satellite. At the time of lock-on, the
receiver selects an arbitrary integer number and is then able to track the changes to
the phase. Consequently, the measured phase is ambiguous because an integer
number of full cycles is undetermined, which is known as the carrier phase

ambiguity.

The mathematical description for carrier phase measurement is given as:

1 c 1 1 1
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d)k 7\,p Py + }\‘p (dt dfk)+ k 7\.p Pt }\.p T }\lp g my. + ey
(1.2)
where
d)f carrier phase from receiver k to satellite p;
A wavelength of the carrier frequency for satellite p;

N, f integer carrier phase ambiguity;
dmf multipath error in the carrier phase;

oy carrier phase measurement error.

The definition of the other symbols are the same as in Equation 1.1. It is noted that
Equation 1.2 is similar to Equation 1.1, with the major difference being the presence

of the integer ambiguity term. Unlike the pseudorange Equation 1.1, the sign of



ionospheric delay in the carrier phase Equation 1.2 is negative. This is because the
ionosphere, as a dispersive medium, actually increases the speed of the propagation

of the carrier and slows down the modulation on the signal (e.g. Parkinson, 1996).

With modern receiver technology, the carrier phase can be measured with an
accuracy of up to Imm (JPS, 1998). Therefore, the carrier phases are the primary
measurements in precise GPS and GLONASS positioning. To use carrier phase
measurements, however, the carrier phase ambiguity must be resolved or accounted

for in some way (e.g. Counselman and Shapiro, 1979; Wells ef al., 1987).

As shown in Equations 1.1 and 1.2, the fundamental GPS/GLONASS measurements
are contaminated by many types of errors affecting position accuracy. The error

sources in satellite positioning are to be discussed in the following.

1.4 Error Sources in GPS and GLONASS Positioning

The errors associated in GPS and GLONASS satellite positioning may be classified
as: satellite related errors, signal-propagation errors, and receiver related errors. In
addition, for combined GPS and GLONASS positioning, differences between the

system time and datum frames may also deteriorate the positioning results.

1.4.1 Satellite Related Errors

The satellite related errors include satellite orbital errors, clock errors and selective

availability.

Satellite orbital errors arise when the satellite navigation message does not transmit
the correct satellite location. As a function of time, the satellite’s location is
predicted with previous satellite tracking measurements collected at the ground
monitoring stations. Due to the limitations in the modelling of the measurements, in
the hardware and software, satellite orbital errors are inevitable. GPS satellite orbital
errors may be in the order of 10-40m when SA is active (e.g. Seeber, 1993), while
GLONASS satellite orbital errors are defined as having mean square errors of 20m in
the along track component, 10m in the across track component and 5m in the radial

component (ICAQO, 1995).
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Starting on January 1, 1994, the International GPS Service (IGS) has been producing
precise orbits for GPS satellites. These IGS orbits are computed with the GPS data
collected from the IGS network of up to 78 stations around the world, with the
accuracy reaching the (sub-) decimeter level (Beutler, 1996). Currently, the ongoing
International GLONASS Experiment (IGEX-98) has also generated the precise orbits
for the GLONASS satellites at a similar level accuracy (Rothacher, 1998). However,
these precise satellite orbits are post-processed with a time delay between one day to
14 days and thus, cannot be used for real-time or near real-time satellite positioning.
Recently, IGS centres also provide predict orbits to the users two hours before the

valid period. The precision of these predict orbits is of the order of 1m.

The satellite clock shifts from the satellite system time frame are referred to as
satellite clock errors. The predicted corrections to the individual satellite clock are
transmitted as part of the navigation message to the users. The GPS satellites
transmit the satellite clock corrections in the form of a second-order polynomial
model, whilst the GLONASS satellites transmit the satellite clock corrections in the
form of a first-order polynomial model (Kaplan, 1996). Even with the best efforts of
the satellite system control centers in monitoring the behaviour of each satellite
clock, the predicted clock corrections still contain errors. Any remaining satellite
clock errors are typically in the order of a few nanoseconds, which cause a range
error of about one metre (JPS, 1998). This residual clock error can be further
eliminated by differencing the measurements from the same satellite tracked by two

receivers (Section 1.5).

As discussed in Section 1.1, Selective Availability (SA) is the intentional degradation
of the GPS satellite clock corrections and orbits available for the civilian users. This
effect exists only in the GPS system. The SA bias on each satellite is different and
varies with low frequency terms in excess of a few hours, with no obvious
correlation between satellites (Georgiadou and Doucet, 1990). Therefore, it is
difficult to model the effect of selective availability on the measurements (van Graas
and Braasch, 1996). Since the GLONASS system does not utilise selective
availability or anything similar to it, it is possible to calibrate GPS SA effects with
the GLONASS only solution (Hein et al., 1997). As with satellite clock error, the

effect of SA can be eliminated by differencing the measurements from the same
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satellite tracked by two receivers. Moreover, some IGS centers provide GPS satellite
clock corrections at a high rate. Such products would be useful in some cases for

post-processing data (Zumberge, et al., 1998).

1.4.2 Signal-Propagation Errors
When propagating from satellite to receiver, the satellite ranging signals are

contaminated by the ionospheric and tropospheric delays, and multipath effects.

The ionosphere is part of the atmosphere, extending from a height of about 50km to
1000km. Due to the free electrons in the ionosphere, the satellite ranging signals do
not travel at the vacuum speed of light as they pass through this region. Whereas the
propagation of the carrier phase is advanced, the propagation of the PRN modulation
on the signal is delayed by the same amount (Parkinson, 1996). The ionospheric
delay is proportional to the inverse of the carrier-frequency-squared and to the total
electron content (TEC) along the path of the ranging signal. The TEC depends on
time and geographic location, with major influencing factors being the solar activity
and the geomagnetic field (Leick, 1995; Seeber, 1993; Rizos, 1996). Generally,
ionospheric delays are in the order of 5 to 15m but can reach over 100m (Parkinson,

1996).

As the ionospheric delay is frequency-dependent, the higher the frequency, the less
the delay. Therefore, by using two different carrier frequencies, the ionospheric
delay can be effectively solved and thus, to a large extent (around 95 percent),
removed from the measurements. For single-frequency GPS or GLONASS users,
proper modelling of the ionospheric delays is required (Klobuchar, 1987; Qiu et al.,
1995). It is also noted that the ionospheric delays are highly correlated over
distances of approximately 10km to 20km. This means that differencing the
measurements between two receivers on short baselines can eliminate a large amount

of the impact of the ionospheric delays.

The troposphere is the electronically neutral region of the atmosphere, which extends
up to approximately 50km above the surface of the earth. As a nondispersive
medium, the troposphere delays the codes and carrier phases by the same amount.

The effects of the tropospheric delays are in the order of about 2m to 25m (Spilker,
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1996, p. 517). These effects vary with satellite elevation angles and reach their

minimum values at the zenith and maximum values near the horizon.

Unlike ionospheric delays, the effects of tropospheric delays cannot be removed
using dual-frequency systems. One way to reduce tropospheric errors is by
measuring its water vapor content, temperature and pressure, and applying a
mathematical model that can estimate the tropospheric delays (Hopfield, 1969;
Saastamoinen 1973). For some precise static applications, the residual tropospheric
delays in the measurements may be considered as additional unknown parameters
and estimated, together with other parameters using the least-squares method or
Kalman filtering techniques (e.g. Dodson et al., 1996; Rothacher et al., 1990;
Shardlow, 1994; Tralli and Lichten, 1990). However, this method is of limited use
for kinematic applications. For short baselines of 10-15km, the tropospheric delays
are nearly the same at both ends of the baseline, énd therefore, differencing the
measurements from the two receivers at the ends of the baseline can, to a large

extent, cancel them out.

Multipath is a phenomenon whereby a ranging signal arrives at a receiver via more
than one path due to reflection at the satellite itself (satellite multipath) and the
surroundings of the receiver (receiver multipath). Multipath tends to be one of the
major error sources in satellite positioning, although modern receiver technologies
can significantly reduce the multipath effects in many situations. The mixed signals
from different signal paths create an uncertainty about the true signal arrival time.
Multipath signals are always delayed compared to the line-of-sight signals because
of the travel paths of these reflected signals are longer. Theoretically, carrier phase
multipath does not exceed a quarter of a cycle, whereas pseudorange multipath can
take the value up to one chip length of the PRN code, for example, 293m for the GPS
C/A code and 29.3m for GPS P code (Georgiadou and Kleusberg, 1989; Lachapelle,
1990; Wells et al., 1987). Multipath is systematic in nature and can exhibit non-
gaussian periodic trends. Moreover, multipath is difficult to model or eliminate
using differencing procedures and can have an impact on ambiguity resolution which
needs careful investigation. There have been an increasing number papers on GPS

multipath effects, such as Brasssch and van Grass (1992), Georgiadou and Kleusberg
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(1989), and van Nee (1993). Recently, Brodin (1996) has investigated multipath
effects on combined GPS and GLONASS measurements.

1.4.3 Receiver Related Errors
The errors in the receiver’s measurements of pseudorange and carrier phase are
caused by the receiver clock error, inter-channel biases, phase center variations, and

receiver noise.

The receiver clock error is the offset of the receiver clock time with regard to the
system time frame, which may be chosen as the GPS system time or GLONASS
system time in combined GPS and GLONASS receivers. Compared to the accurate
atomic clocks onboard these satellites, the receiver clocks are much less accurate. A
typical receiver clock has a drift of about 1000 nanoseconds every second (JPS,
1998). Some receivers, like NovAtel receivers, are designed to correct their clocks
every second and keep the receiver clock time align to the satellite system time
(Neumann et al., 1997), which is the so-called clock steering technique. Most
receivers, however, allow the receiver clock to drift naturally within a limited range,
for example, one millisecond for Ashtech GG24 receivers. If the receiver clock
differs by more than one millisecond, the receiver clock time will be corrected to
maintain its alignment with the system time (Pratt ez a/., 1997). In the case of single-
point positioning (Section 1.5.1), the receiver clock error is estimated as an
additional unknown parameter, whereas in the case of relative positioning (Section
1.5.3), the receiver clock error is typically eliminated by differencing the

measurements from two satellites tracked by one receiver.

Modern GPS receivers are usually designed to record the measurements from each
satellite at each frequency on dedicated channels. The length of ranging signal paths
through different channels may vary slightly and therefore, inter-channel biases will
exist in the measurements made on the signals in different channels. Seeber (1993)
has recommended that parameters for these biases are included in the positioning
solutions. In modern GPS receivers, these inter-channel biases can be calibrated out

at the sub-millimetre level or better (Hofmann-Wellenhof et al., 1997).
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In GLONASS or combined GPS/GLONASS receivers, however, the inter-channel
biases are significant, which is mainly due to the multiple frequencies of the
GLONASS ranging signals (CAA-ISN, 1998; Hall et al., 1997; Pratt et al., 1997,
Raby and Daly, 1993a, 1993b; Wang, 1998a, 1998c). These inter-channel biases
depend on the frequencies and vary with temperature inside the receiver. The inter-
channel biases may cause 4-6m errors in pseudoranges, although their effects on the
carrier phase measurements are relatively insignificant for Ashtech GG24 receivers
(Gourevitch et al., 1996; Pratt et al., 1997). However, there are reports of such
biases existing in carrier phases collected using other receivers (Walsh and Daly,
1996). In this situation, the GLONASS inter-channel biases can be calibrated using

GPS measurements (ibid).

The electronic position of the antenna for all the phase-derived distance
measurements is referred to as the antenna phase centre. However, the phase centre
for each ranging signal may vary with the azimuth of the satellite ranging signal
received at the antenna (Schupler and Clark, 1991). In addition, the phase centre
variations for the L.1 and L2 frequencies may have different properties (Leick 1995;
Rothacher ef al., 1990). Antennas of the same type tend to have similar behaviour in
receiving the satellite signals and antenna phase variations can be eliminated in the
differencing of the measurements collected with two same type antennas (Seeber,
1993). For carrier phase-based precise positioning, the offset of residual antenna

phase centre variations may be estimated using empirical methods (Stewart, 1998).

The receiver noise consists mainly of the so-called thermal noise intercepted by the
antenna or produced by the internal components of the receiver, which depend on the
tracking bandwidth and the signal-to-noise ratio of the ranging signals. Modern
GPS/GLONASS receiver technology is able to maintain a very low noise level, with
the carrier phase noise being below one millimetre and the code noise a few
centimetres (JPS, 1998). It must be added, however, that some dependence of the
measurement precision on signal-to-noise ratio has been noted in literature (Langley,

1996).
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1.4.4 Difference Between System Time Frames

As discussed in Sections 1.1 and 1.2, the system time frames used in GPS and
GLONASS are different. Because combined GPS/GLONASS receivers can use only
one of the two time frames to record the measurements, the difference between the
two system time frames will lead to a systematic error in positioning solutions if this

time difference is not properly accounted for.

GPS time and GLONASS time differ by the number of leap seconds (13 seconds in
January, 1999) plus a small, slowly varying and time-dependent term in the order of
100 nanoseconds. For example, this term is 104 nanoseconds for August 30, 1998
(Bulletin E-09-98, 1998). Although the known integer number of leap seconds can
be easily corrected, the small varying term is difficult to determine. The GLONASS
operators are considering adding into the navigation message the system time
difference between GPS and GLONASS (Misra and Slater, 1998). However, this
broadcast time difference would only be a predicted value, and therefore, it is unclear

whether it would be accurate enough for precise positioning.

In the case of single-point positioning (i.e. navigation) solutions, the time scale
discrepancy between the two systems, as one of the unknown parameters, can be
estimated using pseudoranges from both GPS and GLONASS systems (Kleusberg,
1990; Raby and Daly, 1993a; Riley et al., 1995). In this situation, at least five
satellites are required to estimate the three-dimensional coordinates and the two

system time parameters.

On the other hand, the system time difference can be considered as part of the
satellite clock error, because the measurements are aligned to the one system time.
In the case of relative positioning (Section 1.5), the effects of the varying time
difference term on positioning solutions can be largely eliminated. For the short
baselines, the errors caused by the system time difference are thought to be
insignificant (Landau and Vollath, 1996; Pratt et al., 1997; Forward, 1998; Wang,
1998a).



16

1.4.5 Difference Between System Datum Frames

Both GPS and GLONASS are autonomous satellite navigation systems. They have
different coordinate systems, namely WGS84 and PZ-90, respectively. For the
combined use of GPS and GLONASS, the difference between the two geodetic
datum frames must be defined. Some effort has been made to determine the
transformation parameters for the two systems (Misra et al., 1996; Rossbach et al.,
1996; Bazlov et al., 1999), which show that the difference between the two geodetic
frames is of the order of few metres. However, as these investigations are based on
pseudorange solutions, the derived parameters may be not accurate enough for
precise positioning. Actually, the coordinate difference manifests itself as satellite
orbital errors. In the case of relative positioning (Section 1.5), small errors in the
transformation parameters can be effectively eliminated for short baselines. For the
longer baselines, and for the precise point positioning, a more definitive relationship
between the two systems is required. This issue is expected to be resolved in the

ongoing international GLONASS experiment (IGEX-98) (Slater et al., 1998).

1.5 GPS and GLONASS Satellite Positioning Methods

As discussed above, satellite positioning may be viewed simply as a continuous
series of ranging signals broadcast from orbiting satellites to a receiver on (or near)
the surface of the earth. These ranging signals contain ephemeris information on the
known locations of the satellites, as well as measurement data indicating the distance
(code and phase ranges) to each satellite. By employing this fundamental
information (measurements and satellite coordinates), different positioning methods,
including absolute, differential and relative (interferometric) positioning, have been

developed to satisfy various applications. These are discussed in the following.

1.5.1 Absolute Positioning

Absolute positioning, as an autonomous method, employs only one receiver. In fact,
a satellite positioning solution can be reduced to a problem familiar in trigonometry,
that is one of distance intersection or trilateration (Hurn, 1989). In theory, three
measured distances from a receiver to three known points (satellites) are enough to
determine the three-dimensional coordinates of the receiver. In satellite positioning,
however, due to the receiver clock error (Section 1.4), the measured distance is, in

fact, a pseudorange. Therefore, three measured pseudoranges are not sufficient for a
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meaningful positioning solution. It is interesting to note that the receiver clock error
will cause the same amount of distance error to all the ranges measured at the same
time. Hence, it is possible to include the receiver clock error as an additional
unknown parameter to be solved together with the coordinate parameters. In the
case of integrated GPS/GLONASS positioning, the system time difference becomes
an additional unknown parameter. Obviously, to obtain a point positioning solution,
five or more satellites should be tracked simultaneously, which is ensured by the

integrated GPS and GLONASS constellation.

The fundamental absolute positioning method is subject to all the errors discussed in
Section 1.4. For GPS alone, the absolute positioning accuracy is only about 100m
due to the SA effect (Parkinson, 1996; Section 1.4.1), whereas the accuracy of
between 15 to 20m is routinely achievable for both the GLONASS system alone and
the combined GPS/GLONASS system (Walsh and Daly, 1998). These accuracies
represent 95 percent confidence limits and it should be noted that substantially wose
solutions can be achieved in situation where bad geometry predominates (higher
DOP). This is particularly relevant for the incomplete GLONASS constellation. For

more accurate applications, the method of differential positioning is required.

1.5.2 Differential Positioning

In differential positioning, most of the natural and man-made errors that creep into
normal satellite ranging signals are reduced to achieve an improved positioning
accuracy. There are two types of differential positioning techniques, namely /ocal

and wide area differential positioning.

A local area differential positioning system usually employs only one reference
station. Its receiver antenna is located in a known position relative to the desired
geodetic frame. Assuming that the coordinates of the reference station and satellites
are known, the correlated errors in ranging to the satellites (with the exception of
multipath error which can actually increase in magnitude for a differential solution if
it is not explicitly modelled at the reference station) can be calculated and then
transmitted with the defined format known as RTCM SC-104 to the user receivers as
range corrections (Hurn, 1993). With the corrected pseudoranges, the positioning

accuracy can be improved, depending on the distance between the user receiver and
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the reference station. Because only one reference station is used in local area
differential positioning, the range corrections are valid only for a small area (up to 50

to 100km from the reference station).

Wide area differential positioning uses a network of reference stations to analyse the
individual satellite positioning error sources (Delikaraoglou et al., 1990; Brown,
1989; Kee et al., 1991). Based on the analysis of all the data at the master control
station, a vector correction for each satellite is formed, which includes individual
corrections for the satellite clock, three components of the satellite position error and
parameters of the ionospheric delay model. These corrections can be valid for a

large area, for example, a continent or the whole territory of a country.

Differential GPS (DGPS) positioning has become one of standard surveying and
navigation techniques. Many commercial companies around the world provide
differential GPS services. Initial investigations on differential GLONASS
(DGLONASS) and combined differential GPS/GLONASS (DGPS/DGLONASS)
show encouraging results (Beser et al., 1995; Diggelen, 1996; Ganin, 1995;
Gourevitch et al., 1996; Walsh et al., 1995 and 1996).

The basic ideas of differential GPS positioning have been utilised in the Local Area
Augmentation System (LAAS) and the Wide Area Augmentation System (WAAS).
These are currently developed by the US Federal Aviation Administration (FAA) to
ensure GPS as an efficient means of navigation for all the phases of the aircraft flight
from en route through to precision approach. The LAAS is a ground-based
augmentation system, which consists of ground reference station and airport-based
pseudolites (APLs). The reference station calculates and broadcasts corrections to
pseudoranges and integrity information to aircraft receivers, whereas airport
pseudolites (APLs) transmit GPS-like ranging signals to improve the position
determination geometry (Braff, 1997). The WAAS is a space-based augmentation
system which employs geostationary satellites to transmit to users the vector
corrections to each satellite, together with additional GPS-like ranging signals and an
integrity monitoring message, improving availability and reliability (Enge and Van

Dierendonck, 1996).
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It has been shown that the performance of GPS/LAAS can be improved substantially
by expanding the space segment with additional GLONASS ranging signals (Misra
et al., 1998; Walsh et al., 1997). Similar to the WAAS, the European Geostationary
Navigation Overlay Service (EGNOS) system is a regional augmentation service for
GPS and GLONASS signals over Europe, which is called GNSS-1, setting up the
first step for the future European global navigation satellite system (GNSS) (Romay
et al., 1998).

Generally, differential positioning techniques, which mainly utilise pseudorange
measurements, can achieve an accuracy of between 0.5m and 5m, depending on the
quality of the receivers used in positioning. For some applications with the very
stringent accuracy requirements, relative positioning techniques have been

developed. These will be discussed in the following.

1.5.3 Relative Positioning

Similar to differential positioning, relative positioning methods employ two or more
receivers to simultaneously track the navigation satellites. The data processing
principles behind these two positioning methods are quite different. Whilst
differential positioning techniques are used to solve for the user’s position, the
relative positioning method is designed to determine the relative position or baseline
components between the receiver antennae. In relative positioning, satellite
measurements, in particular carrier phases, collected from all the receivers involved

are processed together to achieve high precision (relative) positioning results.

The concept of satellite-based relative positioning has roots in very long baseline
interferometry (VLBI) (Bossler et al., 1980; Counselman and Shapiro, 1979;
MacDoran, 1979; Preston et al., 1972). The intrinsic principle inherited from VLBI
is interferometry, the differencing of the phases of ranging signals received at the
two ends of a baseline. In differencing measurements between receivers, the
correlated atmospheric errors and satellite-related errors are greatly eliminated.
Similarly, the differencing of the measurements between two satellites can reduce
receiver clock errors. This data processing methodology is called differential
interferometry in radio astronomy (Counselman et al., 1972), and double

differencing in GPS literature (Bossler et al., 1980).
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Commonly used relative positioning methods are mainly based on the use of the
carrier phase measurements expressed by Equation 1.2. Although the pseudorange
measurements are used to calculate an initial approximation position and improve
the ambiguity resolution process. With the real-valued ambiguities, the geometry of
baseline solutions (float solutions) is weak and thus degrades position accuracy.
Resolving the carrier phase integer ambiguity transforms carrier phase data into
precise pseudorange data and strengthen the geometry of baseline solutions (Bossler
et al., 1980). However, it should be noted that any significant systematic errors in

carrier phases may lead to biased positioning results.

Various relative positioning techniques have been developed, which can be

categorised as static and kinematic positioning modes.

In static (relative) positioning, receiver antennae are stationary during the period of
data collection (session). The session length depends on the satellite constellation,
baseline length, the quality of receivers and the accuracy requirement. A fixed
network of receivers, called multiple receiver antenna array, is designed to
continuously track the satellites for various applications, such as determining the
precise satellite orbits (Yunck, 1996; Whalley, 1990), monitoring the earth
orientation variation (Paquet and Louis, 1988; Freedman, 1991), crustal and local
deformation (Bock, 1991; DeLoach, 1989). During the last decade, the rapid static
relative positioning techniques have been introduced, with which the session length
can be reduced to only a few minutes, even seconds, to obtain centimetre positioning
accuracy over baselines up to 20km or so (Blewitt et al., 1989; Euler et al., 1990;
Frei and Beutler, 1990).

The concept of kinematic (relative) positioning is first introduced in Remondi
(1985). In kinematic positioning, one or more receiver antennae are in motion. In
the case of single baseline positioning, one receiver antenna is stationary, called
reference station or base station, while the other receiver antenna is in motion, called
rover station. To improve the geometry of kinematic positioning, multiple reference
stations may be employed (e.g. Abidin, 1993; Han and Rizos, 1997, Wanninger,
1995; Wiibbena ef al., 1996).
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In practice, a multiple receiver antenna array may be used to determine attitude
parameters of a moving platform, called attitude determination (Cohen, 1996), or
relative position between moving platforms, which is considered as a general case of
kinematic positioning (Evans et al., 1995; Hermann et al., 1994; Lachapelle et al.,

1994). In these applications, all the receiver antennae are in motion.

Whilst some kinematic applications do not need real-time results and thus, collected
data may be post-processed, many kinematic applications require real-time data
processing, which is called real-time kinematic (RTK) positioning. In standard RTK
satellite positioning, the reference station transmits carrier phase and pseudorange
data over a radio link to a roving station, where the data are processed in real-time to

obtain instantaneous positioning results (Langley, 1998; Talbot, 1993).

Generally, relative carrier phase based positioning techniques, which resolve carrier
phase ambiguities, can achieve an accuracy of between 0.005m and 0.05m,

depending on baseline length (Hatch, 1986; Goad, 1987).

1.6 Some Critical Issues in GPS and GLONASS Positioning

In GPS and GLONASS satellite positioning, unknown positioning parameters are
commonly calculated using modern optimal estimation theory, such as least-squares
or Kalman filter. The application of these estimation methods is based on the so-
called Gauss-Markov models, which include a mathematical model and a stochastic
model. Therefore, mathematical and stochastic modelling (Sections 1.6.1 and 1.6.2)
are the first important steps in data processing. In the modelling of carrier phases,
ambiguity parameters are initially treated as real values, which degrade the potential
accuracy of the carrier phases. Hence, reliable ambiguity resolution (Section 1.6.3)
is the key to high precision satellite positioning. To ensure that the quality of
positioning results meet the designed requirements, it is important that quality
control (Section 1.6.4) procedures must be employed in the whole process of

positioning.

1.6.1 Mathematical Modelling
The mathematical model, also called the functional model, describes the

mathematical relationships between measurements and unknown parameters,
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(measurement models), or relationships between unknown parameters themselves
(dynamic models). Whilst the dynamic models that are used in satellite-based
kinematic positioning are well documented, much effort has been made to develop

correct measurement models for new positioning systems, such as GLONASS.

Raw GPS and GLONASS observations are contaminated with many error sources,
such as satellite clock errors and ionospheric and tropospheric delay errors. The
mathematical representation of these raw observations, as shown in Equations 1.1
and 1.2, will involve some undesirable nuisance parameters. These nuisance
parameters are dependent on each other and cannot be solved for individually. As a
consequence of this, it is impossible to identify the integer ambiguity parameters

from the raw (one-way) carrier phase measurements.

In GPS positioning, two different mathematical modelling strategies have been
developed, namely, a) double differencing (Bossler et al., 1980; Goad and Remondi,
1984; Bock et al., 1986) and b) generalised differencing (Blewitt, 1989 and 1993;
Goad, 1985; Hatch and Larson, 1985; Lindlohr and Wells, 1985). The double
differencing procedure is designed to cancel or eliminate, to a large extent, the
systematic errors existing in measurements and hence, the resulting mathematical
models exclude some of these nuisance parameters. In the generalised differencing
procedure, although the undifferenced measurements are directly processed, double-
differenced ambiguity parameters are formed, which can be separated from the other
reparametrised nuisance parameters. Obviously, the double differencing procedure
will be computationally more efficient, because the nuisance parameters are removed

from the measurement model (Blewitt, 1993).

Whilst the double differencing procedure has been widely used as a standard
modelling method in GPS data processing, it does not work in the case of
GLONASS or integrated GPS and GLONASS positioning. The reason for this is
that GLONASS satellites transmit their ranging signals at different frequencies
(Landau and Vollath, 1996; Leick et al., 1995; Wang, 1998a and 1998b).
Mathematical modelling in GLONASS or integrated GPS and GLONASS

positioning therefore requires investigation, which is an aim of this study.
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1.6.2 Stochastic Modelling

The stochastic model describes the statistical properties of the mathematical models,
which are mainly given by the covariance matrices of the measurement errors
associated with the measurement model, and process noises corresponding to the
dynamic model. In high precision satellite-based positioning, the covariance matrix
for dynamic model noise can be properly constructed to ensure positioning results
independent of the dynamics of the roving stations (Lachapelle et al., 1992; Wang,
1998b). In practice, however, stochastic modelling for the measurements is both a
controversial topic and a difficult task to accomplish (Cross et al., 1994; Wang and

Stewart, 1996).

Whilst the mathematical models for GPS measurements have been very well
established in the literature, the stochastic models of GPS measurements are mainly
based on some simplified assumptions. In the currently used stochastic models, it is
usually assumed that all the one-way carrier phases or pseudoranges have the same
variance, and that they are statistically independent. Therefore, the time-invariant
covariance matrix of the double-differenced (DD) measurements is constructed using
the error propagation law. In this covariance matrix, the correlation coefficient
between any two DD measurements is always +05. This so-called mathematical
correlation is introduced by the double differencing process. To set up a simple
stochastic model for DD measurements, it is further assumed that the time
correlation is absent. Therefore, the covariance matrix of all the DD measurements

in a session does have a simple block-diagonal matrix.

The above stochastic modelling method was proposed in some pioneer work (e.g.
Bock et al., 1986; Remondi, 1984) and has been widely used in both commercial and
scientific software packages. Perhaps, the main reason for this is due to its
simplicity. In practical applications, however, observing conditions vary from epoch
to epoch. This simple universal weighting scheme may be not always realistic. Any
mis-specifications existing in the stochastic models will lead to unreliable ambiguity
resolution and biased positioning results. Hence, stochastic modelling for GPS and
GLONASS measurements is still a challenging issue for precise positioning, which

is addressed in this study.
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1.6.3 Ambiguity Resolution

As stated earlier, ambiguity resolution refers to the determination of the unknown
integer number of cycles associated with each set of carrier phase measurements.
With fixed integer ambiguities, the carrier phases can be used as unambiguous
precise range measurements. Consequently, the geometry of the mathematical
models of the carrier phases is strengthened. Therefore, ambiguity resolution can be

also considered as part of the mathematical modelling of the carrier phases.

The concept of ambiguity resolution has its origins in VLBI data processing (Rogers
et al., 1978). At the very beginning of GPS applications, the importance of
ambiguity resolution for precise static relative positioning was emphasised
(Counselman and Shapiro, 1979; Bossler et al., 1980). For kinematic positioning,
techniques for ambiguity resolution on-the-fly (AROF) were then introduced, with
which the integer ambiguity can be resolved when receivers are in motion (Hatch,

1986, 1989,1990; Hwang, 1990; Loomis, 1989; Seeber and Wiibbena, 1989).

An essential prerequisite for ambiguity resolution is that the ambiguity parameters to
be identified are, in principle, distinguishable from other parameters. As discussed
above, the ambiguity parameter in the raw GPS measurement (Equation 1.2) cannot
be separated from the satellite and receiver clock errors. In some specific
applications, such as attitude determination, dedicated GPS receivers can be
connected to the same clock. Then, differencing the carrier phase measurements
from a pair of receivers to a common satellite, called single-differencing procedure,
can efficiently cancel out both satellite and receiver clock errors. In this case,

therefore, the single-differenced (SD) integer ambiguities can be resolved.

Normally, every receiver has a built-in clock and thus, the single differencing
procedure cannot cancel receiver clock errors. Consequently, in GPS data
processing, the double-differencing procedure is commonly utilised to cancel the
clock errors. Thus, ambiguity resolution actually is to determine the double-
differenced (DD) integer ambiguity parameters. In GLONASS and integrated GPS
and GLONASS positioning, however, a differencing procedure cancelling satellite
and receiver clock errors results in the presence of both SD and DD ambiguities

(Leick, 1998; Habrich, 1998; Rossbach and Hein, 1996). The problem here is that
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the SD and DD ambiguities are theoretically inseparable (Section 6.3.1; Wang,
1998a and 1999). To deal with this problem, a feasible approach to GLONASS

ambiguity resolution is required, which is an aim of this study.

1.6.4 Quality Control

The performance and quality of satellite positioning mainly refers to the availability,
precision, reliability, and integrity of the positioning results. Availability refers to
the percentage of time that the system is available for use in positioning, which is a
major concern in real-time applications such as aircraft navigation. Availability,
mainly maintained by the constellations of satellite systems and/or some augmented
elements, will not be further discussed here. Precision, reliability and integrity are
dependent on many aspects of the positioning process, such as the quality of
receivers and ranging signals, positioning procedures, satellite constellation,
environment conditions, modelling methods and much more. In quality control, the
geometry of positioning solution and the quality of mathematical and stochastic
models used in positioning are emphasised. The assessment of the model quality is
often based on statistical theory. This type of assessment is known as statistical

quality control.

Quality measures for the precision of positioning solutions have been very well
documented. Commonly used terms are the DOPs (dilution of precision indicators)
for point positioning (Wells, 1987), BDOPs for baseline relative positioning (Goad,
1987; Wang, 1994b), ADOPs specifically for ambiguity resolution (Teunissen,
1997). More rigorous definition of precision measures can be found in Cross et al.

(1994) and Teunissen (1998).

It is known that the reliability of positioning results estimated with least-squares or
Kalman filtering procedures is highly dependent on the correct definition of both the
mathematical and stochastic models. Possible deficiencies in the stochastic model
can be remedied using efficient stochastic modelling methods, such as the Minimum
Norm Quadratic Unbiased Estimation (MINQUE) developed by Rao (1970, 1971,
1979). Common abnormal errors relating to mathematical models are outliers,

cycle-slips and wrong ambiguities fixed in the final solution. These errors are not
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taken into account in the models, called mathematical model errors, and thus, will

bias final positioning results if they are included in the measurements.

A cycle-slip refers to a sudden jump of an integer number of cycles in the
instantaneous accumulated carrier phase. Cycle-slips could be caused by many
factors, such as obstructions of the ranging signals, malfunctioning receiver signal
processing or atmospheric scintillation. Based on the fact that carrier phases vary
smoothly, different empirical test quantities have been proposed to detect and repair
possible cycle-slips (Bastos and Landau, 1988; Blewitt, 1990; Cross and Ahmad,
1988; Goad, 1985; Hilla, 1986; Lichtenegger and Hofmann-Wellenhof, 1989;
Remondi, 1984; Westrop et al., 1989). Detailed reviews of the cycle slip detection
and repair methods can be found in Hofmann-Wellenhof et al. (1997) and Seeber
(1993). Some modern receivers have built-in algorithms that eliminate the
possibility of cycle slips (JPS, 1998). Actually, small cycle slips and outliers can be
more rigorously treated using classic outlier detection methods such as data-
snooping (Baarda, 1968; Wang and Chen, 1994a and 1994b) or a recently developed
DITA (detection, identification and adaptation) procedure for kinematic positioning
(Teunissen and Salzmann, 1989; Lu and Lachapelle, 1992). The testing statistics
used in both the data snooping and DIA procedure are derived using the mean-shift

principle (Wang et al., 1997b).

For some specific real-time applications, such as aircraft navigation, the integrity of
positioning systems is extremely important. Integrity refers to the ability of a system
to provide timely warnings to users when the system should not be used for
navigation. One of the integrity checking approaches is the so-called Receiver
Autonomous Integrity Monitoring (RAIM), which is implemented by some designed
failure (model error) detection and isolation (FDI) procedures (Brown, 1996). It is
noted that both the FDI and DIA procedures are based on statistical testing
(Salzmann, 1993; Gao, 1993; Sang and Kubik, 1997).

Since statistical testing is the tool used for the detection and identification (isolation)
of the model errors or failures in the system, the key to the quality control is the
performance of statistical testing, which is described by the internal and external

reliability measures (Baarda, 1968, Cross et al., 1994; Teunissen, 1998; Tiberius,
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1998; Wang, 1994a). The internal reliability is defined by the Marginally
Detectable (model) Errors (MDE). The external reliability is described by the
largest positional MDE, which is the assessment of the effect of the undetected
(mathematical) model errors on the final positioning results. Both the internal and
external reliability measures are highly dependent on the accuracy of the
measurements, the redundancy and geometry of the positioning systems. The
mathematical description of these reliability measures can be found in Baarda

(1968), Teunissen (1998) and Wang (1994a).

In precise relative positioning, the reliability of the positioning results also depends
on the correct resolution of the carrier phase ambiguities. Ambiguity resolution
consists of two steps, namely, ambiguity search and ambiguity validation. As part of
the quality control procedure used in satellite positioning, ambiguity validation is
critical for reliable positioning. Currently, in the field of ambiguity validation,
although well documented ambiguity acceptance test procedures are available, a
rigorous ambiguity discrimination test procedure is still lacking (Teunissen, 1996;

Wang et al., 1997a and 1998a), which is investigated in this thesis.

Given the data collected with available hardware, the accuracy and reliability of the
final positioning results rely on the way how the data are processed. Therefore,
modelling, ambiguity resolution, and statistical quality control are critical issues for

robust GPS and GLONASS satellite positioning.

1.7 Contributions of This Study

In this study, the critical issues discussed in the ylast section have been investigated,

with the focus being on the GPS, GLONASS and integrated GPS/GLONASS relative

static and kinematic positioning modes. The major contributions of this study are

briefly summarised as follows:

(a) Feasible mathematical models for use in GLONASS and integrated
GPS/GLONASS relative positioning have been analysed. Based on both
theoretical derivation and empirical experiments, an optimal mathematical

model has been identified;
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(b) A stochastic modelling procedure for static positioning has been proposed,
which is based on a rigorous statistical method. With this new procedure, three
different stochastic models have been tested and analysed;

(c) A real-time stochastic modelling method for kinematic positioning has been
developed, in which the measurement filtering residuals are used to adaptively
estimate the measurement covariance matrix. This proposed method can be
implemented along with the standard Kalman filtering process, with no
significant time delay in data processing;

(d) A linear model discrimination test procedure has been developed to validate
resolved integer ambiguities. The test statistic used in the ambiguity
discrimination test is constructed by the difference between the minimum and
second minimum quadratic form of the measurement residuals and its
derivation. The distribution of the proposed statistic has been theoretically
identified, and thus, the confidence level for the ambiguity discrimination tests
can be rigorously calculated;

() An approach to GLONASS ambiguity resolution, which is not sensitive to the
biases in pseudoranges, has been developed. This new approach includes some
critical strategies to cancel the receiver clock errors and search for the most

likely single-differenced (SD) ambiguity.

1.8 Thesis Outline

This thesis consists of seven chapters. The contents of the following chapters are

outlined as follows.

In Chapter 2, existing mathematical modelling methods for integrated
GPS/GLONASS positioning are reviewed. The single-differencing (SD) and double-
differencing (DD) procedures are theoretically analysed. Possible mathematical
models and their relative redundancy in integrating GPS and GLONASS
observations are presented. Based on the analysis of the ambiguity success rate and

model sensitivity, the optimal model is identified.

Chapter 3 presents a stochastic modelling procedure for static GPS positioning.

Following the introduction of the computational framework of the MINQUE method,
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three different stochastic models for satellite measurements are analysed using a real

static baseline data set.

Chapter 4 presents a real-time stochastic modelling method for kinematic
positioning. This method is formulated within the framework of Kalman filtering.
The test results with both GPS dual frequency and GPS/GLONASS single frequency

data sets are described.

Chapter 5 presents a framework for ambiguity validation tests, including the
acceptance test and discrimination test. Whilst the ambiguity acceptance test is
constructed using classic statistical testing theory, the ambiguity discrimination test
is treated as a comparison between non-nested linear models. A testing procedure is
derived using the likelihood method and the artificial nesting method. The
performance of the new ambiguity discrimination test procedure in ambiguity

resolution is examined.

Chapter 6 emphasises an approach to GLONASS ambiguity resolution. A
mathematical description of this approach and practical strategies for data processing

are presented, and tested using GLONASS and integrated GPS/GLONASS data sets.

Finally, Chapter 7 presents conclusions and suggestions for future development of

this research.
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Chapter 2

MATHEMATICAL MODELS FOR INTEGRATED GPS AND GLONASS
POSITIONING

2.1 Introduction

The main GPS relative positioning techniques are well established, having been
successfully used for surveying and navigation applications for over a decade. The
most attractive recent development is kinematic GPS positioning, which uses
pseudorange and carrier phase measurements to resolve the carrier phase ambiguities
almost instantaneously. Kinematic techniques improve productivity in surveying
applications and also apply well to navigation. Reliable kinematic positioning
results depend on the availability of a large number of GPS satellites. GPS
kinematic positioning techniques, therefore, may not be feasible for some situations,
such as positioning in built-up areas, where the number of visible satellites is limited
(Stewart and Tsakiri, 1997). One possible scheme to increase the availability of

satellites is to combine the GPS and GLONASS satellite systems.

The combination of the two systems offers the increases in accuracy and integrity
gained by the doubling of visible satellites. Of the total of 48 satellites available
from both systems, the number of satellites in view can reach 12 to 20 under good
observing conditions (Kleusberg, 1990). The increase in satellite availability will
also make fast static and kinematic positioning much more feasible than with each

system alone (e.g. Ashkenazi et al., 1995; Langely, 1997).

The combination of GPS and GLONASS measurements inevitably faces some
incompatibility problems. Mainly these include differences in the coordinate datum,
the time frame, the carrier phase frequencies, and the Selective Availability (S/A) in
GPS measurements (e.g. Hein ef al., 1997; Leick, 1995; Mirsa et al., 1996; Rossbach
et al., 1996). For short baselines, as discussed in Sections 1.4.4 and 1.4.5, the effects
of the differences between GPS and GLONASS in the coordinate datum and the time
frame are thought to be insignificant (e.g. Pratt ez al., 1997). A detailed discussion

about the effects of the time frames is given in Landau and Vollath (1996). The
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differencing procedure applied to the measurements from two receivers can
effectively cancel out S/A effects in GPS measurements (e.g. Leick, 1995). Due to
the multiple frequencies of the GLONASS carrier phases, however, the relative
receiver clock errors cannot be cancelled in the double-differenced (DD) carrier
phase measurements. In integrated GPS and GLONASS positioning, therefore, the
standard DD procedure results in rank deficiency of the design matrix. Thus, the
normal matrix becomes singular, indicating that meaningful positioning results
cannot be achieved (see Appendix A). Therefore, a feasible modelling method must

be developed, which is one aim of this study.

In this chapter, following a review of the existing modelling methods, the single- and
double-differencing procedures are theoretically analysed. The mathematical models
for integrating all the pseudorange and carrier phase measurements are presented.
The performance of the different models is investigated using test data sets. The
concept of the model sensitivity to the receiver clock parameters is introduced and
employed to analyse the intrinsic structure of the models. Based on this model
sensitivity analysis, the comparison of different models is made and the optimal

model is then identified.

2.2 A Review of Existing Modelling Methods

To remove the singularity in the normal matrix caused by the standard double
difference procedure in GLONASS carrier phase modelling, a number of methods
have been proposed in the literature. These methods can be generally classified into
two different groups: a) eliminating the receiver clock errors; and, b) estimating the

receiver clock errors.

2.2.1 Eliminating Receiver Clock Errors
Three specific modelling methods have been proposed to remove the receiver clock

error parameters in DD GLONASS carrier phase measurement equations.

The first method is to estimate the receiver clock errors from the single-difference
(SD) pseudoranges and correct the DD carrier phase measurements accordingly (e.g.
Raby and Daly, 1994; Pratt et al., 1997). This method actually divides the parameter

estimation into two stages. The estimated receiver clock parameters in the first stage
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may be contaminated by large pseudorange errors. This will inevitably increase the
uncertainty of the estimated coordinates and ambiguities in the second stage, because

the clock parameters are treated as having known (true) values.

The second method is to scale carrier phases into distances or a chosen frequency
(e.g. Leick et al., 1995; Leick, 1998; Landau and Vollath, 1996). If this frequency is

chosen as f; and its wavelength is A, from Equation 1.2, double differenced carrier

phase measurement equation is obtained as (e.g. Leick, 1998; Wang, 1998a):

A A 1 A A
(pfr{rit,ko E}\,_Z(pfm_x_z—(pkm:}\,_Op£’3+)\,—lefm_?\,—(j_sz (2.1)

where @, and ¢, are respectively the single-differenced (SD) carrier phases
(between stations & and m) for satellite p and ¢, with N/, and N/ being their (SD)

ambiguities; pi? is the double-differenced topocentric distances between the
receivers (k, m) and the satellites (p, ¢). It is easy to see from Equation 2.1 that the
choice of A is arbitrary. Scaling carrier phases to the specified frequency with the
wavelength of A,=1m is equivalent to scaling carrier phases to distances. Although
this method does cancel out the clock errors completely from DD measurement
equations, the resulting DD ambiguities are unfortunately non-integers. One
possible remedy for this deficiency is to estimate one of the SD ambiguity terms
from pseudoranges and then correct the associated carrier phases (e.g. Leick et al.,
1995; Leick, 1998). However, correct estimate of the SD ambiguities relies on high
quality pseudoranges. A more efficient approach is developed in Chapter 6, which is

not sensitive to pseudorange errors.
The third method is designed to cancel out the clock errors and at the same time, to

preserve the integer nature of the DD ambiguity parameters. This can be achieved

when the following condition is met:

Ag=2 =L (2.2)



33

where &, and k, are integers (Rossbach and Hein, 1996). The disadvantage of this

method is that magnitude of the resulting wavelengths is in the order of micrometers,
and thus the associated integer ambiguities cannot be resolved. Leick (1998)

recommends finding suitable factors &, and k, that can result in larger wavelengths.

However, this remedy is unfeasible. As shown in Appendix B, for the GLONASS-
GLONASS satellite pair, the largest possible value of A is 0.00126m for the current

frequency allocation and 0.000593m for the final frequency plan. With such small
wavelengths, it is still extremely difficult (if not impossible) to fix the associated

ambiguities.

Therefore, the above mathematical modelling methods are either not rigorous or

unfeasible for use in GLONASS or integrated GPS and GLONASS positioning.

2.2.2 Estimating Receiver Clock Errors

It has been noted that the rank deficiency existing in the DD carrier phase
measurement equations can be removed by adding in the SD pseudorange
measurements. This approach can produce an estimation of the (relative) receiver
clock parameter, together with other parameters (Rapoport, 1997). Actually, if the
SD pseudorange measurements are included in the mathematical models, it is also
possible to combine DD and SD carrier phase measurements, in which the SD
ambiguities are transformed into DD ambiguity parameters. This was first suggested
by Walsh and Daly (1996), but explicitly derived by Kozlov and Tkachenko (1997)
and see also Wang (1998a).

As commented by Kozlov and Tkachenko (1997), however, the above methods
cannot guarantee reliable positioning results if the GPS-GLONASS DD carrier phase
measurements are employed in the models. The reason is that the error sources of
the GPS and GLONASS measurements are different. For example, inter-channel
hardware biases in GLONASS measurements may have different size, but such
biases in GPS measurements are all the same. Therefore, the difference between the
error features of the GPS and GLONASS measurements should be considered as
another critical incompatibility problem. To reduce the effects of this

incompatibility in positioning, suitable SD and/or DD carrier phase and pseudorange
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measurement combinations should be employed in data processing. The optimal

combination should be less sensitive to this kind of incompatibility.

It has been found that the GPS-GPS and GLONASS-GLONASS DD carrier phase
measurement combination, called the separated DD carrier phase formulation, is
more reliable than the GPS-GLONASS DD carrier phase measurement combination,
the so-called the mixed DD carrier phase formulation (e.g. Pratt et al., 1997; Kozlov
and Tkachenko, 1997). Similar to the DD carrier phase formulations, the
pseudorange measurements from GPS and GLONASS can also be ‘separated’ in
such a way to form the SD GPS and DD GLONASS or DD GPS and SD GLONASS
pseudorange measurements (the clock parameters are excluded from the DD
pseudorange measurement equations). It can be expected that each of these different
pseudorange measurement formulations will have a different impact on the

positioning solution.

In the mathematical models including receiver clock parameters, all the GPS and
GLONASS measurements are processed together. Theoretically speaking, all the
mathematical model formulations including the SD GPS (or GLONASS)
pseudorange measurements are valid. These possible mathematical models may
produce different solutions, however. The investigation of the performance of the
different mathematical model formulations in positioning, in particular, in ambiguity
resolution, and the identification of the optimal model are of great importance for

integrated GPS and GLONASS positioning.

2.3 Mathematical Model Formulations

For high precision GPS relative positioning, single- and double-differencing
strategies are favoured because the integer nature of the carrier phase ambiguities
still remains (e.g. Bock et al., 1986; Bossler et al., 1980, Goad and Remondi, 1984;
Remondi, 1985a and 1985b). These measurement formulations are also useful in

integrated GPS and GLONASS data processing.

2.3.1 Single Differencing
To simplify the following discussion, the linear(ised) sets of m SD carrier phases

and m SD pseudoranges measured between two receivers are expressed as
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b, = Ay xe, + B¢ixti + E,x; (2.3)
1= Apxe + Bxy, (2.4)
where
¢; and 7 are the m x 1 vectors of the observed minus computed SD carrier

phases and pseudoranges, respectively, at epoch i ;

Xe, is the 3 x 1 vector containing baseline component unknowns at
epoch 7 ;

Xy, is the between receivers clock error parameter at epoch i ;

X is the m x 1 vector of SD ambiguities;

Ay, and 4, are the m x 3 SD design matrices relating to three baseline

component unknowns for carrier phase and pseudorange
measurements, respectively;

By, and B,  are the 1x m vectors containing the partials relating to the relative

receiver clock parameter, for carrier phase and pseudorange

measurements, respectively, i.e., B¢l, = (7»_1,761,...,%,",11 T , where A j

is the wavelength of the frequency utilised by satellite j, and
B, =(LL..)" =1,;

E, is an mx m unit matrix.

It is known that if only the SD carrier phase measurements, expressed by Equation
2.3, are used to form the normal matrix, it will be singular, which means that the SD
ambiguity parameters theoretically cannot be separated from the clock error
parameters (Teunissen and Kleusberg, 1996). The singularity can be removed by
adding in the SD pseudorange measurements expressed by Equation 2.4 (Goad,
1996). In this situation, if four or more satellites are simultaneously tracked, single
epoch data is enough to solve for all the unknown parameters. Theoretically
speaking, if high precision pseudoranges are available and unmodelled systematic
errors in the SD measurements are negligible, the SD ambiguities can be easily fixed

to their correct integer values with currently available ambiguity resolution
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techniques.  In practice, however, the estimated SD ambiguities may be
contaminated by initial phases (ibid.), destroying the integer nature of the SD
ambiguities. Moreover, the accuracy of pseudorange measurements is much lower
than carrier phase measurements. This results in a very high correlation between the
relative receiver clock parameters and the SD ambiguities. Therefore, it is very
difficult to separate the SD ambiguities from the relative receiver clock parameters.
It is noted that the DD ambiguities can be more easily fixed to their integer values.
This is because the DD ambiguities are integers by definition, and the correlation

between the clock parameters and the DD ambiguity parameters are much lower.

Similar to the DD carrier phase measurement formulations, there are two possible
options to form the DD ambiguities in the SD carrier phase measurement equations:
a) the mixed DD ambiguity formulation, i.e., selecting only one GPS or GLONASS
satellite as reference satellite; b) the separated DD ambiguity formulation, i.e., only
GPS-GPS and GLONASS-GLONASS DD ambiguities are constructed (Kozlov and
Tkachenko, 1997).

For instance, in the case of the mixed formulation, if satellite ;j is used as the

reference satellite, the SD ambiguities are reparametrized as

Xy =E pi; 2.5)
with
- 1 0
Em B l:lm—l Em—l} ’ (26)
X0,
X]; :{ %}):I’ (27)

in which x, ;) is the SD ambiguity, and

— T
xk Z[Xk(l) _.xk(j),...,xk(m) _.xk(J)] (2.8)
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is an (m—1)x 1 DD vector of ambiguity parameters.

Whilst the DD ambiguity parameters are to be fixed to their integer values, the SD
ambiguity parameter is still treated as a real-valued parameter. Inserting Equation
2.5 into Equation 2.3, the reparametrised SD carrier phase measurement equation is

obtained as

§; = Apxe, + By Xy, + E,x}, (2.9)

Another approach to convert the SD ambiguities into the DD ambiguities is
differencing the estimated SD ambiguities, which may have some flexibility in its
implementation (Kozlov and Tkachenko, 1997). It can be theoretically proved,
however, that this approach is identical to the above SD ambiguity reparametrisation

approach. From Equation 2.5, one can obtain

xp = Elx; (2.10)
where
—=-1 1 O el
E, = = s 2.11
" [— ln—1 Em—lj' {D} @10

where ¢ =(1,0,...,0)1s a unit vector with one as its first element and D 1is the
standard (m—1)xm double differencing operator matrix (Teunissen, 1997).

Substitution of Equation 2.11 into Equation 2.10 gives

| XGy|_|e
X} :{ %{”}:Lﬂxk 2.12)

thus,

fk Zka, (213)
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Equations 2.8, 2.13 and 2.14 show that the DD ambiguities obtained by differencing
the estimated SD ambiguities are identical to the directly estimated DD ambiguities

from the reparametrised SD measurement equations.

An advantage of using single differences is that all measurements have diagonal

covariance matrices. The slight disadvantage is that the nuisance parameters, ie. Xy,

and Xk(j)> still remain in the models.

2.3.2 Double Differencing
The advantage of the double differencing procedure is that it can further remove the
nuisance parameters in the SD measurement equations. The linearised sets of

double-differenced carrier phase and pseudorange measurements reads

Dd)l, = DA%,XCI, + DBd)[xti + Em—]fk (215)

Dr = DA’i X, (2.16)

In the case of the separated DD carrier phase measurement formulation, D is an

(m —2) x m double differencing matrix with a special structure (see Equation 2.22).

It is noted that, unlike the situation of processing GPS data only, in combined GPS
and GLONASS data processing, the relative receiver clock parameter cannot be
removed from measurement Equation 2.15. This is because the GLONASS satellites
transmit their signals using different frequencies. Therefore, there is a rank
deficiency of one in the DD measurement equations expressed by Equations 2.15 and

2.16. The linear dependent combination of the column vectors of the design matrix

is given by (0, 1, — DBd)l,)T, ie.
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0
[DA%' DBy, Em—l} 1 :[OJ' 2.17)

DA 0 0
- DB¢i

That means that the DD ambiguities theoretically cannot be separated from the
relative receiver clock parameters (Teunissen and Kleusberg, 1996). The rank
deficiency in Equations 2.15 and 2.16 can be removed by using the SD GPS and
GLONASS pseudoranges, or the DD GPS and SD GLONASS pseudoranges (e.g.
Rapoport, 1997).

Actually, if the SD pseudoranges are included in the models, it is possible to
integrate the DD and SD carrier phase measurements, in which the SD ambiguities
should be reparametrized. Therefore, there are many mathematical models that can

be used in combined GPS and GLONASS positioning.

2.3.3 Mathematical Models

To simplify the discussion, the following notation is employed to represent the

different models :
[a][b] _[c][d] _[e] (2.18)

where

[a] is the GPS pseudorange mode;

(] is the GLONASS pseudorange mode;

[c] is the GPS carrier phase mode;

[d] is the GLONASS carrier phase mode;

[e] is the DD carrier phase or DD ambiguity formulation approach (reference)

mode.

The measurement modes for [a], [b], [c] and [d] can be S, standing for the single-
differencing mode or, D, standing for the double-differencing mode. [e] can be M,

standing for the mixed formulation approach or, S, representing the separated
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formulation approach. For example, the notation DS DD § represents the model
which uses the double-differenced GPS pseudorange, the single-differenced
GLONASS pseudorange, GPS-GPS and GLONASS-GLONASS double-differenced
carrier phase measurements and thus, the DD GPS and GLONASS ambiguities are

formed separately.

With the above model formulation procedure, a total of 18 different models can be
formed. It is noted in all experiments that the results of models SS SD_S, SD SD_§
and DS _SD _S§ are identical to those of models SS DS S, SD DS S, and DS DS S.
The possible reason for this is that these two groups of the models have a similar

geometric structure. Therefore, only 15 models, listed in Table 2.1, need be analysed

further.

Model Model Relative
Number Name Redundancy
1 SS§ 8§ S 3n,-2
SS SD S 2n,- 1
3 SS DD § n,
4 SD 8§ S 2n,-2
5 SD SD § n,-1
6 SD DD S 0
7 DS S§ S 2n,-2
8 DS SD S n,-1
9 DS DD S 0
10 SS SS M 3n,-2
11 SS DD M 2n,- 1
12 SD SS M 2n,-2
13 SD DD M n,-1
14 DS SS M 2n,-2
15 DS DD M n,-1

Table 2.1 Mathematical models for
integrated GPS and GLONASS positioning

The relative redundancy for each model in kinematic mode is also presented in Table
2.1, in which #, is the number of epochs in a solution. For example, if the number of

the satellites is ng, in the case of model 1, the number of the measurements is

ne(2ng —1) and the number of the unknown parameters is 4n, +ng — 1. Therefore,



41

the redundancy for model 1 is n,(2ny —5) —ng + 1. Similarly, in the case of model 9,
the number of the measurements is n,(2ny —3) and the number of the unknown
parameters is 4n,+ny—2, and thus, the redundancy for model 9 is
ne(2ng —7) —ng +2. Based on these derivations, the relative redundancy between

models 1 and 9 is calculated as 2n, —1.

Among all the mathematical models listed in Table 2.1, models SS _SS S and
SS SS M have the highest redundancy, whereas models SD DD S and DS DD S
have the lowest redundancy. It is noted that, although some models happen to have
the same redundancy, such as models DS SD S and DS DD M, the internal
structures of these models are different. Therefore, their performance in ambiguity

resolution may be different. This will be discussed in the following section.

2.4 Model Performance in Ambiguity Resolution

As reliable ambiguity resolution is one of the critical steps in integrated GPS and
GLONASS relative positioning, the performance of the different mathematical
models in ambiguity resolution is of great interest. To compare the reliability of
different models in ambiguity resolution, five test data sets, collected on different
baselines with various satellite constellations, were processed. These data were
collected by the author, in Perth, Western Australia, using two Ashtech GG24
GPS/GLONASS receivers. In this study, whilst GPS satellites are numbered in the
range from one to 32, GLONASS satellites are numbered in the range from 33 to 56.
In all the data sets, the cut-off elevation angle was set to ten degrees. The details of

the test data sets are presented in Table 2.2.

Baseline GPS/ Data Data Segments | Survey

Baseline Length GLONASS Span Interval (seconds) Date .
Names (meters) Satellites (minutes) | (seconds)

B-1 ZETr0 5/5 10 1 1 22.7.97

B-2 223 7/3 20 | 5 11.12.97

B-3 285 6/4 20 1 5 09.02.98

B-4 425 7/3 25 1 10 15.02.98

B-5 1216 7/5 30 | 10 16.02.98

Table 2.2 Details of the five test data sets
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In data processing, the true ambiguities for all measurement formulations were
recovered from the whole data set, which was then divided into short segments with
data spans ranging from one to ten seconds depending on the baseline length (see
Table 2.2). All segments were further processed in the kinematic mode, which
assumes an antenna is in motion (Section 1.5.3). In all the solutions, the standard
deviations for one-way carrier phase and pseudorange measurements were set to 0.05
cycles and 1.0m (based on Seeber, 1993, p.290) , respectively. Based on the
statistics obtained from the float solution, the best ambiguity set was identified using

the LAMBDA ambiguity search method (Teunissen, 1993).

The best ambiguity sets were compared with the corresponding ambiguity values
recovered from the whole data set. The correct rates of the best ambiguity sets were
then calculated and are listed in Table 2.3. It should be noted that these numbers just
vary with different data sets. Unlike the success rate of the ambiguity resolution,
which may vary with different validation procedures, the correct ambiguity rates are
not affected by mistakes in the ambiguity validation step, which is based on

statistical testing procedures (Sections 5.3 and 5.4).

Correct rates of Averaged
Model Model the best ambiguity sets (% Correct
Number Name B-1 B-2 B-3 B-4 B-5 Rates (%)
1 SS S§ S 100 88.3 72.1 90.6 97.8 89.8
2 SS SD_§ 100 88.3 72.1 90.6 97.8 89.8
3 SS DD S 100 88.3 72.1 90.6 97.8 89.8
4 SD SS S 100 94.2 96.3 96.6 98.9 97.2
5 SD SD S | 100 94.2 96.3 96.6 98.9 97.2
6 SD DD S | 100 94.2 96.3 96.6 98.9 97.2
7 DS 8§ S 100 96.7 96.3 96.6 97.8 97.5
8 DS SD S 100 96.7 96.3 96.6 97.8 97.5
9 DS DD § | 100 96.7 96.3 96.6 97.8 97.5
10 SS SS M | 985 | 91.2 86.3 94.6 28.3 79.8
11 SS DD M | 98.5 | 91.2 86.3 94.6 28.3 79.8
12 SD SS M | 100 82.1 84.2 95.3 90.6 90.4
13 SD DD M | 100 82.1 84.2 95.3 90.6 90.4
14 DS SS M | 99.2 | 86.3 99.6 100 9.4 78.9
15 DS DD M| 99.2 | 863 99.6 100 9.4 78.9

Table 2.3 Correct rates of the best ambiguity sets
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2.4.1 Comparison between Separated and Mixed DD Ambiguity or DD Carrier
Phase Formulations
It can be seen from Table 2.3 that the performance of the models using the separated
DD ambiguity or DD carrier phase formulations (models 1-9) is generally better than
that of the models using the mixed DD ambiguity or DD carrier phase formulations
(models 10-15). In the cases of the mixed formulations, the correct ambiguity rates
vary largely from 9.4 percent to 100 percent. The reason is that the differences
between the GPS and GLONASS frequencies are much larger that the differences
between the GLONASS frequencies themselves. If any systematic errors in
GLONASS measurements are significant, the separated formulations may eliminate
these errors more effectively than the mixed formulations (e.g. Pratt et al., 1997).
However, it must be noted that Table 2.3 represents only a limited number of data

sets. A geometric analysis of the 15 models is given in Section 2.5.
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Figure 2.1 DD phase residuals from the B-3 data set
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Figure 2.2 DD phase residuals from the B-5 data set
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The remaining errors in GLONASS-GPS DD carrier phase measurements mainly
come from the effects of inter-channel hardware delays and multipath. However, the
inter-channel hardware delays are unpredictable, varying with the temperature of the
receiver (e.g. Raby and Daly, 1993a and 1993b). For example, it can be seen from
Figure 2.1 that the effects of the inter-channel hardware delays in the B-3 data set
vary randomly with a slightly systematic trend. In the case of the B-5 data set,
however, the DD phase residuals shown in Figure 2.2 indicate that these effects are
significant, particularly during the period between epoch one and 600. Most likely,
Figure 2.2 shows a combination of the inter-channel hardware delays and multipath.
This can explain the fact that the models utilising the mixed DD ambiguity or DD
carrier phase formulation can produce better results in the case of the B-3 data set,

compared to the case of the B-5 data set.

2.4.2 Comparison Between Pseudorange Formulations

Similar to the models using the mixed DD carrier phase measurement formulation,
models 1-3 and 10-11 using GPS and GLONASS SD pseudorange measurements
only are generally worse than the models 4-9 and 12-15 (with ambiguity success
rates 90 percent versus 97 percent and 80 percent versus 85 percent) due to the
effects of the remaining systematic errors in the GLONASS pseudorange
measurements. The models 4-9 and 12-15 employ either GPS or GLONASS SD
pseudorange measurements, in conjunction with GPS and GLONASS carrier phase

measurements.

As commented in the literature (e.g. Pratt ef al., 1997; Hall et al., 1997), the effects
of inter-channel hardware delays in the pseudorange measurements are significant,
which can be seen in the test data sets. Although DD GPS and GLONASS
pseudorange measurements are not used in all the models, they can be employed to
indicate the large size of the effects of the inter-channel hardware delays. For
example, for the same satellite pair SV 36-29 in the B-3 data shown in Figure 2.1, in
Figure 2.3 there is approximately a one-metre shift in the DD pseudorange residuals,
which may be caused by the inter-channel hardware delays. To compensate their
effects in positioning with models 1-3 or 10-11, GLONASS psecudorange
measurements should be properly down-weighted (e.g. Hall ef al., 1997; Kozlov and

Tkachenko, 1997).
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Figure 2.3 DD pseudorange residuals from the B-3 data set

2.4.3 Comparison Between the SD and DD Carrier Phase Formulations

For the models using the same pseudorange formulation, but using the SS, SD or DD
carrier phase formulations defined by Equation 2.18, i.e., models grouped as 1-3, 4-
6, 7-9, 10-11, 12-13 or 14-15, the correct ambiguity rates are the same. However,
differences in the ambiguity discrimination test statistics (for a detailed discussion of
ambiguity resolution quality control procedures, see Chapter 5, Sections 5.1 and 5.2)
still exist between them, because they do have different levels of redundancy (see

Table 2.1).

In ambiguity resolution, the F-ratio is commonly used as a discrimination test
statistic (e.g. Pratt et al., 1997; Walsh and Daly, 1997). The larger the F ratio, the
more reliable the ambiguity resolution. Thus, the F-ratio differences between the
models are of interest. For example, when models 14 and 15 are applied to the B-4
data set, both of them have a 100 percent ambiguity correct rate. However, the F-
ratio values of model 15, shown in Figure 2.4 (represented by F15), are larger than

the F-ratio values of model 14, with the differences between them ranging from 0.01

to 0.56.
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Figure 2.4 F-ratio values from the B-4 data set

Similar results were observed when a new ambiguity discrimination test statistic Ws
called W-ratio (see, Section 5.4), was used in ambiguity resolution. Again, the larger
the W-ratio, the more reliable the ambiguity resolution. The W-ratio values for
models 14 and 15 are shown in Figure 2.5 (represented by W14, W15), indicating
that, in most cases (81 percent), the models using the DD carrier phase formulation

have bigger W-ratio values than the models using the SD carrier phase formulation.

Thus, the models with the higher redundancy may not always have a strong internal

structure. In order to look into the intrinsic structures of the different models, the

model sensitivity will be further investigated in the following section.
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Figure 2.5 W-ratio values from the B-4 data set
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2.5 Model Sensitivity with Respect to Receiver Clock Errors

2.5.1 Definition of the Model Sensitivity

When considering integrated GPS and GLONASS relative positioning, the control of
the relative receiver clock errors is one of the critical issues. Because the receiver
clock errors are unstable, it is difficult to model them properly. Instead, it is
common to estimate them every epoch. It has been noted that the clock behaviour in
the pseudorange and carrier phase measurements may be different (Langely, 1996),
and hardware delays between the carrier phase and pseudorange channels may also
exist (Goad, 1996). Due to these and other remaining errors in the SD or DD
measurements, the estimated clock parameters may be biased (Leick, 1995). What
one hopes is that the model parameters of interest, ie., the baseline components and

the DD ambiguities, are not sensitive to the biased receiver clock parameters.

Generally speaking, the higher the correlation between the parameters in a model,
the higher the sensitivity of the model to the parameters. Therefore, the model
sensitivity can be measured by the correlation coefficients between the parameters.
For the models used in integrated GPS and GLONASS positioning, the correlation
between the receiver clock parameter, and the baseline components and the DD

ambiguities is of direct interest.

Suppose the covariance matrix of the parameters Xt 5 X and X; at epoch i 1is

expressed as

q: thk

= , (2.19)
Oh Ou

where g, is the variance of x; ; O is the covariance matrix of x., and X;; Oy 1s
the vector of the covariances between x, and x, and x;. The (multiple)

correlation coefficient between the receiver clock parameter and, the baseline

component and the DD ambiguity parameters (p; o ), is defined as
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—1 T
Dtk = /thquik Oick (2.20)

It is expected that each of the models listed in Table 2.1 may have a different model

sensitivity, which can be used as an efficient tool for model evaluation.

2.5.2 Model Sensitivity Analysis for Test Data Sets
To compare the sensitivity of the different models with respect to receiver clock
parameters, the correlation coefficients for the same test data sets discussed in Table

2.2 were calculated at every epoch. The averaged correlation coefficients are listed

in Table 2.4.

Correlation Coefficients Averaged
Model Model (averaged in a data set) Correlation
Number Name B-1 B-2 B-3 B-4 B-5 | Coefficient
S
SSSS S | 0.969 | 0.957 | 0.966 | 0.955 | 0.940 0.957
SS SD S | 0.969 | 0.957 | 0.966 | 0.955 | 0.940 0.957
SS DD S | 0.969 | 0.899 | 0.909 | 0.884 | 0.801 0.892
SD SS S | 0944 | 0.939 | 0.956 | 0.940 | 0.918 0.939
SD SD S | 0.944 | 0.939 | 0.956 | 0.940 | 0.918 0.939
SD DD S | 0944 | 0.864 | 0.889 | 0.853 | 0.751 0.860
DS SS S 10942 1 0.890 | 0.918 | 0.874 | 0.865 0.898
DS SD S | 0942 | 0.890 | 0.918 | 0.874 | 0.865 0.898
DS DD S | 0.942 | 0.782 | 0.815 | 0.750 | 0.675 0.793
SS SS M | 0.986 | 0.976 | 0.983 | 0.973 | 0.975 0.979
SS DD M | 0.986 | 0.942 | 0.953 | 0.931 | 0.898 0.942
SD S§§ M | 0.985 | 0.972 | 0.984 | 0.970 | 0.975 0.977
SD DD M| 0.985 ] 0.932 | 0.955 | 0.924 | 0.896 0.938
DS SS M | 0.984 | 0.971 | 0.979 | 0.965 | 0.968 0.973
DS DD M| 0.984 | 0.930 | 0.938 | 0.920 | 0.883 0.931

Iy Ny Eel 1S 1 1= R R BN RN [V NG [ 1O o

Table 2.4 Correlation coefficients p, ., for the test data sets

Based on the correlation coefficients listed in Table 2.4, it can be concluded that:

(a) With the same pseudorange formulation, the models using the mixed DD
ambiguity and DD carrier phase formulations are always more sensitive to
receiver clock parameters than the models using the separated DD ambiguity

and DD carrier phase formulations. For example, models 14 and 15 have an
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averaged correlation coefficient 0.952, but for models 7, 8 and 9, the averaged
correlation coefficient is only 0.863. This is consistent with the correct
ambiguity rates shown in Table 2.3;

With the same DD ambiguity or DD carrier phase formulation, the models
using DS pseudorange formulation defined by Equation 2.18, have lower
correlation than the models using the SS or SD formulation defined by
Equation 2.18. For example, the average correlation coefficient for model 9
(DS_DD _S) is 0.793, but for model 3 (SS_DD_S), the averaged correlation
coefficient reaches 0.893;

With the same pseudorange formulation, the models using the DD carrier
phase formulation have lower correlation coefficients than the models using
the SS or SD carrier phase formulations defined by Equation 2.18. To show
this more clearly, a segment of 180 epoch data in the B-4 data set was
processed in kinematic mode using models 8, 9, 14, 15, respectively. The
correlation coefficients were calculated at each epoch, which are shown in
Figures 2.6 and 2.7, indicating that models 8 and 14 are more sensitive to the
receiver clock errors than models 9 and 15, respectively. This can explain the
fact that in the B-4 data set, the F-ratio values for model 15 are larger than

those for model 14.
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Figure 2.6 Correlation coefficients for models 14 and 15 (B-4 data set)
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Figure 2.7 Correlation coefficients for models 8 and 9 (B-4 data set)

It is noted that, with the same pseudorange formulation, the models using the SD or
SS carrier phase formulation, such as models 1 and 2, 7 and 8, have almost the same
model sensitivity within the employed computing accuracy (these numbers should
theoretically be different, for example, in the case of the B-4 data set, after 180
epochs, the difference is just 0.003). This is expected because, for the models using
the SD and SS carrier phase formulation, the only difference between them is that the
former includes one SD ambiguity nuisance parameter and the latter includes two SD
ambiguity parameters. In addition, the correlation between the SD ambiguity

parameters and other parameters is very high.

Similar to the case of GPS data processing, it is noted from Table 2.4 that the DD
carrier phases are still the desirable quantities for integrated GPS and GLONASS
data processing because they are less sensitive to clock errors than the SD carrier
phases. This result is consistent with the comments by Leick (1995, p. ‘537).
According to the sensitivity analysis results from the test data sets, model 9
(DS_DD_S) is the optimal model, which is highlighted in Table 2.4. It is this model
that has been employed in commercial software for integrated GPS and GLONASS
data processing (Rapoport, 1997).
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2.5.3 Theoretical Results on the Model Sensitivity

The above model sensitivity analysis is based on the numerical results for specific
data sets. One may ask how valid are the above conclusions and how much may
these conclusions be geometry-dependent? The correct answer for this question
requires much theoretical work to be conducted. The initial results in this direction
have shown that the above conclusion (a) can be theoretically proved in the case of

single epoch solutions, which is summarised as follows.

With the same pseudorange formulation defined by Equation 2.18, the models using
the SS, SD or DD carrier phase formulation defined by Equation 2.18 are identical in
the case of single epoch solutions. This can be easily proved using the Schaffrin-
Grafarend theorem (Schaffrin and Grafarend, 1986). Therefore, in the case of single
epoch solutions, only the models using the DD carrier phase formulation need to be

further discussed here.

Suppose m; GPS satellites and m, GLONASS satellites are tracked and the one-way
carrier phase measurements are independent and have the same variance o.

Define D, as the pseudorange differencing operator matrix. For integrated GPS and

GLONASS data processing, D, has a special structure. For example, in the case of

combining the DD GPS and SD GLONASS pseudoranges,

_ 0
D, = ﬁ)} Emj’ (2.21)

where Dy is an (my —1) x my standard DD operator matrix and Ey, is an m X m

unit matrix. The weight matrix for the differenced pseudoranges and carrier phase

are F. and F, respectively.

Define l_)(b as the carrier phase differencing operator matrix, which can be the mixed

or separated DD operator. In the case of the mixed DD carrier phase formulation,

5¢ up is a standard (m—1) x m DD operator matrix, where m =mj +my; in the

case of the separated DD carrier phase formulation,



52

Dy 5= [13] 1())2} (2.22)

where Dy and D, are the (m —1)xmy and (my —1) x my standard DD operator
matrices, respectively. The weight matrices for the mixed and separated DD carrier

phase formulations are

FaY FaY -1
By w =5 Dy mDy a0 (2:23)
B s=2(Dy sDf 7. (2.24)
For a single epoch solution, the corresponding normal matrix is formed as
Nee Nep Nek
N=NL N, Ngl|, (2.25)

T T
Nex Ny Nig
with

Nee = 4D BByt + ATD] R4y
Ny = Bj.D{ B,DyBy, + B, D, B.D,B, ;
Nige = By

Net = 4y, Dy DBy, + 4; D RD,B,
Nex = 44,0y By

TsT
Nuk = By, Dy -

It can be proved that the multiple correlation coefficients are independent of the
inverse of the covariance matrix. Using the normal matrix instead of the covariance
matrix to derive the correlation coefficient is more convenient. The multiple

correlation coefficient between x;, and x. ,x; is calculated by
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= o-1oT

2 NiewNek Neek Y1+72
= = , 2.26
Pr.ck Ny Y3+72 (2.26)

with

Nick :[Ntc le];

— Ncc ch
NCk{Nch N |’

TRTp 1y TRTpH
V1= B8, D, BD, 4,04, D, KD,.B,;
T— —_—
Y2 = By Dy FyDyBy;
TRTp R
Y3 =B, D, DB, ;

TRT p 7~ 731
Qcc = (Ar Dr PrDrAr) .

For the mixed and separated DD carrier phase formulations, the corresponding

(multiple) correlation coefficients are denoted as p; o ar and p; o s, respectively.

Therefore, initial theoretical results are given in theorem (2.1) below:

Theorem (2.1) (model sensitivity)

In the case of single epoch solutions, for the same pseudorange formulation,

Prek M~ Prck S (2.27)

Proof: see Appendix C.

Much theoretical work is needed to verify whether or not the above conclusions (a),
(b) and (c) are geometry-dependent, which is beyond the scope of this study. Further

research in this direction is discussed in Section 7.2.1.

2.6 Summary
The existing mathematical modelling methods for integrated GPS and GLONASS

positioning have been reviewed. Based on the theoretical analysis of the single- and
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double-differencing procedures, the possible mathematical models for integrated
GPS and GLONASS pseudorange and carrier phase measurements and their relative
redundancy have been presented. The performance of these mathematical models in
terms of ambiguity resolution is different. For specific test data sets, the correct
ambiguity rates of these models range from 78.9 percent to 97.5 percent. In addition,
it has been theoretically proved that differencing the estimated SD ambiguities is

equivalent to reparametrising the SD ambiguities as DD ambiguities in the models.

The concept of model sensitivity to the receiver clock parameters has been
introduced. This has been used to evaluate the different mathematical models for
integrated GPS and GLONASS positioning. As with the commonly used DOPs in
GPS positioning, the measure of model sensitivity is independent of the real
measurements and can be calculated before positioning is conducted. It has been
shown that, similar to the case of GPS data processing, the DD carrier phases are still
the desirable quantities for integrated GPS and GLONASS data processing because

they are less sensitive to the clock errors than the SD carrier phases.

In the case of single epoch solutions, it has been theoretically proved that, the models
using the mixed DD carrier phase or DD ambiguity formulation have a higher
sensitivity to clock parameters than the models using the separated DD carrier phase

or DD ambiguity formulation.

Based on the investigation into the model performance in ambiguity resolution and
model sensitivity to the receiver clock errors, the optimal mathematical model has
been identified. This model uses DD GPS and SD GLONASS pseudorange
measurements and the GPS-GPS and GLONASS-GLONASS DD carrier phase
measurements. This optimal mathematical model can deliver the best performance

in ambiguity resolution.
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Chapter 3

STOCHASTIC MODELLING FOR STATIC GPS POSITIONING

3.1 Introduction

In GPS relative positioning, double differenced GPS measurements are favoured
because they can, to a large extent, cancel out many systematic errors and have a
simplified functional model. In practice, however, stochastic modelling for double
differenced GPS measurements is not trivial. Although major parts of the systematic
errors can be modelled or cancelled out by differencing the GPS measurements
between the satellites and receivers, residual (or unmodelled) systematic errors may
be present (e.g. Bock et al., 1986; Goad, 1987, Leick, 1995). In these cases, not only
measurement random errors but also residual systematic errors, considered as
randomised errors, may influence the stochastic models of GPS double differenced

measurements.

As pointed out in Chapter 1, the widely used approach to construct the covariance
matrices of GPS double differenced measurements is based on the variance-
covariance propagation law. It is usually assumed that all the raw measurements are
independent and have the same accuracy. Unfortunately, these assumptions are not
realistic. The raw measurements are correlated and it is exactly on this fact that the
double difference method is based (Gianniou, 1995; Roberts et al., 1997; Miller et
al., 1997; Wang and Stewart, 1996). On the other hand, the accuracy of GPS
measurements may change with different measuring conditions, such as the elevation
angle of tracked satellites. Adopting incorrect stochastic models for double
differenced measurements in GPS data processing will inevitably result in unreliable
statistics for ambiguity resolutions and thus, biased positioning solutions (Cannon
and Lachapelle, 1995). Therefore, it is appropriate to investigate the construction of

appropriate covariance matrices for double differenced GPS measurements.

Recently, some effort has been made to improve the stochastic models used in GPS

relative positioning. FEuler and Goad (1991), Gerdan (1995), Jin (1996) and Han
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(1997) have used an exponential formula to approximate the standard deviations of
GPS measurements, which are considered to be dependent on the elevation angles of
the tracked satellites. Based on the use of the signal-to-noise ratio, some similar
exponential formulae have also been proposed to describe the error features of the
satellite measurements (eg. Gianniou and Groten, 1996; Harting and Bruner, 1998;
Barnes et al., 1998; Talbot, 1988). In these exponential formulae, the coefficients
are determined using empirical methods with experimental data. In Gianniou (1995),
Newton’s divided-difference method is used to evaluate the noise levels of GPS
measurements, which in turn are used to directly construct the covariance matrix of
the GPS double differenced measurements. With these methods, however, the

statistical properties of the estimations are unclear.

Fortunately, in static or, even fast-static GPS relative positioning, redundant
measurements are available, from which realistic covariance matrices can be
estimated by using modern statistical methods. Geodesists have used some statistical
methods to evaluate the accuracy of conventional angle, levelling, EDM
measurements and GPS-derived baseline components; see, for example, Grafarend et
al. (1980); Welsch (1981); Schaffrin (1983); Koch (1988); Chen et al. (1990); Sahin
et al. (1992); Kuang (1993); Ananga er al. (1994). In this chapter, the most
commonly used method for estimating variance-covariance components, MINQUE,
will be employed to construct the covariance matrices of double differenced GPS
measurements. Three different stochastic models for GPS measurements are to be

tested and analysed with a static GPS baseline data set.

3.2 Computational Procedure of MINQUE

In the following Gauss-Markov model with » measurements and ¢ unknowns:

[=Ax+v, (3.1

k
C= 'Z] GiT,- 5 (32)
1=

[ and v are nx1 vectors of the measurements and residuals, respectively; 4 is the

nxt design matrix with Rank(A)=1¢; x is ¢t x 1 vector of the unknown parameters;

01,67,...,0; are the variance-covariance components of the measurements to be
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estimated; & is the number of variance covariance components; and 7;,7,..., I} are

the so-called accompanying matrices, which will be discussed further in the next
section. According to Rao (1970 and 1971), a minimum norm quadratic unbiased

estimation of the linear function of 0; (i =1,2,......,k), i.e., g0; + £0,+..+g.0;, is
the quadratic function / T M1 if the matrix M is determined by solving the following

matrix trace minimum problem (Rao, 1971 and 1979)

Tr{MCMC} = min, (3.3)
Subject to

MA=0, (3.4)

Tr{iMT}=g; (@(=12,....,k) (3.5)

where Tr(o) is the trace operator of a matrix. Based on Equations 3.3, 3.4 and 3.5,

the variance-covariance components can be estimated as (Rao, 1979):

6=0,,6,,...6,)T =57g, (3.6)

where the matrix § = {s;;} with

s; = Tr{RTRT;}, (3.7)

and the vector g = {g;} with

q; = I"RTRI, (3.8)

and

R=CYHE-a4Tc o 4Tc™Y, (3.9)
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where E is an n x n identity matrix. It is noted from Equations 3.6, 3.7, 3.8 and 3.9
that the estimated variance-covariance components depend on matrix C, which

includes the variance-covariance components themselves. Therefore, an iterative

process must be performed. Initially, an a priori value of 0, is given by 6?. With

Equation 3.6, the initial estimate 6! is then obtained. In the (j + Dth iteration, using

the previous estimate 6/ as the a priori values, the new estimate is:
& =s10Hqe@)  (j=012,...), (3.10)

which is called the iterated MINQUE. If 6 converges, the limiting value of 6 will

satisfy the following equation:

S(6)6 = q(6), (3.11)
which can be further expressed as (Rao, 1979):

Tr{RO)T} = ITROYTR®), (i =1,2,....k). (3.12)

If all the matrices 7,75,...,7;, are non-negative definite, a modified iterative

procedure can be defined as (Rao and Kleffe, 1988):

s _ gy TARONT
’ “ITR(O’)TRE®)

G=12,..k). (3.13)

The advantage of the above modified procedure is that it can guarantee that the

estimated variances are always positive. With given convergence tolerance 3,

when the following inequalities hold:

6/ -0/

<8y, ((=12,...,k)), (3.14)
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the iteration process stops. From the above, it can be seen that one of the critical
steps in using the MINQUE method is to construct the appropriate stochastic models

as presented by Equation 3.2.

3.3 Stochastic Models of GPS Measurements

In this section, three different stochastic models, called Models A, B and C,
respectively, will be discussed. Model A is a homoscedastic and uncorrelated error
model, in which all the raw GPS measurements are assumed to be statistically
independent and have the same variance. This is the most commonly used stochastic
model in GPS data processing. Model B is a heteroscedastic and uncorrelated error
model, in which the raw GPS measurements obtained from different satellites will be
assigned with various variances, although they are still considered to be statistically
independent. In Models A or B, with the estimated variances, the covariance
matrices of the double differenced measurements are constructed by using variance-
covariance propagation law. In Model C, the two assumptions involved in Model A
do not hold and the variance-covariance components for the double differenced
measurements are directly estimated. Therefore, Model C may considered as a
heteroscedastic and correlated error model. For each model, formulae will be

derived in the following.

3.3.1 Homoscedastic and Uncorrelated Error Model

Suppose m satellites are tracked at epoch i by two receivers. The raw GPS
measurements collected from receivers 1 and 2 at epoch i are @, = (([)i,d)f ,...,d);”)T ,

r=1,2, respectively. The double differenced measurements ! for epoch i are,

then, formed as
I(7) = DD(), (3.15)

where i=1,2,...,s and s is the number of epochs in the processed session;

OO) = [(DIT (D, d)2T (1)]; and the matrix D is the so-called double-difference operator

(Bock et al., 1986; Leick, 1995). If all the raw GPS measurements are assumed to be

uncorrelated and have the same variance ° , the covariance matrix for the raw GPS
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measurements at epoch i is Cy; =6°E, where E is a (m—-1)x(m-1) identity
matrix. The covariance matrix of the double differenced measurements is

constructed with the variance-covariance propagation law as follows:

4 2 .
2 4 .2
where T, = DD” = : (3.17)

2 2 . 4

For a session solution with s epochs of data, the covariance matrix of all the double

differenced measurements is C = 6,7] , where
T =diag(T;), (@=12,...,9). (3.18)

Obviously, 6;(= 02) is a unique unknown in Model A. With Equation 3.6, the

MINQUE estimator of the variance o2, denoted as &2, is represented as:

~  UTRERI Tl

81=6" = FrRTRTT = noT (3.19)

which has been proved in Koch (1988, p. 276). If o? is considered as an a priori

- variance factor in Model A, ]]_1 = P is the corresponding weight matrix. Therefore,
Equation 3.19 is identical with the formula for computing the estimate of the
variance factor in the least-squares solutions. Moreover, it is noted from Equation
3.19 that the estimate of o7 is independent of its initial value and, hence, no iteration

is needed in Model A.

3.3.2 Heteroscedastic and Uncorrelated Error Model
In Model B, the raw GPS measurements are assigned with different variances. These

variances are defined as a function of specific factors that may impact the
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measurement accuracy, such as satellite elevation angles, signal-to-noise ratios and
multipath. Unknown parameters in the function are estimated using the MINQUE
method. Theoretically, this type of function 1s very difficult to construct due to
incomplete knowledge of the error sources. In practice, the variances of raw GPS
measurements could be approximated as a function of the satellite elevation angles

as:

=a® + b (R (), (3.20)

2
0

where, a® and 5° are the unknown constant terms; hrj (7) is the elevation angle

under which satellite j is tracked from receiver  at epoch 7 ; and f (hrj (@)) 1is the

accuracy diluting function (ADF). Assuming there are no spatial correlations
existing in the GPS measurements, the covariance matrix of the double differenced

measurements at epoch i is constructed by using variance propagation law as:

Cl(i):az'zi—l_bz']ii’ (3.21)
where T}, = DDT as presented by Equation 3.17; and

S+ fai Su Suo- Jii
fli. Jitfs Suo- S (3.22)

b

S fli' fli' fli'*'fmi.

and f; = f( )+ f(W@), j=12,...,m Letting 6, =a® and 0, =h*, the

covariance matrix of all the double differenced measurements for a session solution
2

with s epochs of data is C = Elejz} , where 7} = dz'ag(]},-), j=12; i=12,...,s.

In Model B, therefore, there are two unknown variance components that need to be

estimated. Since both accompanying matrices 7] and 7, are non-negative definite,

Equation 3.13 can be used.
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The philosophy behind Model C is to directly estimate every element of the

covariance matrix for the DD measurements without making the unrealistic

assumptions used in Models A and B. Therefore, Model C can be expected to be

more reliable than Models A and B.

Define r =m—1 as the number of double differenced measurements at epoch i .

The covariance matrix of the double differenced measurements at epoch 7 is

represented by:
2
S11 %12 - Ok
c o3 c k
Gy =|® 2 - o[ ZoT,
2
Gy Gn2 %
where
0 = (6,,0,,...,0,)7
'_( 15Y2seees k)
2 2 2 T»
:(611’622""’Grr7012’613""’Glr9623""02r’ ...... ’O-(V—l)r)

is the vector of the unknown variance and covariance components; and

1 0.0 00 .0 00 .0
0 0 01 .0 00 .0
]ii_ 91121"— I EREEE ’T;’l_ .
00 .0 00 .0 00 .1
01 0 . 0 0] (0 01 . 0 0]

1 0 .0 0 0 0 0 0
000 .00 100.00
000.00 000 .00
000 .0 0 000 .0 0

(3.23)

(3.24)

(3.25a)

(3.25b)
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000 .00
000.00
000.00

ezl 0 0o (3.25¢)
0 0 0 1
000 .10

are the so-called accompanying matrices. k=r(r+1)/2 is the number of the

unknown variance and covariance components in Model C. For a session solution

with s epochs of data, the covariance matrix of all the double differenced

k

measurements is C= zlejz}, where T =diag(T;;), i=12,..,s and
j:

j=L12,...,k . Ttis evident that Model C will be computationally intensive as the

number of GPS measurements increase.

3.4 Test Results and Analysis

A GPS static baseline data set was used to test the performance of the various
stochastic models in GPS static data processing. The data were collected on
November 18 1996, in Perth, Australia, using two Leica System 300 dual frequency
GPS receivers. The baseline length was about 1km and the data sampling rate was
15 seconds. The cut-off elevation angle was set to 15 degrees. During the session of
35 minutes, the same six satellites were tracked. This data set was first processed
using dual frequency data to recover the true ambiguity values, which were then used

to check the correctness of the resolved ambiguities from the tests.

3.4.1 Residual Analysis

The least-squares residuals (from ambiguity-float solution) of the L1 double
differenced (DD) phase measurements, from two satellite pairs (SV 19-18, 19-29),
are displayed in Figure 3.1, which demonstrates that GPS measurements observed
from different satellites do have different noise levels. Using model C, the whole
covariance matrix for all the L1 DD carrier phase measurements is estimated and
listed in Table 3.1, which clearly shows that the DD carrier phase measurements do
have different variances. For example, the standard deviations for the satellite pairs
SV 19-18 and 19-29 have been estimated as 0.002m and 0.005m, respectively.

Using Model A, however, the standard deviation for all the DD measurements was
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estimated as 0.005m. Furthermore, it is noteworthy that the correlations in the
estimated covariance matrix range from 0.02 to 0.39, while in Model A, the
correlations are always equal to 0.50. Therefore, simply assigning the same variance

to all the measurements and assuming that they are statistically dependent cannot

truly reflect reality.
0.02 e
SV 19-18 SV 19-29

~ 001 t ,
. A A
—§ 0 k /\J\’\I\A'AA /\_ WA MVAUAI\VAVAV/\-\ M /\M/\ /\ I f\Ul\v[\
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Figure 3.1 Comparison of L1 DD phase residuals from two satellite pairs

Satellite Pairs | SV 19-04 | SV 19-18 | SV 19-24 | SV 19-25 | SV 19-29
SV 19-04 0.1065 0.0279 0.0084 0.0210 0.0178

SV 19-18 0.0279 0.0472 0.0256 0.0247 0.0307
SV 19-24 0.0084 0.0256 0.2169 0.0308 0.0712
SV 19-25 0.0210 0.0247 0.0308 0.0983 0.0657
SV 19-29 0.0178 0.0307 0.0712 0.0657 0.2803

Table 3.1 Estimated variance and covariance components for GPS L1 DD carrier

phase measurements (x 10 m?)

3.4.2 Relation Between Accuracy and Elevation

The estimated standard deviations for L1 and L2 DD phase measurements with
Model C and the corresponding satellite elevation angles are listed in Table 3.2. It is
noted from this data set that the accuracy of the GPS measurements is closely related
to the satellite elevation angle. Because the wavelength of L2 signal is longer than
that of L1 signal, as indicated in Table 3.2, the L1 phase measurements are generally

more precise than the L2 phase measurements.
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The relationship between the true variances of the GPS measurements and the
satellite elevation angles cannot be exactly formulated due to other unknown factors,
such as multipath. Generally, the lower the satellite elevation, the bigger the
variance of the measurements. For simplicity, the following accuracy diluting

functions were used in Model B,

fithy=n2, (3.262)
Sa(h) =exp(-h), (3.26b)
f3(h) = [sin()]"". (3.26¢)

In functions (3.26a) and (3.26b) the elevation angle /4 is scaled by ten (degrees),

while in function (3.26¢) the elevation angle # must be converted into radian values.

Satellite L1 Phase Std L2 Phase Std Averaged Satellite
Pairs Deviations (m) | Deviations (m) | Elevation (Degrees)

SV 19-04 0.003 0.004 41.4

SV 19-18 0.002 0.003 61.6

SV 19-24 0.005 0.005 26.0

SV 19-25 0.003 0.004 34.9

SV 19-29 0.005 0.007 314

Table 3.2 Relation between GPS measurement accuracy

and satellite elevation angle (model C)

In data processing, besides the whole session solution, the data set was also divided
into seven batches of five minutes. Therefore, the total of eight solutions were
computed for L1 and L2 frequency data, respectively. In each solution, the stochastic
models 4, B and C were tested. Since the results of L1 and L2 phase measurements

are very similar, the results related only to L1 data are shown below.

Table 3.3 demonstrates the estimated coefficients for Model B. As expected, the
coefficients vary for different accuracy diluting functions because the functions
expressed by Equations 3.26a, 3.26b, 3.26¢ have different curvatures. For all these

accuracy diluting functions, however, the coefficient b is always much larger than
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This means that for the tested data set, the accuracy of the

measurements strongly depends on the satellite elevation angles.

Solution | Length of Sfi(h) for(h) Jf5(h)
Numbers | data (Min.) a b a b a b
1 5 0.02 |{074] 0.09 | 1.11 | 0.03 | 0.16
2 5 0.02 1086 0.10 | 1.13 | 0.04 | 0.18
3 5 0.05 | 061 ] 0.10 | 0.83 | 0.03 | 0.13
4 5 0.04 | 0.60| 0.09 | 0.84 | 0.03 | 0.13
5 5 0.02 10741 0.10 | 1.09 | 0.03 | 0.15
6 5 0.07 {070 ] 0.12 | 0.97 | 0.03 | 0.15
7 5 0.01 | 0.66 | 0.08 | 0.99 | 0.02 | 0.14
8 35 0.02 (082 0.11 | 1.03 | 0.03 | 0.17

Table 3.3 Estimated coefficients for model B (x 1072 m)

3.4.3 Accuracy of Float Ambiguities

Table 3.4 shows the determinants (times 10%) of the ambiguity covariance matrix

estimated with the three stochastic models 4, B and C. According to Teunissen

(1997, p. 520), the volume of ambiguity search space depends on these determinants.

The smaller the determinant, the smaller the search space and the faster the

ambiguity search process.

Solution Length of | Model Model B Model

Numbers | data (Min.) A f1(h) fo(h) | f3(h) C
1 5 64.91 2645 | 24.07 | 4147 16.87
2 5 110.90 | 4847 | 26.75 | 74.35 6.55
3 5 21.75 10.46 10.06 | 14.38 441
4 5 36.02 7.34 6.99 12.66 4.36
5 5 39.37 16.22 14.30 | 25.62 9.24
6 5 39.62 16.83 1524 | 24.70 6.82
7 5 25.23 7.25 5.66 14.19 1.56
8 35 0.0018 | 0.0007 | 0.0005 | 0.0011 | 0.0004

Table 3.4 Determinant of ambiguity covariance matrix (x 10%)

From Table 3.2, it is clearly indicated that Models B and C produce much smaller

ambiguity search spaces than the commonly used Model A. Compared with Model A,

for example, the use of Mode!/ C has reduced the determinant of the ambiguity
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covariance matrix by 84 percent. More accurate estimation of the floated ambiguity

will be of importance for reliably resolving carrier phase integer ambiguities.

3.4.4 Reliability of Resolved Ambiguities

In ambiguity resolution, a significant difference between the best and second best
ambiguity combination is critical for assuming the reliability of the resolved
ambiguities. The F-ratio is commonly used as an ambiguity discrimination statistic
(see more discussions in Section 5.1). Calculated F-ratio values are listed in Table
3.5. The larger the F-ratio value, the more reliable the ambiguity resolution. The
critical value of the F-ratio is commonly chosen to be 2.0 (e.g. Landau and Euler,
1992). If Model A is used, one solution will be rejected at this critical value.
However, if Models B or C are used, all the solutions are accepted. Compared with
the averaged F-ratio value for the ambiguity resolution using Model A4, the averaged
F-ratio value for the ambiguity resolution using Model C is increased by 62 percent,
and thus, the reliability of the resolved ambiguity is improved. Overall, the

computed F-ratio value is higher for Model C.

Solution | Length of | Model Model B Model

Numbers | data (Min.) A fith)y | fL,(h) | f3(h) C
1 5 2.92 3.40 3.15 3.20 4.07
2 5 2.09 2.13 2.61 2.10 3.35
3 5 2.43 2.79 2.92 2.58 2.68
4 5 3.83 5.86 5.86 4.61 7.86
5 5 2.87 2.88 2.97 2.90 3.17
6 5 2.71 3.73 3.80 3.19 427
7 5 1.95 2.45 2.62 2.16 3.80
8 35 23.76 36.55 | 36.64 | 29.93 39.97

Table 3.5 F-ratio values in ambiguity validation tests

The ambiguity validation tests can be also based on the newly developed statistic -

ratio (W, ) presented in Chapter 5. The W-ratio values are listed in Table 3.6.

Similar to the F-ratio statistic, the larger the W-ratio value, the more reliable the

ambiguity resolution. Overall, the computed W-ratio value is higher for Model C.
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Solution | Length of | Model Model B Model

Numbers | data (Min.) A fi(h) | () | f5(h) C
1 5 6.81 6.44 6.00 7.26 7.54
2 5 4.66 4.31 5.06 4.26 6.64
3 5 4.79 5.46 5.71 5.05 5.16
4 5 8.07 1048 | 10.56 8.92 12.27
5 5 6.62 6.59 6.79 6.65 6.78
6 5 5.42 7.55 7.63 6.31 7.87
7 5 3.51 4.66 5.05 4.00 7.18
8 35 62.75 77.84 | 77.86 | 69.89 82.01

Table 3.6 W-ratio values in ambiguity validation tests

3.4.5 Relative Efficiency of Baseline Estimation

It should be noted that the covariance matrix of GPS measurements estimated from

the ambiguity-float solution may not fit the associated ambiguity-fixed solution

particularly well, because in ambiguity-float solutions unknown ambiguity

parameters may absorb some residual systematic errors in GPS measurements. It

will be wise to reconstruct the covariance matrix using Models B or C for ambiguity-

fixed solutions.

Solution | Length of | Model Model B Model

Numbers | data (Min.) A fi(h) | fo(h) | f3(h) C
1 5 1.00 1.18 1.27 1.06 3.35
2 5 1.00 1.16 1.31 1.03 3.73
3 5 1.00 1.15 1.60 1.05 1.90
4 5 1.00 1.07 1.05 1.02 1.86
5 5 1.00 1.15 1.19 1.06 1.56
6 5 1.00 1.17 1.15 1.09 2.35
7 5 1.00 1.31 1.38 1.13 1.77
8 35 1.00 1.17 1.28 1.11 1.32

Table 3.7 Relative efficiency of baseline component estimations

In the ambiguity-fixed solutions, the performance (goodness) of Models B or C

relative to Model A can be measured by a ratio. This ratio is of the determinants of

the covariance matrices of the baseline components estimated with Model 4 and

Model B (or C), the so-called relative efficiency (e.g. Bloomfield and Watson, 1975).

The relative efficiency values, listed in Table 3.7, indicate that Models B or C, are
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better than Model A. Furthermore, the realistic covariance matrix of the baseline
components obtained using Models B or C is of great help in any consequent
network adjustment. It is also noted that in this data set, the largest difference

between the baseline components estimated using Model A and Model C reaches

0.004m.

The results listed in Tables 3.4, 3.5, 3.6 and 3.7 have also demonstrated that, among
three different accuracy diluting functions used in Model B, the decaying exponential
function can be generally identified as the best one, based on the results from this
data set. It is evident that, overall, Model C is better than Models B and A. This is as

expected, because Model C is theoretically more rigorous than Models B and A.

3. 5 Summary

In GPS data processing, the common practice of assigning the same variance to all
the raw measurements and assuming they are statistically independent is not realistic.
Unrealistic stochastic models will inevitably lead to biased statistics for ambiguity

resolution and positioning results.

In this chapter, three different stochastic models, namely Models A, B and C, have
been tested and analysed. The unknown parameters in these stochastic models are
estimated using the MINQUE method. Therefore, the estimated stochastic
parameters have well defined statistical properties. Test results indicate that using
Models B or C, the volume of ambiguity search space is reduced and the reliability of
the ambiguity resolution is improved. For the tested data set, Model C reduces the
determinant of the ambiguity covariance matrix by 84 percent and increases the F-
ratio value by 62 percent, compared with Model A. In ambiguity-fixed solutions,
Models B or C can produce more efficient baseline component estimations than
Model A. Among the three different stochastic models, Model C is generally
identified as the best one. It should be pointed out that the stochastic modelling
method discussed above is designed for static post-processing applications. The
MINQUE method is computationally intensive. With current computer technology,
the proposed modelling algorithms might be not feasible for real-time applications.

This issue will be further discussed in the next chapter.
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Chapter 4

STOCHASTIC MODELLING FOR KINEMATIC POSITIONING

4.1 Introduction

In kinematic positioning, state parameters may include the position of a moving
platform and other parameters of interest, such as unknown carrier phase
ambiguities. The determination of these parameters is achieved by continuously
tracking GPS/GLONASS satellites in view and taking a series of measurements
(code pscudoranges and carrier phases) to the satellites at constant intervals or
epochs. The real-time estimates of the state parameters can be performed using the
Kalman filtering technique (e.g. Chen, 1994; Gao et al., 1996; Landau and Euler,
1992; Qin et al., 1992).

With the Kalman filtering technique, the state parameters can be not only estimated
recursively in real-time mode, but also have statistically defined optimal properties.
It is well known, however, that the optimum filtering results are highly dependent on
the correctness of the adopted stochastic models. In practice, stochastic modelling
for code and carrier phase measurements is not trivial, in particular for real-time

applications.

In Chapter 3, the modern statistical method MINQUE has been applied to estimate
the covariance matrix for the double differenced GPS measurements. Although the
MINQUE method has some very well defined properties, it requires an iterative
procedure and the number of required iterations depends on the properties of the data
and the models themselves. Thus, this method is unsuitable for real-time kinematic

positioning.

Some empirical stochastic modelling methods do meet the requirements of real-time
calculation. For example, based on the assumption that the accuracy of one-way
measurements is dependent on the signal-to-noise ratio (e.g. Gianniou and Groten,

1997; Talbot, 1988) or satellite elevation angle (e.g. Euler and Goad, 1991; Gerdan,
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1995; Han, 1997; Jin, 1996; Rizos et al., 1997), some approximate formulaec have
been proposed to calculate the standard deviations of one-way GPS and GLONASS
measurements. The covariance matrix of the differenced measurements is then
formed using the covariance propagation law, in which the one-way measurements,
however, are still considered to be statistically independent. On the other hand,
constant coefficients in these formulae, empirically estimated using some data sets
under specific observing conditions, may not always fit other data sets very well.
Therefore, a suitable method should be one utilising current data for real-time

stochastic modelling.

In this chapter, the commonly used Kalman filtering technique and the existing
methods for measurement covariance matrix estimation will be briefly reviewed.
Based on the measurement filtering residuals, a real-time (adaptive filtering)
algorithm for estimating measurement covariance matrix will be presented. The
applications of the proposed algorithm will be demonstrated with examples from real

GPS and combined GPS/GLONASS data sets.
4.2 Parameter Estimation in Kinematic Positioning

4.2.1 Standard Kalman Filtering Scheme
Similar to static positioning, mathematical models and stochastic models are
required to estimate the unknown state parameters in kinematic positioning. The
mathematical models include:
the measurement model:

ZkZHkxk-f-Sk, (41)
and the dynamic (state) model:

X =DPp p—1Xk—1+ Tk » 4.2)

The corresponding stochastic models are further assumed as:
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R, i=k
LT k
E(eye]) = {0 Pk (4.3)
Ty _ )9 i=k
E(yt)) = {O Lo n (4.3b)
Ty _
E(gx7; ) =0, (4.3c)
where
zy is an nx1 vector of measurements and » is the number of
measurements;
H isan nxt design matrix and ¢ is the number of state parameters;

@y r-1  isa ¢ x¢ state transition matrix;

Xp isa ¢ x 1 state parameter vector;

€ is an n x | measurement noise vector;

T) isa ¢ x 1 random error vector;

Ry is an » x n measurement noise covariance matrix;
O isa ¢ x ¢ process noise covariance matrix;

i,k are the time indices.

In kinematic GPS/GLONASS positioning, in order to shorten the time period of
ambiguity recovery, all the available code and carrier phase measurements should be
used. In the case of processing GPS data only, the double differenced (DD)
pseudorange and carrier phase measurements are commonly formed to simplify the
measurement equations. In the case of processing GLONASS data only or integrated
GPS/GLONASS data, as discussed in Chapter 2, an optimal option is to utilise the
DD GPS and single differenced (SD) GLONASS pseudorange measurements
together with the GPS-GPS and GLONASS-GLONASS DD carrier phase
measurements. Because the receiver clock errors are unstable, it is common to
estimate them every epoch (Leick, 1995; Pratt ef al., 1997). In these situations, the
state parameter vector contains the time-dependent parameters (i.e. three components
of position and receiver clock bias) and the time-independent carrier phase

ambiguity parameters if they have not been resolved.
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Based on the mathematical models presented by Equations 4.1-4.3, Kalman filtering
techniques can be used to estimate the unknown state parameters. The basic Kalman
filtering computation procedure may be described by the standard prediction,
filtering and smoothing equations (e.g. Krakiwsky, 1975; Cross, 1994). For real-
time kinematic positioning applications, only the prediction and filtering equations

are required. The predicted state values X, and their associated covariance matrix

are presented as:

Xy = q)k,k—l)ek—l > (4.4)

ka = q)k,k—IQ)Ek_lq)l{,k—l + O (4.5)

where X, , is an optimal estimator of the state parameters at the previous epoch

(k—=1). Real-time estimates of the state parameters are computed using the

following filtering equations:

ﬁk =Xp + dek , (4.6)
Oz, = 0%, — G 04, Gt » @.7)
with
_ T -1
Gy = O, Hi Qay, » (4.8)
dy =z — Hp Xy, , 4.9)
T
Qdk - Rk +HkQ)?ka s (410)

being the gain matrix, the innovation vector and its covariance matrix, respectively.

4.2.2 Special Filtering Settings

It should be noted that in GPS/GLONASS kinematic positioning, the precise carrier
phase measurements with code pseudoranges can generate accurate positioning
results (Wang and Iz, 1998). In the cases of good satellite constellation, with dual

frequency GPS or single frequency GPS/GLONASS receivers, the positioning
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accuracy may reach the meter or sub-meter level without fixing integer carrier phase
ambiguities (which, sometimes, can be recovered with single epoch data, see Section
4.4). In many physical situations, therefore, it is very difficult to model the dynamic
behaviour of a moving platform with the accuracy that GPS/GLONASS

measurements can give.

In order to avoid the effect of errors in the process noise covariance matrix on the
state estimation, the filter can be set up to operate only on the measurement noise.
The basic concept regarding this filter operating mode has been discussed
extensively in the literature (e.g. Hwang and Brown, 1990; Lachapelle et al., 1992).
It has been theoretically proven that a filter operating only on the measurement noise
has a good performance of convergence (e.g. Sangsuk-Iam and Bullock, 1990). In
that case, the process noise covariance matrix must be properly constructed, i.e.
assigning the very large variance (say, 10°) to the time-dependent state parameters
and zero variance to the time-independent carrier phase ambiguity parameters. With
these specific filter settings, the filtering results will not be affected by the dynamics
of the moving platform and thus will be identical to sequential least-squares
adjustment results. Similar filtering settings can be found in other applications (e.g.

Euler and Goad, 1991; Goad, 1990).

Whilst the impact of the process noise covariance matrix is eliminated, the
measurement covariance matrix should be realistically estimated in real-time to

obtain reliable parameter estimates.
4.3 Real-time Stochastic Modelling

4.3.1 Existing Methods

In the field of automatic control, the procedures for the real-time (on-line) estimation
of measurement (and process) noise matrices are termed adaptive filtering
techniques (e.g. Chin, 1979; Mehra, 1972). Adaptive filtering techniques are divided
into four categories: Bayesian, maximum likelihood (ML), correlation and
covariance-matching methods. Whilst the correlation method is mainly applicable
to constant coefficient systems (i.e. the elements in the design matrix are time-

invariant), the Bayesian and ML methods are computationally intensive and cannot
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be realistically used for real-time data processing (Chin, 1979). Compared to these

methods, the covariance-matching method is computationally more efficient.

The basic concept of the covariance-matching method is to make the elements of the
actual innovation covariance matrix consistent with their theoretical values. The
actual covariance matrix of the innovations sequence d, is calculated approximately
by its sample covariance. By matching this estimated sample covariance matrix with
its theoretical form presented by Equation 4.10, the measurement noise covariance

matrix is calculated as (Mehra, 1972):

k=0, ~-H.0- H =L 8a al . _H. 0 H 4.11
e = O, —HiOx, k= 2 k-ide-i = ¥, Hie (4.11)

where m is chosen empirically to provide some statistical smoothing. Many
numerical tests indicate, however, that the innovations sequences are very sensitive
to the approximate values used in the linearization of the GPS measurements
equations (Wang et al., 1997a). More importantly, as Equation 4.11 is the difference
between two positive definite matrices, it cannot be guaranteed that the resulting

matrix ﬁk is positive definite. Therefore, Equation 4.11 is inadequate as an

estimator of the stochastic model (covariance matrix).

4.3.2 Proposed Method

In order to obtain a realistic estimator of the measurement noise covariance matrix
instead of the innovation sequence, a more precise estimator of the measurement
noise level should be used. To this end, the Kalman filtering estimation formulae are

derived using the least-squares method.

By integrating the measurements z;, and the predicted values of state parameters X,
the optimal estimators of the state parameters x;, can be obtained using the least-

squares technique (e.g. Cross, 1994; Krakiwsky, 1975; Pelzer, 1985). The Gauss-

Markov models are ;

E(lk) = Akxk or lk = Akxk +Vr, (412)
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g (R0
G =P"=|¢ o | (4.13)

is an nx 1 residual vector of measurements ( Z; );

k
Vi, is a ¢ x 1 residual vector of the pseudo-measurements ( X, );
E is a ¢ x ¢ identity matrix;
G, isan (n+1¢) x (n+¢) covariance matrix of measurement vector /; ;
P is an (n +¢) x (n +t) weight matrix.

With the least-squares principle, the optimal estimators of the state parameters and
their covariance matrix are formulated as Equations 4.6 and 4.7. For a detailed
derivation of these equations, see Cross (1994) and Pelzer (1985). The advantage of
this derivation is that it generates the most desirable least-squares residuals (i.e., the

measurement filtering residuals):

VZk =zk—H)?k, (4.14)
which is the optimal estimator of the measurement noise level because the estimated

values X (not the predicted values X ) of the state parameters are used in their

computations. In order to obtain the covariance matrix of the measurement filtering

residuals, Equation 4.14 is further derived as:

Ve = 2k — Hy (g + Gpdy) = (E — Hy Gy )dy (4.15)
By applying the error propagation law to Equation 4.15, one obtains:

0,,, =Ri~HyQs Hy (4.16)
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It is interesting to note that Equations 4.10 and 4.16 are similar. Based on the same
philosophy as that used in the covariance-matching method, a new method for
estimating the covariance matrix of measurements can be constructed with Equation

4.16. In Equation 4.16, if the covariance matrix Q"zk is computed using the

measurement filtering residuals from the previous m epochs, the covariance matrix

Ry can be estimated as:

% ; s Ve Hi Qg HI (4.17)

b A T

R =0y, +HpQy Hy =
which can be used in the computation of epoch £ + 1. In Equation 4.17, m is called
width of moving windows. Unlike Equation 4.11 which is constructed with the

predicted quantities, Equation 4.17 is based on the estimated parameters and thus is
more robust. The covariance matrix ﬁk estimated with Equation 4.17 is always

positive definite because it is the sum of the two positive definite matrices.

Compared to Equation 4.11, a slight disadvantage of Equation 4.17 is that it requires
some extra computations for both v, and HpQy, HkT , which are not generated by

the standard Kalman filtering process. Fortunately, the amount of these additional

computations is small and leads to no significant time delay in the data processing.

4.4 Test Results and Analysis
Both GPS dual frequency and integrated GPS/GLONASS single frequency data sets
have been employed to test the performance of the above proposed stochastic

modelling method.

4.4.1 Description of the Tests

The first data set was collected in a marine kinematic GPS positioning test. The test
was carried out on July 18, 1997, at the Fremantle port in Perth, Australia, using two
Trimble 4000SSE dual frequency receivers. The rover receiver antenna was
mounted on a boat, and was moved around the offshore test area (about 7.3km away
from the reference station). The trajectory of the roving antenna for this test is
shown in Figure 4.1. The cut-off elevation angle was set to 15 degrees. During the

ten minutes of the test, seven satellites were tracked. The data interval is one second.
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Figure 4.1 Boat trajectory for the marine GPS kinematic positioning test

Another data set was collected on a 1.2km (static) baseline, on February 16, 1998, in
Perth, Australia, using two Ashtech GG24 GPS/GLONASS receivers. The data span
of this single frequency data set is ten minutes with the data interval of one second.
The cut-off elevation angle was set to ten degrees. During the whole session of

observation, seven GPS and five GLONASS satellites were tracked.

The true carrier phase ambiguities for this data set were firstly recovered from the
whole session. Then, ambiguity resolutions were performed on-the-fly for each
segment of one epoch. In the data processing, the initial standard deviations for the
one-way pseudorange and carrier phase measurements were defined as 1.0m and
0.05 cycles, respectively. The width of the moving windows for estimating the
measurement covariance matrix was set to eight epochs and the initial estimate was
calculated using measurement filtering residuals from the first eight epochs with
ambiguities being fixed (discussion about the width of the moving window is given
in Section 4.4.5). In theory, the covariance between different groups of
measurements, such as carrier phase and code, or L1 and L2 code, may exist. In this
study, the value of this covariance is assumed to be zero, which can significantly
speed up the filtering process. Investigation into cases where such covariance is non

zero is given in Teunissen, et al. (1998).
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4.4.2 Comparison of Various Modelling Methods

It has been found that the existing covariance matching method expressed by
Equation 4.11 does not always generate a positive definite covariance matrix for
these data sets. For the purpose of comparison, the stochastic model based on the
satellite elevation was also tested for the GPS data set (in the literature, no such kind
of empirical formula is available for the Ashtech GG24 receivers). According to
Euler and Goad (1990) and Jin (1996), the standard deviation of the one-way code
measurements can be approximated by an exponential function of satellite elevation

h as:

(k) = ag + ay - exp(~ %) (4.18)

where the constant terms a;, a; and A, are empirically derived. For example, for
the Trimble 4000SSE receivers, these terms are 0.12m, 1.1m, 14 degrees for L1 code
measurements, and 0.14m, 3.0m, 11 degrees for L2 code measurements, respectively
(Jin, 1996). The standard deviations for the L1 and L2 carrier phase measurements
are determined as 1/100 of the pseudorange standard deviations (Kee et al., 1997).
The covariance matrices for the double differenced measurements are constructed

using the error propagation law.
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Figure 4.2 Standard deviations of DD L2 code measurements for

SV 15-7 in the GPS dual frequency data
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Figure 4.2 illustrates the standard deviations for the DD L2 code measurements of
the satellite pair SV 15-7, which were preset, calculated using the satellite elevation
and estimated using Equation 4.17. It is evident that big differences exist between
these three stochastic models. Actually, the accuracy of the measurements may be
influenced by many factors. The stochastic model based on satellite elevation cannot

properly reflect the reality in some practical situations (e.g. Roberts ez al., 1997).

0.8
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Estimated Std Deviations (Cycles)

1 "W"'.\'M/\/w*
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Epoch Number

Figure 4.3 Estimated standard deviations of the DD carrier phases for

GPS/GLONASS single frequency data

Similar to the situation of static GPS baseline data processing discussed in Chapter 3,
estimated measurement covariances in the case of kinematic positioning may be
negative. For instance, in the case of GPS/GLONASS single frequency data, the

estimated covariance matrix for SD GLONASS code measurements (at epoch 100) is

1805 0033 -0263 0983 —0405]
1368 0736 0435 -0233
6408 0855 —1230|(m?)

1515 —0631

0479

in which the correlation coefficients range from -0.74 to 0.59. In the commonly used
or elevation dependent stochastic models, however, these correlation coefficients are

always equal to zero. Therefore, it is not realistic to assume that all the one-way
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measurements are independent. It is further noted that, as shown in Figure 4.3, the
measurements do have different accuracy, and that some GLONASS measurements
may be more accurate than GPS measurements. (For example, if GLONASS
satellites have higher elevations than GPS satellites). Thus, in combined
GPS/GLONASS data processing, the method of down-weighting the GLONASS
measurements may lead to unreliable results. It is also noted that in Figure 4.3, the
estimated standard deviation is as large as 0.6 cycle. This may be caused by using a
short window (8 epochs), which provides a limited amount of information. If the
window size is large, the estimated standard deviations are smaller and change

smoothly but might not produce better results in ambiguity resolution (Section

4.4.5).

4.4.3 Critical Statistics in Ambiguity Resolution

A realistic estimation of measurement covariance matrices provides reliable statistics
for ambiguity resolution. To demonstrate this more clearly, both the solutions with
the preset and estimated covariance matrices were generated. The ADOP (ambiguity
dilution of precision) measure defined by Teunissen and Odijk (1997) is designed to
describe the impact of the receiver-satellite geometry on the precision of ambiguity

parameters. The calculated values for the(ADOP), which is are illustrated in Figures

4.4 and 4.5.
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Figure 4.4 Ambiguity dilution of precision (ADOP) for
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the GPS dual frequency data
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Figure 4.5 Ambiguity dilution of precision (ADOP)

for the GPS/GLONASS single frequency data

Figures 4.4 and 4.5 indicate that the precision of the estimated ambiguities is greatly
improved with the estimated covariance matrix. As a consequence of this, the
ambiguity search volumes are significantly reduced and a faster search process can

be expected (Laudau and Euler, 1992; Teunissen and Odijk, 1997).

The improved float ambiguity estimates are of great importance for the ambiguity
validation test, which is a critical step in ambiguity resolution (see Section 5.1). The
results regarding the commonly used ambiguity validation test statistic F-ratio (ibid.)
are graphed in Figures 4.6 and 4.7. In all the cases, the ambiguity validation test
statistics with the estimated measurement covariance matrices are much larger than
~ those with the preset measurement covariance matrices. If the critical value of the F-
ratio is chosen to be 2.0, as commonly accepted (e.g. Landau and Euler, 1992), the
success rates of the ambiguity resolutions using the preset covariance matrices are
only 49 percent and 21 percent for GPS and GPS/GLONASS data sets, respectively,
whereas the success rates of the ambiguity resolution using the estimated covariance
matrices reach 100 percent. However, for the GPS data set, if the measurement
covariance matrix is constructed using satellite elevation, the success rate of the
ambiguity resolution is as low as 68 percent, which is slightly increased compared to

using the preset measurement covariance matrix.
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Figure 4.6 F-ratio values for the GPS dual frequency data
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Figure 4.7 F-ratio values for the GPS/GLONASS single frequency data

As shown in Figures 4.8 and 4.9, similar results are also observed using a newly
developed ambiguity validation test statistic Ws (see Chapter 5). The advantage of
this new statistic is that the confidence level of the ambiguity resolution can be
rigorously evaluated. For instance, in the case of the GPS data set, the averaged
confidence levels of the ambiguity resolution for the three different stochastic

models (i.e., preset, elevation based and estimated R) are 87 percent, 92 percent and

100 percent, respectively.
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Figure 4.8 Ambiguity discrimination test statistic W's
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Figure 4.9 Ambiguity discrimination test statistic Ws

for the GPS/GLONASS single frequency data

4.4.4 Impact on Baseline Estimation

A realistic stochastic model can improve the accuracy of the ambiguity fixed

solutions. For example, the use of the preset measurement covariance matrix in the

GPS/GLONASS data set results

in the standard deviations of the baseline

components at epoch eight of 0.008m, 0.016m and 0.012m, respectively. At epoch
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nine when the filtering process began to utilise the estimated measurement
covariance matrix, the standard deviations of the coordinates were reduced to
0.006m, 0.013m and 0.009m, respectively. The differences in the coordinates

between the two solutions are around 0.005m.

4.4.5 Optimal Width of the Moving Windows

The estimation of the measurement covariance matrix requires both the preset
standard deviations for the one-way measurements and the width of the moving
windows. Test results indicate that the small changes in the preset standard
deviations (for example, the use of 2.0m instead of setting 1.0m for the GLONASS
pseudorange measurements), do not significantly influence the success rate of
ambiguity resolution. The reason for this is that the influence of the preset standard
deviations will be, to some extent, tuned out in the process of estimating the
measurement covariance matrix. The optimal width of the moving window,

however, needs to be identified.

Data Set Width (epochs) 6 7 8 9 10 30 120
Averaged F-ratio| 3.0 16.2 | 143 | 11.9 | 11.1 6.0 4.7
GPS Averaged Ws 2.3 9.3 8.7 8.0 7.8 54 4.4

Success Rate(%)| 59.8 | 100 100 100 100 | 99.8 | 97.9
Averaged F-ratio| 3.5 5.2 133 [ 12.0 | 11.1 6.0 4.1
GPS/GLONASS | Averaged Ws 24 3.5 6.6 6.3 6.2 4.3 33
Success Rate (%)| 62.7 | 96.9 | 100 100 100 | 99.5 | 94.2

Table 4.1 Impact of the width of moving windows on ambiguity resolution

In order to select an optimal width of the moving windows some numerical tests for
various widths have been conducted. The averaged ambiguity validation test
statistics and success rate of ambiguity resolution are listed in Table 4.1. This table
shows that for the tested GPS and GPS/GLONASS data sets, the optimal values for
the width of the moving windows are respectively seven and eight. Initial testing on
other data sets indicates that the optimal width varies from seven to 15, and slightly
depends on the redundancy of the positioning solutions. In practical implementation,
the default width parameter may vary between eight and ten, and then the optimal

value for current positioning operation is adaptively determined in real-time.
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4.5 Summary

In GPS/GLONASS kinematic positioning, reliable ambiguity resolution and
positioning results rely heavily on the correctness of the measurement noise
covariance matrix. Common practice assuming that the one-way (code or carrier
phase) measurements are statistically independent and have the same accuracy is
certainly not realistic. This practice will lead to an unsuitable measurement
covariance matrix. Stochastic modelling for code and carrier phase measurements is
not trivial for real-time applications. Because the rigorous methods (such as
MINQUE) cannot be used due to their requirement of extensive computation, some

feasible methods need to be developed and tested for RTK GPS/GLONASS

positioning.

Although the satellite elevation-based stochastic model can be easily used in real-
time data processing and has a good performance in some situations, it may not
significantly improve the success rate of ambiguity resolution. For instance, in the
tested GPS dual frequency data set, the success rates of single epoch ambiguity
resolution using the preset and elevation based measurement covariance matrices are

49 percent and 68 percent, respectively.

Based on the post-fitted filtering residuals, a new method for the measurement
covariance matrix estimation has been proposed. With such a method, the
measurement noise covariance matrix can be estimated in real-time data processing,
after a short period of time (in the given data sets, 8 epochs) during which a preset
covariance matrix is used. By using an estimated covariance matrix, the reliability
of ambiguity resolution and the accuracy of kinematic positioning can be
significantly improved. For the GPS dual frequency and combined GPS/GLONASS
single frequency data sets tested, whilst the preset covariance matrix gives a success
rate of the single-epoch ambiguity resolution of 49 percent and 21 percent for each
data set, the success rate of the single-epoch ambiguity resolution using the

estimated measurement covariance matrix can reach 100 percent.
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Chapter 5

AMBIGUITY VALIDATION TEST PROCEDURES

5.1 Introduction

Precise relative GPS and GLONASS positioning requires the reliable determination
of the carrier phase integer ambiguity. Over the past few years, many different
ambiguity resolution (AR) techniques have been developed for precise GPS
positioning. The most commonly used AR techniques are, for instance, the
ambiguity function approach (Counselman and Gourevitch, 1981; Remondi, 1991;
Mader, 1992; Corbett and Cross, 1995); the least-squares-search approach (Hatch,
1989, 1990; Lachapelle et al., 1992); the fast ambiguity resolution approach (Frei
and Beutler, 1990; Landau and Euler, 1992); the Ileast-squares ambiguity
decorrelation approach - LAMBDA (Teunissen, 1993); the integer programming
method (Wei and Schwarz, 1995), and the bootstrapping algorithms for long
baseline networks (Blewitt, 1989; Counselman and Abbot, 1989). Reviews and
evaluation of existing AR techniques can be found in Hatch and Euler (1994) and,
more recently, Han and Rizos (1996b) and de Jonge (1997). Some of the AR
techniques developed for precise GPS positioning are also useful in precise
GLONASS positioning. In this study, the LAMBDA method is used (see Sections
2.4 and 6.3).

The starting point for most ambiguity resolution techniques is the least-squares
estimation of the ambiguity parameters, together with other unknown parameters
such as the coordinates of the roving receiver. This float solution of the real-valued
ambiguity estimates and their associated statistics is then used to construct a search
window which is assumed to contain the correct integer ambiguities. The process of
searching all possible integer ambiguity combinations within the search window is
then performed using a search criterion based on the minimisation of the quadratic
form of the least-squares residuals. During the search process, the compatibility of
all the potential integer ambiguity combinations with the associated GPS/GLONASS
measurements is statistically tested. If no integer ambiguity combination passes this

acceptance test (e.g. Tiberius and de Jonge, 1995; Walsh et al., 1995) under the
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given confidence level, the correct integer ambiguities cannot be identified with the
available data. When one or more integer ambiguity combinations are accepted, the
integer ambiguity combination that results in the minimum quadratic form of the
least-squares residuals will be considered as the most likely (best) solution. The next
and most critical step for ambiguity resolution on-the-fly is to apply a so-called
discrimination test (ibid.) to ensure that the most likely integer ambiguity
combination is statistically better than the second best combination as defined by the
second minimum quadratic form of the least-squares residuals. While the acceptance
test procedure can be constructed using classic statistical testing theory, the

discrimination test procedure is still under investigation.

A widely used ambiguity discrimination test statistic is the so-called F-ratio of the
second minimum quadratic form of the least-squares residuals and the minimum
quadratic form of the least-squares residuals. This test statistic was first suggested
by S. Gourevitch in 1982 (Counselman and Abbot, 1989). Based on the assumption
that both quadratic forms are independent, the F-ratio is considered as having a
Fisher-distribution (Frei and Beutler, 1990; Abidin and Subari, 1994; Corbett and
Cross, 1995; Han and Rizos, 1996a). Unfortunately, this assumption is not correct
(Teunissen, 1996) and the distribution of this test statistic is hard, if not impossible,
to be rigorously identified. In the literature, the critical value for the F-ratio 1s often
arbitrarily chosen as 2.0 (e.g. Landau and Euler, 1992; Wei and Schwarz, 1995). As
there is no theoretical statistical basis for using a fixed critical value, and,
furthermore, redundancy is not taken into account, this type of discrimination test is

not rigorous.

Several other different types of ambiguity discrimination statistical test procedures
have been proposed, for example, Euler and Schaffrin (1990), Chen (1997) and Han
(1997). In these tests, the original null hypothesis is designed to test the best integer
ambiguity combination, rather than test the likelihood of the best integer ambiguity
combination relative to the second best one. The critical value in these tests actually
represents the noncentrality of the distribution with the statistical test having a
specified significance level, power and degree of freedom. It must be pointed out
that the noncentrality parameters of noncentral distributions should be calculated

with the mean of the test statistic under the alternative hypothesis, which depends on
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the known variance factor. The variance factor, however, may be unknown in many

practical applications.

In this chapter, an ambiguity discrimination test procedure is developed using the
likelihood ratio method and the artificial nesting method. In the proposed procedure,
the null and alternative hypotheses are assumed to test whether the best ambiguity
combination is significantly better than the second best ambiguity combination. The
derived test statistic is constructed by the difference between the minimum and
second minimum quadratic form of the residuals, and its standard derivation. The
stochastic properties of the proposed test statistic have been analysed and, finally, its
statistic distribution function has been theoretically identified. The applications of
the proposed ambiguity discrimination test procedure will be demonstrated with the

data sets collected in the static and kinematic GPS positioning tests.

5.2 Initial Ambiguity Parameter Estimation

In GPS/GLONASS kinematic positioning, double differenced GPS code and carrier
phase measurements are favoured because they can, to a large extent, cancel many
systematic errors (Section 2.3). Linearised GPS/GLONASS (single- or double-
differenced) measurements and the corresponding covariance matrix can be

expressed as the following Gauss-Markov models:

l=Acxc+Akxk+v, (51)
D=c’Q=0c"P", (5.2)
where
{ is the n x 1 vector of the difference between the differenced

GPS/GLONASS code and carrier phase measurements and their
computed values, simply called the measurement vector, and n is the
number of the measurements;

v is the n x 1 vector of the random errors;

X is the m x 1 double differenced ambiguity parameter vector, and m

is the number of the ambiguity parameters;
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is the ¢ x 1 vector of all other unknown parameters including
position and other parameters of interest and # is the number of all
other unknowns except ambiguities;

A, is the design matrix for the ambiguity parameters;

A, is the design matrix for the other unknown parameters;
D 1S the covariance matrix;

Q0 is the cofactor matrix;

P is the weight matrix;

o2 is the a priori variance factor.

Based on the principle of least squares (vTPv:minimum), the estimates of the

unknowns x in Equation 5.1 can be obtained by:

i=Q;A"Pl, (5.3)
with:
Q; =(4"PA)™, (5.4)

where X = (%, )?k)T and A=(4,, 4;). ©; is the cofactor matrix of the estimated

vector x , which can be represented by the following partitioned matrices:

Oz, Oz
Q; = [Qﬁk& "] (55)

L

Furthermore, from Equations 5.1, 5.3 and 5.5, the least-squares residuals are

obtained as:

P=1-A%=0Q,PI, (5.6)
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where Q; =Q — AQ);AT is the cofactor matrix of the residuals. With the estimated

residual vector v and weight matrix P, the a posteriori variance cofactor can be

estimated as:

a2 QO

SO = 7 y (5'7)
where:
Q,=vI Py =1TPQ,PI=1"PI-I" PA%, (5.8)

and f =n—m—t is the degrees of freedom.

The above least-squares estimates are very important statistics for integer ambiguity
identification. The reliability of these statistics, however, is highly dependent on the
correctness of the functional and stochastic models defined in Equations 5.1 and 5.2.

In order to test whether or not the models are correct and complete, a global model

test should be performed which compares the a posteriori variance factor §§ with

02, the a priori variance factor (Caspary, 1988; Teunissen, 1996; Han, 1997,

Harvey, 1994). With a given significance level o, the following inequality should

hold:

2
hY

F(f, 05 0/2) <=5 < F(f, 0,1~ 04/ 2), (5.9)
(0}

where F(f, o; ay/2) and F(f,o;1-0/2) are the lower and upper critical
values of the F distributed statistic, respectively. Otherwise, if the inequality (5.9)
does not hold, the functional and/or stochastic models may be incorrect. Then,
specific procedures for outlier and cycle slip detection (Teunissen, 1998) and
variance-covariance component estimation of GPS measurements (see Chapters 3

and 4) can be performed.
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5.3 Ambiguity Acceptance Test

With the initial float ambiguity estimates X, and their estimated covariance matrix
§5Qﬁk , integer ambiguity search windows for individual ambiguity parameters can

be determined. Within these search windows, there may be many, say n,, potential
integer ambiguity combinations, described as integer vectors K;,i=12,...... 1, .

The compatibility of each set of the integer ambiguity combinations with the

associated GPS measurements is commonly tested using the following procedure.

When the ambiguity parameter unknowns x; are assumed to be fixed to X;, from a

statistical point of view, it means that the following constraint equation:

Hx =K, (5.10)

19

is imposed to the original functional model represented by Equation 5.1. In Equation

5.10, x = (x,x;)" and:
H=[0,E,], (5.11)
where 0 isan m x ¢t zero matrix and E, is an m x m identity matrix.

Under the constraint expressed by Equation 5.10, the least-squares estimates of

unknowns in Equation 5.1, denoted as X;, and their cofactor matrix read (e.g. Koch,

1988):
% =%- QH'(HQ:H") \(HZ - K)), (5.12)
Op =0; - O:H"(HQ:H") ' HQ;, (5.13)

which is also called the ambiguity-fixed solution. The corresponding quadratic form

of the residuals can be calculated with:

Q,=Q,+R,, (5.14)
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where:
R = (HE - K) (HO:H' ) (HE - K;) = (%, — K" OF, (8 — K3). (5.15)

A statistical test of compatibility of the integer ambiguity combination K; with the

associated measurement vector / can be based on the following null hypothesis:
H, E(Hx)=K, (5.16)
where E(o) is a mathematical expectation operator, and the alternative hypothesis:
H, E(Hx)#K;. (5.17)
Under the assumption that the measurement vector / is normally distributed, this is a

standard linear hypothesis testing problem widely discussed in many statistics

textbooks (e.g. Koch, 1988). One of the commonly used test statistics reads:
T = n-—m—-1r -9 (5.18)

Under the null hypothesis, the test statistic 7] has an £ distribution with the degrees
of freedom m and n—m—¢. Therefore, with a chosen significance level a,, the

rejection criteria for the null hypothesis is:
Ii>Fmn-m—t;1-04). (5.19)
For the above statistical testing problem, an alternative statistic can be formed as

L L |
250, TOp+ R

i

(5.20)
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According to Beyer (1968, p. 52), under the null hypothesis, the test statistic 7, has

the Beta distribution with parameters (%"—L,%). Since Beta tests are lower-tail

tests, with a chosen significance level a,, the rejection criteria for the null

hypothesis is:

T, < Beta (==L M. o )y, (5.21)
2 2 22

Compared to statistic 7;, statistic 7, has a smaller value range (0,1). From a
statistical point of view, if the measurements are normally distributed, the two

statistics will produce the same testing results.

If all potential integer ambiguity combinations are rejected by the criteria
represented by Equation 5.19 or 5.21, the attempt to resolve the integer ambiguity
parameters is unsuccessful and hence more data are needed to resolve the ambiguity
parameters. Once the ambiguity search process has generated one or more integer
ambiguity combinations that can pass the compatibility test, the best and second best
integer ambiguity combination are identified as K, and K, respectively. Before
the best integer ambiguity combination K,, can be accepted as the correct ambiguity
value, an ambiguity discrimination test procedure must be conducted (Teunissen,

1996). In the remainder of this chapter, an ambiguity discrimination test procedure

based on the likelihood ratio method and the artificial nesting method is discussed.

5.4 Ambiguity Discrimination Test
Ambiguity discrimination testing can be generally considered as the comparison of
any two constrained Gauss-Markov models, based on Equations 5.1 and 5.2, with the

constrained equations Hx=¢; and Hx =c;, respectively, where clements of the
vectors ¢; and ¢; could be real or integer values. The two compared models are

nonnested because neither model is a special case of the other model. Statistical
tests for the nonnested models have been extensively discussed in the literature (e.g.
Hoel, 1947; Williams and Kloot, 1953; Williams, 1959; Cox, 1962; Atkinson, 1969;
Betti et al., 1994). The basic idea behind the tests of Williams and Kloot (1953),
Williams (1959) and Atkinson (1969) is to test whether the difference between the
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two compared formulae is statistically significant. This is the strategy to be
implemented here in the ambiguity discrimination test. There are two methods for
constructing the discrimination test statistics, i.e., the likelihood ratio method and the

artificial nesting method.

5.4.1 The Likelihood Method

As pointed out by Teunissen (1996), the difference between the two compared
ambiguity combinations can be measured by comparing their likelihood. In order to
do this, the likelihood function is first introduced. Under the assumption that the
measurement vector /[ is normally distributed in the Gauss-Markov models
described by Equations 5.1 and 5.2, the likelihood function can be expressed as
(Koch, 1988):

2 expi-—L5 (1 - ax) PU - Ax)}. (5.22)
2c

L{; x, %) = 2ns?) ™20

With a fixed a priori o2, the above likelihood function is then denoted as L(J; x),
called the conditional likelihood function. The least-squares estimates of the
unknown parameters x in a linear model are identical with the corresponding

maximum likelihood estimates obtained by maximising the above (conditional)

2 The advantage of

likelihood function without reference to the variance factor ¢
using the maximum likelihood principle here is that it can directly be applied to

evaluate the significance of the difference between any two constrained Gauss-

Markov models. With a fixed o2, which may be a known value or estimated by

other models, the likelihoods of X and )?Cj estimated by the constrained Gauss-

Markov models can be represented as:

-1/2
L, = Max.L(; 3 Hx = ¢) = 2nc®) ™™g~ -exp {—5—1—2—90_}, (5.232)
1 o) 1
-1/2
L, = Max.L(]; x‘ Hr=c¢;) = Qnoty ™o " expi-=15 0, . (5.23b)
J 2Gc J

Based on Equations 5.23a and 5.23b, the ratio of the likelihood L. and Lcj of the

two constrained solutions %, and )?Cj is given by:
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=G exp—2 . 5.24

v Lcj p{202 ( )
with:

d=0, -Q,, (5.25)

where Q. and ch are the quadratic forms of the residuals of the two compared

models, respectively, which can be calculated using Equation 5.14. Previously,
Tiberius and Jonge (1995) have used the quantity d, whose critical value was

chosen empirically, as the test statistic for ambiguity discrimination testing.

Since o is a fixed value in the two compared models, the likelihood ratio y varies

only with d. If d =0, which can be reached, for example, when (¢; +¢;) /2= Xk

(see Appendix D), v will be exactly equal to one, meaning that the two compared

models cannot be distinguished from each other. The larger the (positive or
negative) departure of d from zero, the larger is the difference of their likelihoods.
A statistical test as to whether or not the random variable d departs significantly

from zero requires the construction of the following null and alternative hypotheses:

Hy E(d)=0, (5.26)
H,: E(d)=#0. (5.27)

To construct an appropriate test statistic for the above hypothesis testing problem,
the concrete form of the functional relation between the random variable d and the

measurement vector / should be further investigated.

Inserting Equation 5.14 into Equation 5.25 with some algebraic manipulation yields:

d =2(¢;— )T (HT Qs HY ' Hi +dy = dy AT Pl + dy, (5.28)

where x is given by equation (5.3), which is estimated with the unconstrained

Gauss-Markov models (i.e., float solution) and:
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dy=2(c; - ) (H'Q:H) ' HQ; , (5.29)

dy=c}Opc; — ¢ Oplc. (5.30)

d; and d; are constant terms. From Equation 5.28, it is noted that the random

variable d is a linear function of the measurement vector /. If [/ is assumed as
having a normal distribution, d is normally distributed, which is expected because
the two compared models are nonnested (e.g. Willams, 1959; Atkinson, 1969; Betti
et al., 1994). Therefore, a natural test statistic for testing the above hypotheses can

be constructed as:

w=—=L— (5.31)

JVar(d)’

where Var(d) is the estimated variance of d . By applying the cofactor propagation

law to Equation 5.26, the cofactor of d can be derived as:
O =4~ ) (H'O:H) e~ ¢)) =4-(c ¢ Qg (G~ ¢p). (5.32)

To obtain the estimated variance of d, the a priori variance factor o2 or the a

posteriori variance factor §§ could be employed, depending on the available
knowledge about the stochastic model in the Gauss-Markov models. These two

cases will be separately discussed as follows.
First, with the known variance factor o’ , the test statistic W becomes:

(5.33)

__d
%—G@’

which has mean zero and standard deviation one under the null hypothesis.

Therefore, the test statistic ¥, has a standard normal distribution, i.e., N(0, 1).
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When we use the test statistic #, to evaluate the likelihood of the best ambiguity

combination K, relative to the second best combination Kj, the vectors ¢; and ¢;

are replaced by the vectors X, and K|, respectively. In this case, the distribution of
the test statistic /¥, actually is the so-called truncated normal distribution (e.g. Cox,
1962, p.419) and the alternative hypothesis should be set up as E(d)>0. Then,
with a chosen significance level o, the critical value for the test statistic /¥, can be

determined as Cy = N(0, 1; 1-a). If the following inequality is true:
w,>N@OL1-a), (5.34)

it will be declared that the likelihood of the integer ambiguity combination K, is

statistically significantly larger than that of the second best combination X .

With the estimated test statistic W, the confidence level 1-oa, can be evaluated

using the following formula:

W,
I-oy = Py <) = [NG)y, (5.35)

where N(y) is the probability density function of a standard normal variable.

Second, with the estimated variance factor 53 from Equation 5.7, the test statistic W

becomes:

d

o0 (5.36)

Q-
62f

From the above equation, it is seen that the test statistic ##, is the ratio of the two

d
W, = =
N

random variables. The denominator is distributed as the square root of the xz-

variable with f degrees of freedom (e.g. Koch, 1988), divided by f; the distribution of
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the numerator, under the null hypothesis, is the standard normal distribution, ie., N(0,
1). The distribution of such a ratio is Student’s z-distribution with f degrees of
freedom, if and only if, the denominator and numerator are statistically independent,

which can be justified with the independence between the two random variables d

and Q, .

According to Koch (1988, p.157), the covariance between d and ) is described as:
Cov(d, Q) =2-Tr(B,DB,D) +4-T'BDB,I , (5.37)
where B) = dlATP, B, = PO, P and 7= E(]). Since:

B,DB, = diA"P-c*P!. PQ,P
= o%d AT PQ; P

= o?dy(ATP - ATP4Q;4"P) =0, (5.38)

one can obtain Cov(d, Q) =0, which means that the independence between d and
Q, will always hold. With this justification, the distribution of the statistic W,

under the null hypothesis, can be theoretically identified as Student’s ¢ distribution.

When the test statistic W, is used to evaluate the likelihood of the best ambiguity

combination K, relative to the second best combination K, the vectors ¢; and ¢;

in the above statistics are replaced by the vectors K,, and K, respectively. As in
the previous example, the alternative hypothesis becomes E(d)>0. Then, with the
chosen significance level a, the critical value for the test statistics W,, written as

C =t(f,1-0a), can be determined by:

G
_{Otf(y)dy =1-a, (5.39)
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where () is the central 7 distributed density function with f degrees of freedom. If

the following inequality is true:
W, > i(f,1-0), (5.40)

the likelihood of the integer ambiguity combination K, is statistically significantly
larger than that of the second best one K. Conversely, with the estimated test

statistic I, , the confidence level 1o, can be evaluated using the following formula:
W,

1-a, = P< W)= | ;(0)dy. (5.41)

5.4.2 The Artificial Nesting Method
An alternative method to construct the discrimination test procedure is to artificially

nest the two compared models with the so-called nesting parameter A such as :
I+v=(1-A)(4x, + 4) + M(Ax, + Ae)) (5.42)

and, then, test the estimated nesting parameter. This kind of method has its roots in

the work of Hoel (1947), Williams (1959) and Atkinson (1969). As commented in

Chen (1997), Equation 24 in Han (1997) is equivalent to the above formulation, from

which A is estimated as :
A= 0:(c; - )05 (B — ), (5.43)

with QO =[(c;—¢) Q5 (c;~ )] being the cofactor of A (Han, 1997).

Furthermore, A and Q; are derived using 4 and Q; as:

~ 1-4do;!
x:TQf’, (5.44)
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0 =40;". (5.45)

It is interesting to note that when A is equal to 1/2, the two compared models:

(Agx, + 4gc;) and (4.x, + Age;) will have the same ‘weight’ in the above combined

model and the associated quadratic forms of the residuals for these two models are
the same, i.e. the quantity d =0. In this case, the two compared models cannot be

distinguished from each other. Therefore, the null hypothesis could be set up as

Hy E (71) =1/2, which indicates that two compared models fit the data equally well.

The alternative hypothesis is H,: E (i) #1/2.

If [ is assumed as having a normal distribution, A s normally distributed. Based
on the symmetric feature of normal distributions, the corresponding test statistic can

be derived as:

s JCov(h)  2y/Cov(h)

where Cov(?t) is the estimated variance of A . If Cov(?l) is formulated with the a
priori variance factor o2 as Cov(i) = G2Q‘ , the test statistic #¥,, with Equations

5.44 and 5.45, becomes:

szzg\/@:_ 26\/4Qa71 _G\/@_

_9%  1-(1-4do;!
1-2) 1-(-4d40;) 4 W, (5.47)

which is identical to Equation 5.33. Similarly, if Cov(?A») is formulated with the a

posteriori variance factor §; as Cov(A) = §§Qi , the test statistic W, becomes:

(5.48)
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which is identical to Equation 5.36. It is also possible to obtain an estimator of the

variance factor, §12 , from the above nested model as (Han, 1997):

2 1
~2 QC[ - }\’ Qi

S e (5.49)
with which the test statistic 7, becomes:
W= =2k _d (5.50)

NN

Similar to the test statistic /¥, under the null hypothesis, the above test statistic W,

has a Student’s ¢ distribution with degree of freedom (n—7-1).

From the above discussion, it is shown that if the same variance factor is used, the
discrimination test statistics derived using both the likelihood ratio method and the

artificial nesting method are identical.

An important feature of the above discrimination test procedures is that the null
hypothesis is symmetric between the two compared ambiguity combinations.
Therefore, the nature of this discrimination test is to evaluate the difference between

the two compared ambiguity combinations.

If the vectors ¢; and c¢; in the above test statistic /%, are replaced by the two best

ambiguity combination vectors K, and K, respectively, the resulting test statistic

happens to have a similar form to the discrimination test statistic in (Han, 1997,
Equation 32), whose critical value, however, depends on the Type Il error, instead of
the Type I error (significance level) which is commonly used in statistical testing.
Although this statistic can be reached using the procedure discussed here, its
derivation (Han, 1997, p.355) is unfortunately not rigorous because the noncentrality
parameter is formulated with the estimated variance factor instead of its known value

(see Pearson and Hartley, 1972).
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5.5 Test Results and Analysis

5.5.1 Static Positioning Data

The static baseline data set was collected on November 16, 1996, in Perth, Australia,
using two Leica System 300 dual frequency GPS receivers. The baseline length was
about 1.0km and the data sampling rate 15 seconds. During the session of 50
minutes, the curt-off elevation angle was set to 15 degrees and five satellites were
tracked. This data set was first processed in static mode to obtain the true ambiguity
values which were used to check the correctness of the ambiguity resolved in

kinematic mode.

In the kinematic data processing, a total of 200 epochs were divided into 100 batches
of two epochs. For each batch, two solutions have been obtained by using one epoch
and two epochs of the data respectively. In the data processing, carrier phase and
code pseudorange measurements from both L1 and L2 frequencies were used and the
double difference measurements were formed. The standard deviations for L1 and
L2 carrier phase and code pseudorange, which were estimated from static baseline
data processing using the MINQUE method, are 0.0033m, 0.0037m, 0.1050m and
0.1076m, respectively. The covariance between different types of the raw
measurements is assumed to be absent in this study (see discussions in Section

44.1).

With the ambiguity transformation method developed by Teunissen (1996), the
carrier phase measurement equations were reparametrized to contain the wide-lane
and L1 double difference carrier phase ambiguity unknowns. By taking the
advantage of this transformation, the wide-lane ambiguity was first recovered. With
the fixed integer wide-lane ambiguities, the L1 carrier phase integer ambiguity
values can be easily identified. Therefore, computation results relating only to the
wide-lane ambiguity resolutions will be analysed in detail.

In all the solutions, the best integer ambiguity combinations identified from the
search process are identical to the true integer ambiguity values. If the significance

level o, in the ambiguity acceptance tests is chosen as 0.01 percent, all the best

integer ambiguity combinations can pass the acceptance test (Section 5.3).
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The graphs in Figures 5.1 and 5.2 show the classic ambiguity discrimination test

statistic, which is defined by Landau and Euler (1992) as F =Q,/Q,,. The new
discrimination test statistics W, and W, formulated with Equations 5.36 and 5.50,
are graphed in Figures 5.3 and 5.4, and the corresponding confidence levels 1-a,

are shown in Figures 5.5 and 5.6. Note that confidence levels for the F-ratio cannot

be shown rigorously because the distribution of this statistic is unknown.
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Figure 5.1 F-ratio values for static data (one epoch)
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Figure 5.6 Confidence levels for static data (two epochs)

With the ambiguity discrimination test statistics W, and W, and the corresponding

confidence levels, the likelihood of the best integer ambiguity combinations related
to the second best combinations can be theoretically evaluated. If the confidence
level is chosen as 0.95, the corresponding critical values for the statistic W, in the
cases of one-epoch and two-epoch solutions are 2.01 and 1.73, respectively. The
success rates of the ambiguity resolutions for the one-epoch and two-epoch
solutions, demonstrated in Figures 5.3 and 5.4, are 62 percent and 94 percent,
respectively. With the above chosen significance level, the critical values for the

statistic W, in the cases of one-epoch and two-epoch solutions are 1.86 and 1.72,
respectively. If the test statistic W, is used, the success rates of the ambiguity

resolutions for the one-epoch and two-epoch solutions, demonstrated also in Figures
5.3 and 5.4, are 71 percent and 94 percent, respectively, which are close to the results

for the statistic 77,.

Comparing with the one-epoch solutions, the confidence levels of the discrimination

tests with both the statistics W, and W, in the case of the two-epoch solutions are

significantly increased. This can be expected because with two-epoch data, the

redundancy and geometry of the solutions have been improved.
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The above improvement, however, is not as well indicated by the classic ambiguity
discrimination test statistics, i.c., F-ratios, demonstrated in Figures 5.1 and 5.2. If
the critical value of the F-ratio is arbitrarily chosen to be 2.0, as is commonly
accepted (e.g. Landau and Euler, 1992), the success rate of the ambiguity resolutions
for one-epoch solutions is 94 percent, but for two-epoch solutions, the success rate of

the ambiguity resolutions is unexpectedly down to 93 percent.

5.5.2 Kinematic Positioning Data

A land kinematic GPS positioning test was carried out on December 18, 1996, also
in Perth. Two Trimble 4000SSE dual frequency receivers were employed to collect
the kinematic data. The rover receiver antenna was mounted on the roof of a car
and driven around the test area (about 2.0km away from the reference station). The

trajectory of the roving antenna for this test is shown in Figure 5.7.
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Figure 5.7 Vehicle trajectory for kinematic test

The maximum velocity of the car reached 26 m/sec. During the five minutes of the
test, the cut-off elevation angle was set to 15 degrees and seven satellites were
tracked and no carrier phase cycle slips occurred. The data sampling rate was one
second. Before the beginning of the kinematic test, five minutes static data were
collected to obtain the true ambiguity values which were used to check whether or

not the kinematic ambiguity solutions are correct.
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The kinematic GPS data of total 300 epochs were divided into 100 batches of three
epochs. For each batch, two solutions have been obtained by using one epoch and

three epochs of the data, respectively.

The data processing procedure using carrier phase and code pseudorange
measurements from both L1 and L2 frequencies was identical to that described
previously for the static data test. The standard deviations for L1 and L2 carrier
phase and code pseudorange are 0.0022m, 0.0034m, 0.3113m and 0.4266m,
respectively, which were estimated from the static baseline using the MINQUE
method. The covariance between the raw measurements is assumed to be absent. In
all the solutions, the best integer ambiguity combinations identified from the search
process were identical to the true integer ambiguity values. As in the previous test,

with the significance level a, in the ambiguity acceptance tests chosen as 0.01

percent, all the best integer ambiguity combinations passed the acceptance test.

Figures 5.8 and 5.9 show, for the kinematic test, the classic ambiguity validation test

statistic [F =Q, / Q,, ], while the new discrimination test statistics W, and W, are

presented in Figures 5.10 and 5.11, and the corresponding confidence levels are

shown in Figures 5.12 and 5.13 .
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Figure 5.8 F-ratio values for kinematic data (one epoch)
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Figure 5.13 Confidence levels for kinematic data (three epochs)

If the confidence level is chosen as 0.95, the corresponding critical values for the

statistic /¥, in the cases of one-epoch and three-epoch solutions are 1.833 and 1.675,

respectively. The success rates of the ambiguity resolutions for the one-epoch and
three-epoch solutions, demonstrated in Figures 5.10 and 5.11, are 51 percent and 95
percent, respectively. With the above chosen confidence level, the critical values for

the statistic 7, in the cases of one-epoch and three-epoch solutions are 1.760 and
1.670, respectively. If the test statistic ¥, is used, the success rates of the ambiguity

resolutions for the one-epoch and three-epoch solutions, demonstrated also in
Figures 5.10 and 5.11, are 54 percent and 93 percent, respectively, which are again

fairly close to the results for the statistic 1.

The above improvement, however, is not as well indicated by the classic ambiguity
discrimination test statistics, i.e., F-ratios, demonstrated in Figures 5.8 and 5.9. If
the critical value of the F-ratio is arbitrarily chosen to be 2.0, as is commonly
accepted (e.g. Landau and Euler, 1992), the success rate of the ambiguity resolutions
for one-epoch solutions is 70 percent, but for three-epoch solutions, the success rate

of the ambiguity resolutions is unexpectedly down to 64 percent.

5.5.3 Discussion
In both examples given above, the success rate of ambiguity resolution using the

classic ambiguity discrimination test statistics is less for two or three epochs of data
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than for a single epoch of data. Clearly, if more epochs of data are available then the
improved redundancy and geometry of a solution should lead to an improved success
rate. It is therefore evident that a fixed critical value of the F-ratio test does not yield
particularly statistically relevant results in the above two examples. However, the
ambiguity discrimination test, based on the likelihood ratio method or artificial
nesting method, exhibits the expected increase in success rate when a greater number
of data epochs are added into the solution, demonstrating that these tests do yield

statistically relevant results.

5.6 Summary

An ambiguity discrimination test procedure has been derived in detail with both the
likelihood ratio method and the nesting method. The distributions of the proposed
test statistics have been identified theoretically. With the derived formulae in this
chapter, the likelihood of the best integer ambiguity combination relative to the

second best can be statistically evaluated.

Although the commonly used F-ratio test appears to work satisfactorily in many
practical applications (see, Chapters 2, 3, 4 and 6), the distribution of the F-ratio
statistic is, if not impossible, very difficult to identify. The critical value of the F-
ratio is usually chosen somewhat arbitrarily and thus the corresponding confidence
level is unclear. In contrast, the ambiguity discrimination test procedure based on
the likelihood ratio method or artificial nesting method is more robust as the
distributions of the test statistics have been identified theoretically and the critical
value can be chosen rigorously. Computation results from independent static and
kinematic GPS positioning test data observed using different receiver hardware have

illustrated the suitability of these statistics to GPS ambiguity quality control.

The proposed ambiguity discrimination test procedure has also been successfully
applied in GLONASS and integrated GPS/GLONASS positioning (see Chapters 2, 4
and 6).
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Chapter 6

AN APPROACH TO GLONASS AMBIGUITY RESOLUTION

6.1 Introduction

The GLONASS positioning system, like GPS, has a great potential for precise
navigation and geodetic applications. It has also been seen that there are many
advantages of the integration of the two existing satellite systems. However, due to
the fact that the GLONASS satellites transmit their signals at different frequencies,
processing the GLONASS carrier phase measurements is much more complicated
than processing GPS data only. As discussed in Chapter 2, in processing the
GLONASS carrier phases, one of the critical issues is that the standard double-
differencing (DD) procedure cannot cancel receiver clock errors and thus results in
rank deficiency in the design matrix. As a consequence of this, the normal matrix
becomes singular (see Appendix A). To remove this singularity, a number of
modelling methods have been investigated in the literature. These modelling

methods were reviewed in Section 2.2.

In terms of carrier phase ambiguity resolution, a common feature of many existing
models is that all rely on the use of pseudorange measurements, although the
pseudoranges are used in a different way for each model (Section 2.2). Unlike GPS,
the effects of the inter-channel hardware delays on GLONASS pseudoranges are
significant (e.g. Pratt et al., 1997; Wang, 1998a). For reliable ambiguity resolution,
specific efforts must be made to accommodate these biases. Therefore, for high-
precision geodetic applications of the GLONASS data, it will be also of great
importance to develop suitable algorithms to process carrier phase data only.
Examples in this direction are Habrich (1998), Povaliaev (1997), Rossbach and Hein
(1996).

This chapter emphasises an approach to GLONASS carrier phase ambiguity
resolution which is not sensitive to the biases in pseudorange data. Biases in carrier

phase data are assumed to be negligible (Section 1.4.3). Mathematical description of
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the proposed approach and practical strategies for data processing are presented, and

tested using real data sets.

6.2 Modelling GLONAS Phase Measurements

Similar to GPS measurements, so-called differencing procedures can eliminate some
systematic errors existing in the GLONASS measurements, such as atmospheric
delay, satellite orbit and clock errors. The resulting mathematical models are
consequently simplified. For short baselines, the mathematical model for single-
differenced (SD) carrier phases is usually expressed as (e.g. Leick, 1995; Habrich,
1998; Teunissen and Kleusberg, 1996):

, 1 N~ C ) )
Pion(l) = x—Pim(l) + }\‘_tkm(l) + Np, +e1,(0) (6.1)

p P
where the superscript p identifies the satellite; the subscripts & and m represent the
receivers; the indices i denotes the epoch at which the data are collected; ¢%, (i) is
the SD carrier phase expressed in units of cycles; p? (i) is the SD receiver-satellite
range; #,,(i) is the relative receiver clock error; ¢ is the speed of light; N7, is the
integer carrier-phase ambiguity; €7,(i) is the noise of the SD carrier phase; A p 18

the wavelength of the frequency for satellite p. For satellites p and ¢, the DD

carrier phase is further written as:

Nl - N, C . .
Oen(®) = 57 Pion(D) = 57 Pln (D) + G =3 W4n0) + N + €5 0), (6.2)
p q q

p

which shows that unlike GPS, the DD GLONASS carrier phases are sensitive to
receiver clock errors (Section 2.2). Consequently, if only DD carrier phase
measurements are used in an adjustment, the normal matrix becomes singular. This
means that the DD ambiguity parameter cannot be separated from the receiver clock
parameter. To cancel the receiver clock errors in DD carrier phases, such strategies
as scaling original carrier phases into their linear distances, GLONASS mean

frequency or GPS L1 frequency have been proposed in the literature (e.g. Leick et
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al., 1995; Landau, 1998). It has been shown that the adjustment results using these
strategies are identical (see Section 2.2). Scaling the carrier phases into distances

and then forming the double differences gives:

br@) = phi@) + NET+&080), (6.3)
with

]V,fnf :qu,f”‘f +(lp—xq)N,fm, (6.4)

eoa (@) = A (@) — €7, (1) - (6.5)

In Equation 6.3, the SD ambiguity parameters are presented. The SD and DD
ambiguities are inseparable, however. The lumped parameter N7? is, by definition,
not an integer. Obviously, the key issue here is how to determine the integer SD
ambiguity value. One possible option to obtain the SD ambiguity value is the use of
both SD pseudoranges and SD carrier phases (e.g. Leick et al., 1995; Landau, 1998).

For example, at epoch i , the SD ambiguity may be approximated as:

NE, = %[Rk’in(i) = A, 00,(D], (6.6)

p

where R/ (i) is the SD pseudorange. It is easy to see that the correct estimation of

SD ambiguities is highly dependent on precise pseudoranges. In many practical
situations, however, pseudoranges may be seriously biased by multipath and
hardware delays. For example, a 5m error in pseudorange will cause an error of
about 26 cycles in the estimated SD ambiguity value. The effect of this wrong SD
ambiguity value on the scaled DD carrier phase measurements can reach the level of
as high as 0.04m (about 0.2 cycles) and thus make ambiguity resolution unfeasible.

Therefore, specific strategies for estimating SD ambiguities need to be further

investigated.
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6.3 Proposed Approach to Resolve GLONASS Ambiguities

When resolving GPS ambiguities, the principle of the so-called integer least-squares
is critical (e.g. Teunissen, 1993). Within the search space assumed to contain the
correct integer ambiguities, all possible ambiguity combinations are fitted to the GPS
measurements. The integer ambiguity combination that results in the minimum
quadratic form of the least-squares residuals is considered as the most likely (bes?)
solution (Section 5.1). In the case of GLONASS ambiguity resolution, however, not

only the DD ambiguities but also the SD ambiguities need to be considered.

To reduce the number of the unknown SD ambiguities in the measurement equations,
the satellite p is chosen as a reference satellite in forming all the DD GLONASS
carrier phases. Thus N/ is the unique unknown SD ambiguity parameter in the

following adjustment. If both SD and DD ambiguities are thought to be integers, the
basic principle of fixing the DD ambiguities can also be employed to determine this
unknown SD ambiguity. The proposed approach to the SD and DD ambiguity

resolution is to be presented in the following.

6.3.1 Estimating Float DD Ambiguities
Based on Equation 6.3, the linearized mathematical model of the DD (scaled) carrier

phases reads:
Dl = DAix, + Bpxy + fuXm + €, (6.7)
where i =1,2,...,s denotes the epoch number and

s is the total number of epochs;

D is an (n— 1) xn DD matrix operator (Teunissen 1997); n is the

number of satellites

l; is an n x 1 vector of the difference between the SD carrier phase

measurements and their calculated values;

X, isa 3 x 1 vector of the unknown increments of baseline components;
Xp is an (n—1) x 1 vector of the unknown DD ambiguities;

X is an unknown SD ambiguity parameter;
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A4; is an n x 3 design matrix capturing the relative satellite-receiver
geometry at epoch i ;

By, is an (n—1)x (n—1) diagonal matrix whose diagonal elements are
the wavelengths, say A;;

I isan (n—1)x 1 vector of the wavelength-difference terms (A; =2 ,);

e isan (n—1) x 1 vector of the DD phase noise terms expressed by

Equation 6.5.

For the adjustment of all s epochs of data, the mathematical model reads:
[ = Ax, + Bxj + fx, +e, (6.8)
where

A=4fDT, 4l DT, .., aTDT)T,
_ T,
B=(Bi, Bp,..., BT

T T T\T.
S=UmsTmssTm) s
ez(elT,eT,...,esT)T.

However, it is noted that:

0
(A, B, f) B f| =0, (6.9)
1

which indicates that a linear dependent combination exists in the column vectors of
the design matrices. The resulting normal matrix is therefore singular. This
theoretically confirms the above statement that the SD and DD ambiguities are
inseparable. To remove the singularity in the normal matrix, the SD ambiguity

parameter is assigned an approximate value (ny) and Equation 6.8 is rewritten as:

I[(my) = Ax, + Bxy, +e, (6.10)
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with 1 (mg) =1- f-my. In Equation 6.10, the unknown SD ambiguity disappears

and thus, the unknown DD ambiguity parameters can be estimated together with the
baseline components. To do this, a stochastic model (covariance matrix) for the DD

carrier phases is also required. By assuming that the unscaled SD carrier phases are

statistically independent and have the same variance G% , the covariance matrix for

the DD carrier phases at epoch i is derived as:

2 2 2 2
x1+2xp zxpz xzp
G=ci| M Mthp - A |=ofpl (6.11)
¥ 5 e
2, 2, 22+ 22,

Actually, the SD carrier phases may not have the same variance (for example, they
may be elevation dependent). A realistic estimation of both the variance and
covariance can improve the reliability of ambiguity resolution. The covariance
matrix for the DD carrier phases can also be estimated using the procedure discussed
in Chapter 3. Moreover, with the assumptions that the time correlation between
epochs is absent and the covariance matrices for each epoch are identical, the whole

covariance matrix in the adjustment is then written as:
Cov(e) = C = diag(C;) = o3diag(P ') = 5P, (6.12)
where P is the weight matrix and B are its diagonal block matrices. Based on the

mathematical and stochastic models given respectively by Equations 6.10 and 6.12,

the least-squares estimators of the unknowns x, and x; are derived as

Fe(mg) = Oz, AT PI(mg) + 03 3, B Pl(my), (6.13)

S (mo) = Qg ¢ AT PL(mg) + O, B PI(my), (6.14)

with the matrices Q;ec ) Q;ek ) Q)ec,ek and Qx"kﬁc being determined by:
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O:. Oiip| | 4TP4 4TPB
=|"r T . (6.15)
Ospi. 95 B'P4 B'PB
Hence, the least-squares residuals read:

&(mg) = 1(mg) = A% o(mg) = By (mp) , (6.16)

and the estimated variance factor (the variance of SD carrier phases) is:

2 (mg) = 20). (6.17)

r

where Q(mo):éT (mg)Pé(my) 1is the quadratic form of the residuals and

r=(s—1)(n—1)-3 is the degrees of freedom.

It may be expected that if the SD ambiguity is fixed to its correct integer value, the
mathematical model expressed by Equation 6.10 will have a good performance in the
following DD ambiguity-float solution. The closer the approximate SD ambiguity

my to its correct value, the smaller the resulting quadratic form of residuals.

However, the following theorem shows that this is untrue.
Theorem 6.1 (SD Ambiguity Search)

Suppose that fixing the SD ambiguity parameter x,, in Equation 6.10 to any two

integer values m; and m; leads to two sets of statistics for the DD ambiguity-float
solutions, namely, %.(m;), Xx(m;), é(m;), Qm;), and Z.(m;), Xp(m;), &(m;),

Q(m;). Itis then concluded that:

@ R (m) =3 (m))+ By fo - (m; —my); (6.18)
(b)  Ec(m)=3xc(m;); (6.19)
(¢) é(m)=eé(m;); (6.20)

(d)  Q(m) =Q(m;). (6.21)
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Proof': see Appendix E.

Equation 6.18 shows that, when fixing the SD ambiguity to different values, the DD
ambiguity parameters can be easily calculated with no need for reprocessing the
whole data set. This result can be used to simplify the process of searching for the
best SD ambiguity value. Equations 6.19, 6.20 and 6.21 indicate that the baseline
components, the DD phase residuals and the quadratic form of the residuals are
independent of the fixed SD ambiguity value in DD ambiguity-float solutions. This
means that with the statistics of the DD ambiguity-float solutions, it is impossible to
search for the most likely SD ambiguity value. Ambiguity validation criteria need to

be further discussed in the subsequent section.

6.3.2 Ambiguity Validation Criteria

Given the SD ambiguity fixed to an approximate value m, the real-valued DD
ambiguity parameters are estimated, and the so-called ambiguity search process is
then performed using a search criterion based on the minimisation of the quadratic
form of the least-squares residuals. When one or more integer ambiguity
combinations pass the acceptance tests, the integer ambiguity combinations that
result in the minimum and second minimum quadratic forms of the least-squares
residuals will be considered as the most likely (best) and second best solutions,
respectively. Then, a so-called discrimination test (see Chapter 5) is performed to

ensure that the most likely integer ambiguity combination, denoted as K, is

statistically better than the second best combination, denoted as K, .

Suppose that fixing the DD ambiguities to K; and K, produces the quadratic forms
of the residuals as ﬁ(Kl,ml-) and §(K2,n1l~), respectively. With the SD ambiguity
being fixed to my;, the acceptance of the best DD ambiguity combination can be

evaluated by the following statistic

__Qm)
= 0Km)’ (6.22)
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with Q(K,,m) = Q(m)+Rm) and R(m) = [K, - %(m)]" Q5 [K, - £(m)]. IF the
measurement errors are assumed to be normally distributed, the quadratic forms
Q(m;)and R(m;) are independent and each of them has a Chi-Square distribution
(Koch, 1988, p.301). Consequently, the statistic 7 has a Beta distribution (e.g.
Beyer 1968, p.52). For the discrimination test, a classic statistic is the so-called F-

ratio defined by (e.g. Pratt ez al., 1997; Walsh et al., 1995)

QK m)
T (6.23)

F
A disadvantage of the F-ratio is that its distribution is, if not impossible, very
difficult to identify. A more rigorous statistic for ambiguity discrimination testing,

called W-ratio, can be defined by (see Chapter 5)

d
W=———, 6.24
$1(m)\ (629
with d = Q(Ky,m;) — Q(Ky,m;), O =4-(Ki ~ Kp)" 05 (Ky — K3) and
Q(K,,m) -
§i(m) = J———SF (;ﬁ”;)) = (6.25)

where o = (Q; - 4d)2 /16Qy . The statistic W has a Student’s ¢ distribution.

The above acceptance and discrimination test statistics are, as expected, dependent
on the fixed SD ambiguity value. The closer the SD ambiguity to its correct value,
the larger the statistic 7. Similar to the case of the DD ambiguity search, therefore,
the SD ambiguity values that result in the maximum and second maximum values of
the statistic T are considered as the most likely (best) and second best SD ambiguity

values, denoted as my and my, respectively. When the SD ambiguity is fixed to its

most likely value, the correct DD ambiguities should more easily be recovered. It is
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noted that in practice, even small error in the SD ambiguity may lead to wrong DD

ambiguity resolution (Section 6.4.2)

With the DD ambiguities fixed to their correct values with a high confidence level,
the DD ambiguities may be considered as constant parameters in Equation 6.8.

Then, one can obtain the following measurement equation:
T(Ky) = Ax, + fx,, +e, (6.26)

where IN(KI) = /- BK, with K, being the validated best DD ambiguity combination.

Based on the mathematical and stochastic models defined in Equations 6.26 and

6.12, the SD ambiguity-float solution can be obtained, including such statistics as the
quadratic form of the residuals Q(Kj) and the cofactor of the estimated SD

ambiguity Q; . Similar to the case of validating DD ambiguities, the most likely

SD ambiguity can then be validated. Based on the derivation given in Chapter 5, the

acceptance test statistic is defined as:

% (6.27)

T=— ,
Q(Kl,ml)

and the discrimination test statistic of F-ratio-type reads

F=——0"20 (6.28)

(6.29)

|

1
[\:2:
o~
S

with @ = Q(K},my) - Q(Ky,my), OF =4-(my —my)" O (m —my) , and
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R Q(K,my) —a o
$(K7) =\/ S(. (,11 iqll)) _:2 : (6.30)

where o, = (Q7 —4d)* /1605 .

6.3.3 Practical Procedure for GLONASS Ambiguity Resolution

An important feature in GLONASS ambiguity resolution is that the SD ambiguity
value is included. To start the process of ambiguity resolution, an initial SD
ambiguity value must be determined. Based on Equation 6.6, an approximate SD
ambiguity value my can be estimated from pseudoranges. By assuming that possible
biases in SD pseudoranges are less than 20m, a search window for the correct SD

ambiguity is then constructed as (my—100, my+100). This is designed to ensure

that the correct SD ambiguity is contained in the search window.

On the other hand, it is noted from Equation 6.10 that before the correct SD
ambiguity value is identified, systematic model errors caused by the approximate SD
ambiguity values will be always present. Denoting Vm as the integer error in the
fixed SD ambiguity value, the systematic error in the DD carrier phase for satellite

pair p and g can be derived as:
viPe =(Ap—RAyg) Vm, (6.31)

which indicates that the size of the systematic error is reference-satellite dependent.
However, numerical experiments conducted in this study show that choosing
different reference satellites gives almost identical results (to 3 decimal places). The
reason for this is that the GLONASS satellite frequencies are very close to each
other, with the maximum wavelength difference being 0.0015m. To explain this

point clearly, the matrix £ in Equation 6.11 is approximated as:

Bl=ag S (6.32)
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where Ay may be one of the wavelengths A, A,,...,A,,. The errors made in the

elements of the above approximate matrix are always less than 0.8 percent, which is
not significant. With Equation 6.32, the influence imposed by the SD ambiguity

error Vm on the ambiguity-fixed solution is derived as:

Vi, = (AT Po) 4T PF-Ym

S S
= (.ZlAiTDTBDA,-)‘I 2 4/ DT RDf,, Vm (6.33)
1= 1=

S S
= (.ZIA,.T pT(pTypa)™". .ZIA,.T pT (DY 1 Df,, Vm
i= i=

- 1 . . : :
in which DT (DDT ) Ip= E, - -’;enenT is an orthogonal projector matrix (Teunissen,

1997). It is apparent that this matrix is independent of the structure of the double
differencing matrix D and thus the choice of reference satellite (Teunissen, 1997).
Although using different reference satellites does produce similar results, one may
argue that for a good approximation of the SD ambiguity value, it is still better to
choose the highest satellite as the reference satellite. Actually, if the search window
is large enough to contain the correct SD ambiguity, the ambiguity resolution and

position solutions are independent of the approximate SD ambiguity values.

Based on the above analysis, a procedure for GLONASS ambiguity resolution is

summarised as the following:

(a) choose a reference satellite;

(b) compute an approximate SD ambiguity for the reference satellite;

(c) setup asearch window for the SD ambiguity;

(d) search and identify the most likely SD ambiguity using the statistic T
(Equation 6.22);

(e) search and validate the most likely DD ambiguity combination (Equations
6.22-6.24);

(f)  validate the most likely SD ambiguity (Equations 6.27-6.29).

It should be noted that although the above discussion focuses on the processing of

GLONASS data only, the basic equations and procedure are also valid for use in
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combining GLONASS and GPS carrier phases. For the combined GPS and
GLONASS data processing, it is proposed that the GPS-GPS and GLONASS-
GLONASS DD carrier phases are formulated (see Chapter 2).

6.4 Test Results and Analysis

Three experimental data sets were collected in Perth, Australia, using two Ashtech
GG24 GPS/GLONASS receivers. All the data sets are free of cycle slips. The
details of these data sets are presented in Table 6.1. The zero baseline and 1.2km
baseline data sets are analysed in detail to show the performance of the proposed
approach to GLONASS ambiguity resolution, whilst the 0.3km baseline data set
(with a longer data span) is processed in a batch mode to discuss the methods dealing

with the SD ambiguity in final baseline solutions.

Baseline names Zero baseline 1.2 km baseline 0.3 km baseline
Baseline length (meters) 0 1216 285
Cut-off angle (degrees) 15 15 15
GLONASS satellites 5 4 4

GPS satellites 0 5 6

Data interval (seconds) 10 10 10

Data span (minutes) 5 5 10
Survey date July 22, 1997 Feb. 16, 1998 Feb. 9, 1998

Table 6.1 Details of the experimental data sets

6.4.1 Ambiguity Search and Acceptance Tests

Following the above proposed procedure, the SD and DD ambiguity search is
performed for both data sets. The DD ambiguity search was conducted using the
LAMBDA method (Teunissen, 1993). The resulting statistics for ambiguity
validation tests are presented in Figures 6.1-6.6. It is shown in Figure 6.1 that, in the
casc of the zero baseline, the most likely SD ambiguity is -6, with the maximum
value of the statistic T being 0.964. If the confidence level is chosen as 99 percent,
the critical value for the statistic 7 is set to 0.384. Therefore, the best DD ambiguity
combination passes the acceptance test. Figure 6.2 indicates that in the case of the
1.2km baseline, the peak value of the statistic 7 reaches 0.620, with which the most
likely SD ambiguity is identified as zero. With the above given confidence level, the
critical value for the statistic 7 is 0.411, and thus, the best DD ambiguity
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combination can also statistically be accepted. Both Figures 6.1 and 6.2 show that
with the fixed SD ambiguity value approaching its correét value, the value of the
statistic T increases, as expected. Some oscillations in Figures 6.1-6.6 may be
caused by the noise, residual systematic errors in the measurements and certain

geometric structures inherent in statistics T, F'and W.
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Figure 6.1 Statistic 7 versus SD ambiguity (zero baseline)
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Figure 6.2 Statistic 7 versus SD ambiguity (1.2km baseline)
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Figure 6.3 Statistic F versus SD ambiguity (zero baseline)
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Figure 6.4 Statistic F' versus SD ambiguity (1.2km baseline)
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Figure 6.5 Statistic W versus SD ambiguity (zero baseline)
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Figure 6.6 Statistic W versus SD ambiguity (1.2km baseline)

6.4.2 DD Ambiguity Discrimination Tests

The DD ambiguity discrimination test statistics # and W are shown in Figures 6.3-
6.6, which present a similar trend as in Figures 6.1 and 6.2 for the statistic 7. When
the SD ambiguity approaches closely to its correct value, the closer the SD
ambiguity to the most likely value, the bigger the values of the discrimination test
statistics F/ and W . With the SD ambiguity fixed to its most likely value, the values
of both statistics // and W for both data sets are larger than 2.0 (here the value 2.0 is
used purely for comparative purposes). This indicates that the two best DD
ambiguity combinations can be distinguished very well. With the statistic W, the
confidence level of the DD ambiguity discrimination test in each data set is

extremely close to 100 percent.

From Figures 6.1 and 6.2, it can be seen that a range of possible values for the SD
ambiguity can pass the ambiguity acceptance test. This situation is somewhat
similar to that of DD ambiguity resolution. However, the important thing here is that
any accepted wrong (or approximate) SD ambiguity value can cause systematic
model errors and may unfortunately result in wrong DD ambiguity resolution. This
did happen in the case of zero baseline. For example, when the SD ambiguity was
fixed to the wrong value -33, a wrong DD ambiguity combination was identified as
the best one. This wrong ambiguity combination also passed both the acceptance

and discrimination tests, in which 7=045, F=262 and W =626 (with a
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confidence level close to 100 percent). For a reliable DD ambiguity resolution,

therefore, it is critical to fix the SD ambiguity to the most likely value.

6.4.3 SD Ambiguity Validation Tests
With the DD ambiguities being fixed to the correct values, the most likely SD
ambiguity can be evaluated using the statistics 7, F and W . The validating results

of the most likely SD ambiguities in the two data sets are listed in Table 6.2.

SD Acceptance Discrimination
Baseline ambiguities tests tests
Names Confidence
M1 | M2 7 | Confidence | F w (W)

Zero baseline -6 -7 10.999 ~100% 1.057 | 1.181 94%
1.2km baseline 0 1 0.999 ~100% 1.001 | 0.083 76%

Table 6.2 Results for SD ambiguity validation tests

The results in Table 6.2 indicate that the statistics of the SD ambiguity acceptance
test are very high, with the confidence levels close to 100 percent. This means that
the most likely SD ambiguity can fit the data very well. In contrast, however, the
statistics for the discrimination test are small, indicating lower confidence levels.
One possible reason for this is that the coefficients of the SD ambiguity parameter in
Equation 6.26 are much smaller than those of other parameters. This results in a
lower precision of the SD parameter. Intuitively, if the SD integer ambiguity cannot
be validated, the SD ambiguity should be treated as a real value. For the final
baseline solution, two different methods dealing with the SD ambiguity parameter

will be further discussed in Section 6.4.5 using a real data set.

6.4.4 Baseline Errors Caused by Wrong SD Ambiguity Values

To evaluate the effects of wrong (or approximate) SD ambiguities on the final
baseline solutions, the DD ambiguities were first fixed to their correct values
(verified with the known baseline length). Then, with the SD ambiguity being fixed
to possible values in the search space, the differences between the solved basecline
lengths and the known value were produced for each data set, and are shown in

Figures 6.7 and 6.8.
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Figure 6.7 Baseline errors versus SD ambiguity (zero baseline)
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Figure 6.8 Baseline errors versus SD ambiguity (1.2km baseline)

Figures 6.7 and 6.8 demonstrate that, as expected, the best baseline solution is
achieved when the SD ambiguity fixed to the most likely value. In the case of the
1.2km baseline (GPS+GLONASS data), as shown in Figure 6.8, an error of five
cycles in the SD ambiguity leads to a baseline change of about 1.0mm (the standard
deviation of the baseline length is 2.3mm). In some cases, however, small errors in
the fixed SD ambiguity values may result in large baseline errors. For example, in
the case of the zero baseline (GLONASS data only), as shown in Figure 6.7, an error
of five cycles in the SD ambiguity value can bias the baseline length by as much as

10.0mm (the standard deviation of the baseline length is 0.8mm). This indicates
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again that the approximate SD ambiguity value computed by pseudoranges may not

be accurate enough for precise baseline solutions.

It is noted that the difference in the size of baseline errors between the zero baseline
and 1.2km baseline is significant. This is mainly caused by the significant difference
in the geometry of this two baseline solutions. While the zero baseline just has 5
GLONASS satellites, the 1.2km baseline has 5 GPS satellites and 4 GLONASS

satellites.

6.4.5 Treatment of the SD Ambiguity in Final Baseline Solutions

As mentioned above, even when the DD ambiguities are fixed to their correct values,
it is still difficult to validate the SD ambiguity value. There are two methods to deal
with the SD ambiguity parameter in the final baseline solutions, namely Method I:
fixing the SD ambiguity to its most likely value or Method 2: treating the SD
ambiguity as a real-valued parameter. To compare these two methods, the 0.3km
baseline data set was processed in a batch mode with the segments being two, five
and ten minutes, respectively. A total of eight solutions were obtained, and the

results are listed in Table 6.3.

Data Best DD Ambiguity Final solution: Final solution:
Batch | Span SD Resolution Statistics Method 1 Method 2
Num (min) | Amb. T F /4 Correc.” (mm) Correc.’(mm)
1 2 -12 0.87 | 129 | 16.1 | 5.1 | 42 | 41 | 52 | 42 | 4.1
2 2 -13 08 | 96 | 135 |51 |26 ] 1.0 | 50126 ] 1.0
3 2 -14 061 | 88 [ 128 | 9.1 | 76 | 0.1 | 9.0 | 7.6 | 0.1
4 2 -14 063 | 11.5 [ 151 | 68 [ 23 | 36 | 6.7 | 24 | 3.6
5 2 -13 0.43 | 4.6 83 | 7.1 | 58 | 21 [ 71 | 58 | 2.1
6 5 -12 086 | 109 | 234 | 62 | 47 | 15 | 62 | 47 | 15
7 5 -14 0.65 1209 [ 336 71 43 127 7044 | 27
8 10 -13 081 | 239 | 519 | 65| 44 | 21 |65 |44 ] 21

Table 6.3 The results for 0.3km baseline data set

(" estimated corrections to the approximate baseline components.)

It is noted from Table 6.3 that Methods 1 and 2 produce almost identical baseline
components. It is also noted that the standard deviations of the baseline components
for Methods 1 and 2 are also very close (almost identical). One possible reason for

this is, as mentioned above, that the coefficients of the SD ambiguity parameter in
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Equation 6.26 are much smaller than those of other parameters. This leads to a
geometry which is not sensitive to small changes in the SD ambiguity parameter.
However, in order to check the SD ambiguity search process, it will be wise to treat
the SD ambiguity as a real-valued parameter in the final baseline solution. The
integer nearest to this estimated SD ambiguity parameter should be the same as the

most likely SD ambiguity value produced by the SD ambiguity research process.

6.5 Summary

Although converting the GLONASS carrier phases to distances before forming the
DD measurements can remove the receiver clock terms from the DD measurement
equations, both SD and DD ambiguity parameters simultaneously appear in the DD
measurement equations. However, this results in a singularity in the normal matrix.
In theory, without adding in other information, it is impossible to resolve the SD and
DD ambiguities at the same time. This kind of information may be obtained from
pseudoranges, which can be used to calculate an approximate SD ambiguity value.
With the SD ambiguity being fixed to this approximate value, the DD ambiguity
resolution can be performed. However, the SD ambiguity value determined by the
pseudoranges may be not accurate enough for reliable DD ambiguity resolution, as

pseudoranges may be significantly contaminated by multipath and hardware delays.

In this chapter, the SD ambiguity value is determined using other information, which
is mainly based on the two basic facts, namely a) that the possible range or space of
the SD ambiguity is sufficiently known, and b) that the closer the SD ambiguity
parameter to its correct value, the better the performance of the DD ambiguity
resolution, or the smaller the statistic 7. By searching through all the possible
integer SD ambiguity values, the best (most likely) SD ambiguity value can be

identified, which is associated with the maximum value of the statistic 7.

When the SD ambiguity value is fixed to its most likely value, the correct DD
ambiguities can be more easily recovered. Therefore, the proposed GLONASS
ambiguity resolution approach is actually based on a two-level search process, in
which all the SD and DD ambiguity combinations are compared using the statistic 7.
A mathematical relationship between any two DD ambiguity-float solutions based on

different SD ambiguity values has been established, which makes the two-level
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search process more efficient. The initial experimental results indicate that the
proposed approach is feasible for resolving the carrier phase ambiguities in the cases

of GLONASS and combined GPS/GLONASS positioning.
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Chapter 7

CONCLUSIONS AND RECOMMENDATIONS

7.1 Conclusions

In the case of GPS and GLONASS two fundamental measurements can be decoded
from the satellite signals, namely the pseudoranges and the carrier phases. Carrier
phase measurements are much more precise than pseudoranges, thus they are the
primary measurements for precise positioning. However, the problem is that the
carrier phase measurements are "ambiguous", with the "ambiguity" (the integer
number of signal wavelengths between satellite and antenna) being an unknown
value a priori. Hence, the determination of the integer ambiguities, 1.e., ““ ambiguity
resolution” (AR), is the most critical data analysis step for either the GPS or the

GLONASS satellite positioning operation (Section 1.6).

Ambiguity resolution can be efficiently performed using the integer least squares
theory and algorithms initially developed by Teunissen (1993) and refined by others
since. However, reliability of ambiguity resolution (hence precise positioning) is
very sensitive to the correct definition of both the mathematical and stochastic
models for the measurements, and to the application of robust quality control
procedures (Section 1.6). Substantial investigations into the most challenging
mathematical and stochastic modelling issues and the quality control procedure used

in ambiguity resolution have been conducted in this study.

7.1.1 Mathematical Modelling for Integrated GPS and GLONASS Positioning

The mathematical models for precise satellite positioning can be constructed using
both single-differenced (SD) and double-differenced (DD) measurements. In the
case of SD carrier phase measurements, the SD ambiguities have to be
reparametrised as DD ambiguities because the SD ambiguities are too difficult to fix
to their expected integer values. In an integrated GPS/GLONASS positioning
system, the mathematical models including the receiver clock terms must rely on the
use of the SD pseudorange measurements. The number of valid mathematical

models has been determined as 18 (Section 2.3). It has been shown that the
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performance of these models in ambiguity resolution is different. For the specific
data sets, the correct rate of the best ambiguity sets varies from 78.9 percent to 97.5

percent (Section 2.4).

Because control of the receiver clock errors is the key to reliable ambiguity
resolution, a specific criterion for model selection, namely the model sensitivity with
respect to the receiver clock parameter, has been introduced to identify an optimal
mathematical model (Section 2.5). Based on experimental analysis of the model
sensitivity for the specific data sets, the optimal model (with the lowest model
sensitivity and highest success rate of the best ambiguity sets) has been identified.
This model uses the GPS-GPS and GLONASS-GLONASS DD carrier phase
measurements, together with the SD GLONASS and DD GPS pesudorange

measurements (Section 2.5).

7.1.2 Stochastic Modelling for Static GPS Positioning
It has been demonstrated that the existing stochastic modelling procedures are based

on some unrealistic assumptions, thus leading to unreliable stochastic models

(Section 3.4.1).

A rigorous stochastic modelling procedure has been developed to estimate the
covariance matrix for the measurements (Sections 3.2 and 3.3). This procedure is
based on modern statistical theory, i.e., the so-called MINQUE method, ensuring that
the estimated stochastic parameters (elements of the covariance matrix) have well

defined statistical properties.

With the proposed stochastic modelling procedure, three error models, namely
Model A (homoscedastic and uncorrelated error model), Model B (heteroscedastic
and uncorrelated error model) and Model C (heteroscedastic and correlated error
model), have been tested and analysed using a real data set. Model C is identified as
the optimal model because it can more efficiently represent the error features of the
measurements (Section 3.4). It has been shown that the proposed stochastic
modelling procedure can reduce the volume of the ambiguity search space and

improve the reliability of the ambiguity resolution.
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7.1.3 Real-time Stochastic Modelling for RTK Positioning

Since the true values of the measurement errors are unknown, stochastic modelling
has to be based on the residuals of the measurements which are generated in the
process of parameter estimation. A problem here is that the parameter estimation
process itself relies on the estimated covariance matrix. To tackle this problem, a
feasible method is to perform an iterative computation procedure. Although such an
iterative procedure has been successfully applied in static positioning, the iterative
method is computationally intensive and thus may not be feasible for RTK

positioning. Instead, an adaptive procedure has been developed.

The basic idea of the adaptive procedure is that the residuals collected from the
previous segment (window) of positioning results are used to estimate the covariance

matrix of the SD or DD measurements for the current epoch (a preset default

covariance matrix is needed to seed the adaptive estimation process). Within a
segment (window), the covariance matrix for each epoch is assumed to be the same.
Therefore, the formulation of an adaptive stochastic modelling procedure includes
two critical steps, namely, a) to derive a suitable formula for use in estimating the
covariance matrix, and b) to determine the optimal width of the moving window (or

epochs).

Based on the concept of covariance-matching, a robust formula for use in calculating
the elements of the covariance matrix has been derived (Section 4.3). The advantage
of this formula is that it can always produce a positive definite covariance matrix.
Initial numerical experiments show that an optimal width for the moving window
varies from seven to 15 epochs, depending on the redundancy of the positioning

solutions (Section 4.4).

This proposed adaptive stochastic modelling procedure can be easily implemented in
a RTK positioning system, significantly reducing the volume of the ambiguity search

space and improving the reliability of ambiguity resolution.

7.1.4 A Rigorous Ambiguity Discrimination Testing Procedure
Ambiguity discrimination testing can be generally considered as the comparison of

two constrained linear models. These two compared linear models are non-nested,

o
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however (Section 5.4). A statistical testing strategy has been employed to test
whether or not the difference between the two compared models is significant. An
important feature of this testing strategy is that the null hypothesis is systematic

between the two compared models (Section 5.4).

Statistics for ambiguity discrimination testing have been derived using both the
likelihood ratio method and thé artificial nesting method. The resulting statistics are
formulated by the difference (not the ratio as used in current procedures) between the
minimum and second minimum quadratic form of the residuals in ambiguity
identification, and its standard deviation. The distribution function of the test
statistic has been theoretically identified as a standard normal distribution when the
known a priori variance factor is used, or a Student’s ¢ distribution when the
estimated variance factor is used (Section 5.4). With this procedure, the ambiguity
discrimination test is based on a more rigorous test statistic whose critical value can

be calculated with any chosen level of significance.

The rigorous ambiguity discrimination testing procedure has been extensively used
in various static and kinematic GPS and GLONASS positioning applications
(Chapters 2, 3, 4, 6). Test results indicate that this new testing procedure is reliable

for use in ambiguity resolution.

7.1.5 An Approach to GLONASS Ambiguity Resolution

When processing GLONASS carrier phases, the standard double-differencing (DD)
procedure cannot cancel receiver clock terms in the DD phase measurement
equations due to the multiple frequencies of the carrier phases. Consequently, a
receiver clock parameter has to be set up in the measurement equations in addition to
baseline components and DD ambiguities.  The resulting normal matrix
unfortunately becomes singular (Section 2.3.2; Appendix A). It has been noted that
converting the GLONASS carrier phases to distances before forming the DD
measurements can cancel out the receiver clock terms in the DD measurement
equations. However, this modelling method leads to the presence of both the SD and
DD ambiguities in the models. A novel approach has been proposed to resolve the

GLONASS ambiguities (Section 6.3).
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The basic idea behind this new approach is to search for the most likely single-
differenced (SD) ambiguity. When the SD ambiguity parameter is fixed to its most
likely value, the DD ambiguity resolution will have the best performance which can
be measured by the minimum quadratic forms of the least-squares residuals. An
efficient procedure searching for the most likely SD ambiguity value has been
developed using the mathematical relationship between any two DD ambiguity-float
solutions associated with different SD ambiguity values (Section 6.3.2; Appendix E).
The initial experimental results demonstrate that the proposed approach is feasible in

the cases of GLONASS and combined GPS/GLONASS positioning (Section 6.4).

7.2 Recommendations

Based on both the theoretical and experimental results obtained in this study, the

following recommendations are made for further research.

7.2.1 Some Issues in Mathematical Modelling

There are still some critical issues in optimal mathematical modelling for integrated
GPS and GLONASS positioning. The identification of the optimal mathematical
model is mainly based on the experimental analysis. Theorem 2.1 (Section 2.5.3;
Appendix C) has indicated the correctness of the selection of the optimal model in
the case of the single epoch solutions. Much theoretical work is needed to compare
the model sensitivity in the case of more than one epoch. Further research in this
direction should aim to find out whether or not the comparison between the model
sensitivity is geometry-dependent. If it is geometry-dependent for different
positioning operational modes, the optimal mathematical model would have to be

selected using the model sensitivity criterion before positioning is conducted.

Furthermore, other criteria for model selection need to be considered and compared
with the criterion used in this study. For example, such a criterion may be the

accuracy of the estimated receiver clock terms.

7.2.2 Modelling Temporal Correlations
Temporal correlations between epochs, which have been assumed absent in this
study, may exist because the residual systematic errors in the differenced

measurements change slowly over time (El-Rabbany, 1994). Actually, in GPS and
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GLONASS satellite positioning, the measurements have a heteroscedastic, space-
and time-correlated error structure (Wang, 1998b). Any mis-specifications in
stochastic models for the measurements will inevitably lead to unreliable statistics in
ambiguity resolution and positioning results. Simultaneous estimation of the
covariance matrix and the temporal correlations is theoretically possible, and is a

topic for further research.

7.2.3 Measuring the Separability between two Ambiguity Combinations

A complete quality control process includes the statistical testing procedure and the
specific measures needed to evaluate the performance of the testing procedures. This
quality control process can be implemented in data processing and system design to
assure the quality of the estimation (such as ambiguity resolution). Based on the
ambiguity discrimination testing statistics developed in this study, the performance

of the corresponding discrimination testing procedures could be evaluated.

The performance of a statistical testing procedure can be measured by its power,
which is defined by the probability of correctly rejecting the null hypothesis when it
is false. The power of the testing procedure is dependent on the confidence level
used in the testing procedure, the noncentrality parameter of the statistic distribution
and the model redundancy. Similar to the classic reliability theory developed by
Baarda (1968), an inverse problem for the ambiguity discrimination testing can be
considered. Given the value of the power, the minimal value of the noncentrality
parameter can be derived, which could then be used to measure the separability
between any two ambiguity combinations. The separability depends on several
factors, such as the covariance matrix of the measurements and the geometry
(satellite constellation). The concept of "separability" should be employed to
rigorously evaluate and then improve the reliability of integrated RTK GPS-
GLONASS positioning systems.
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Appendix A

WHY THE STANDARD DOUBLE DIFFERENCE PROCEDURE
DOES NOT WORK FOR GLONASS CARRIER PHASES

The raw GLONASS measurements are contaminated with many error sources, such
as satellite clock errors and ionospheric and tropospheric delay errors. Therefore,
mathematical representation of these raw observations will involve some undesirable
nuisance parameters, which are of no direct interest for positioning. In practical data
processing, differenced observations are commonly used, in which many systematic
errors are, to a large extent, cancelled for short baselines and the resulting
mathematical models exclude some of these nuisance parameters. For short
baselines, the DD carrier phase measurements can be written as (e.g. Teunissen and

Kleusberg, 1996):

1 1 c c
Ot = 5 Phn = 5Pl — G = 5 )t + N (A1)
P q

p q
where the subscripts £ and m identify the receivers, and the superscripts p and g

denotes the satellites. p is the topocentric range to the satellites; A is the wavelength

of the carrier phase frequencies; ¢ is the speed of light; dt is the receiver clock
errors. Unlike the situation of processing GPS data, the receiver clock errors cannot
be removed from the DD carrier phase measurements in the situation of processing
GLONASS data or combined GPS and GLONASS data. The reason for this is that
the GLONASS satellites transmit their signals using different frequencies. To have a
closer look at the consequence of this fact, the linear(ized) set of DD carrier phase

measurements is expressed as

DD = Ax + Bt +Cn (A.2)

where DDg is the vector of the observed minus computed DD carrier phases; and
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4
A, 0)
A= . , (A.3)
0)
AS
b
b (0)
B= . , (A4)
0)
b
and
E
E
C=\|. (A.5)
E

are the design matrices relating to baseline component unknowns x, receiver clock
parameters ¢ and DD ambiguity parameters n, respectively. In cquation (A.3), 4,
is the »x3 sub-design-matrix for epoch i; and s is the number of epochs in a
solution. In equation (A.4), b is a rx 1vector of the coefficients of receiver clock
parameter for any specific epoch. In equation (A.5), £ is an rxr unit matrix. It

can be proved that

(4 B ¢) e|=0, (A.4)

with e= (L, 1,..., l)T being an (s x ) x 1 vector. Equation (A.4) shows that the linear
dependent combination exists in the column vectors of the design matrices 4, B
and C. The resulting normal matrix therefore is singular. This means that the DD
ambiguity and receiver clock parameters are theoretically inseparable (e.g. Teunissen

and Kleusberg, 1996).
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Appendix B

LARGEST POSSIBLE WAVELENGTH IN Rossbach-Hein MODEL

As showed in Chapter 1, the GLONASS satellite frequencies (L1) are dependent on

the channel numbers (g, p ), i.e.

fy = 1602 +05625- g(MHZ) = (2848 + ) - Af (B.1)

fp=1602 +05625- p(MHZ) = (2848 + p) - Af (B.2)

where Af =05625MHZ. The above two frequencies refer to the following

wavelengths:

A = (B.3)

<
q fq

Ay = (B.4)

<
p fp

According to Rossbach and Hein (1996), to retain the integer nature of the DD

ambiguity, A, and A, must satisfy equation (2.2), i.e.

(B.5)

_ C _ C
M=T T28a8 T p) A K, (28484 ) AF

which is the wavelength of the auxiliary frequency used in scaling the carrier phases.

In equation (B.5), the channel numbers (g, p) are much smaller than the constant
number 2848. Thus, the terms (2848 + p) and (2848+ g)are approximately
considered as constant values. Then, it is easy to see that the largest possible

wavelength corresponds to the smallest integer factor &, (or &, ). To this end, the

relation between the two factors is further derived as
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2848+q . ud
kp=2848+p *a =30 ke (B.6)

q . . . . :
where —g; 1s an irreducible fraction. Therefore, the smallest integer factors are

kp,= M7 and k, = M7, respectively. In equation (B.6),

2
M9 - @ (B.7)
284
MP = w (B.8)

where n is the largest common factor for the integers 2848 +g and 2848+ p. For

all the possible frequency channel pairs, the values of » are calculated and listed in

Tables B.1 and B.2 for different GLONASS frequency allocations.

From Table B.1, the largest value of » is identified as 19, which corresponds to

p=2 and ¢ =21 (or p=21 and g =2). The smallest scale factors k, and k, are

150 and 151 (or 151 and 150). Although the reduced factors are much smaller than
the factors 2848 + g and 2848+ p used in Leick (1998), Rossbach and Hein (1996),
the largest possible wavelength of the auxiliary frequencies for different GLONASS
satellite pairs is 0.00126m.

For the final GLONASS frequency allocation, Table B. 2 shows that the largest
value of n is 9, which corresponds to p=-4 and ¢ =5 (or p=5 and g =-4).

The smallest scale factors kyp and k; are 316 and 317 (or 317 and 316). Therefore,

the largest possible wavelength of the auxiliary frequencies for different GLONASS
satellite pairs is 0.000593m.
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Appendix C

PROOF OF THEOREM 2.1 (MODEL SENSITIVITY)

Theorem (2.1) (Model sensitivity)

For the same pseudo-range formulation,

Pt,ck M = Ptck_S (C.1)
Proof
Equation (C.1) is equivalent to the following equation, ie.
2 2
d2=Prck_M~Prck_s =codp>0 (C.2)
where
co=3-7Y1)/72Y3 (C3)
dn =Bl[DL /P, 1Dy 1y —Di <B, <Dy <]B C.4
B=By[Dy mBy mDPy m — Dy sBy sDy s1By (C4)

It can be easily proved that ¢y > 0. Therefore, dp2 >0 is equivalent to dg>0, which

is independent of the geometry and the pseudo-range measurement formulations.
For a (n—1)xn DD operator matrix D, one can obtain (Teunissen, 1997)

p'op"y'p=E, —%lnlnT (C.5)

where [, = (1,1,..... ,I)T is an nx 1 vector with all the elements are equal to 1. Using

equation (C.11), dp can be further derived as
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dp = Lmoff(y) (C.6)
where
SO =" =29+ fy (o)
® m _ m —1
ith fp="%-1; fi=2_1; y=—1: 0= > X&' o= i .
with Jo ny h m 7w 0 i=itm =5

To find the absolute extreme of function f(y), its first and second derivatives are

formulated as

SI0=2fy-2, (€8)

72
dy—zf(y) =2/1>0, (€9

which indicate that function f(y) has minimum at

Yo = o my (C.10)
The minimum is
FO0) = fiys =20+ fy=0. (C.11)
Due to the multiple frequencies of the GLONASS signals, y # y, and thus
S(»)>0. (C.12)

Substitution of equation (C.12) into (C.6) proves dp >0 and dpz > 0. End of proof-
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Appendix D

AN INSEPARABLE CONDITION FOR TWO AMBIGUITY

COMBINATIONS

Since

szCj—QCl,
A T =14 A T =14
=X —¢;) Q3 O —¢)) = (% — )" O3, (X =)
= (%, — —e ol E —e v —e)— (3 —eN 05 (R, - ¢
=g —G+6G-¢;) G (5 —G+6—¢;) - (X —G) Gz, (X — )
2 TH-1l,a TH-1,2
= (% — ) Ox (g =) +2(G = ¢;)" Oz (X =)
T -1 A T —1,4
- e Oe e —ep) - (&~ ) 051 — )
TA-1l/a T -1
=2(¢;—¢;) Oy, (g — )+ (¢ —¢;)" O3, (6 —¢;)
=(¢-c)T ol 2%, - 2¢ +¢ ;)
i~ ¢j X k i TH 76
TA=linz
=(G—¢;) Q3 Qxp - —c))
oA GTC . ) .
if X =—% ", d=0. This means that the two associated linear models or

ambiguity combinations are completely inseparable.
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Appendix E

PROOF OF THEOREM 6.1 (SD Ambiguity Search)

From equation (6.15), one can obtain

. =Gl +G74TPBO; BTPAGT, (E.1)
T -1 ,T
Ot 5y =Grz, =G 4 PBO, . (E.2)

0z, =[B"PB-B"PAG™' 4" PBT!

=[s- B BBy - ByBHG 'H' BB T (E.3)
-1
=[ByRARB] -,
where
G=4Tp4, (E4)
S
H= EIDAi : (E.5)
A=s-P '~ HGHT (E.6)
Case a) :

Re(m) = S (m)) = Qg 5, AT PLI(m) = I(m )]+ Qg BT PI(my) — I (m))]
= 04, [B"P~BTPAGT AT PIf -(m; —m)
= O;, [BBARfyy - (m; —m) (E.7)
= By BN B B By BAB £y (m — )

= By fyu-(m; —my)

Case b) :



171

Re(m) = 3o(mp) = QAT PUGm) = 1(m)]+ Qg 5, B PU(m;) ~ [(m))]
=Gl ATPf - (mj - ) -
G 4" PBQ; [B"P- B"PAG™ AT PIf -(m; - m)
=G 'H Bf,, - (mj - m) - G HT BBO;, [BBARfy, - (m; = my)

=G 'H By -(mj ~m)~ G~ H' Bfyy - (m; — m)

=0
(E.8)

Case c):
&(m;) = &é(m;) = L(my;) = ARe(m;) = By (m;) —[1(m) — A%o(m;) = By (m;)]

= f+(mj—m;)— B[} (m;) — % (m;)]

= [ (mj—m;)— B B; fry-(m; —my) (E.9)

=f-(mj—m)—f-(m;—m)

=0

Based on the result of ¢), case d) is apparently true. End of proof.
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