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1. Let n be the number of vertices of the polygon. Then there is n —3 diagonals connected

to each vertex, because the diagonals can not connect a vertex to itself or connect a
vertex to two vertices adjacent to it. Also, each diagonal is connected to exactly two
vertices. Therefore, the total number of diagonals of a polygon is n(n — 3)/2. To
complete the question, solve the quadratic n(n — 3)/2 = 152, which gives n = 16,
n = —19. Discard the unrealistic solution n = —19.

. For 17p + 1 to be a square, there must be some integer z such that 17p+ 1 = 2. This
implies
17p+1 =22
1Tp=2a*-1
17p=(z — 1)(x + 1).

Consider the last line of the above equation. Since both p and 17 are prime, their
greatest common divisor is 1. This means the greatest common divisor between (z —1)
and (r+1) is also 1. Therefore if z —1 = 17 then x+ 1 = p, and vice versa; p = 17+2.
The only solution is p = 19 because 15 is not prime.

. Let x be the number of staff working for the politician, then the number of people
making the school visits is z(z + 1) + 2 = 2* + 2 + 2. We show that 2% + z + 2 is not
divisible by 3.

We find all possible remainders of 2% + x + 2 when it is divided by 3, if non of the
remainders are 0 then we are done. Let r be the remainder of = (divided by 3), then
x = 3m + r for some integer m. Introducing the modular arithmetic notation 3m + r
(mod 3) = r, (see http://en.wikipedia.org/wiki/Modular_arithmetic), then the
remainder of z is 7 = z (mod 3). Observe that 22 = 9m?+6mr+r? = 3(m*+2mr)+r?,
so the remainder of z? is r? (mod 3). Furthermore, if two numbers has remainders r
and 7/, then the remainder of their sum is r + 1" (mod 3).

The possible remainders of z (divided by 3) are 0, 1, 2, so the remainders of 22 are 0, 1, 4
(mod 3) = 0,1,1. Thus the remainders of 22 + x +2 are 0+0+2,1+1+2,2+1+2
(mod 3) = 2,1,2. Can you use this method to show that 2 + x + 1 is not divisible by
57
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4. Draw the tangent to the circles C'; and C5 at the points T, and let O3 and O, be
the points of intersection between this tangent and the lines A; Ay, By Bs respectively;
see below. Then by the tangents to common external point property of circles, we
have |A105] = |TO5| = |A303| and |B10y| = |TOs| = |ByOy4|. So the circle with
diameter A; Ay has centre O3 and will pass through the point 7. Similarly the circle
with diameter By B, has centre O, and will pass through the point 7. Since the line
passing over O3 and Oy is straight, we can conclude that the circle with diameter A; A,
and BB, are tangent to each other at T

5. Let x, y and z be the total number of apples, peaches and mangoes respectively. If
ai,as, ..., ag are the number of apples in each basket, and py, pa, ..., pg are the number
of peaches in each basket. Then p; = as+as+as+as+ag, po = a1 +az++ays+ as+ ag
etc. Therefore,

Yy=p1+p2+...+Dps
=0 +as —+az —+ag +as +ag +...
+aq +0 +as —“+aq4 —+as +ag +...

+: : : : : R
=5(a1 + as + az + a4 + as + ag) = Hz.

We can repeat the above argument for apples and mangoes to get x = 5z. In conclusion,
the total number of fruit is x + y + 2 = ¢ + 5z 4 25 = 31z.

6. Let x be the unique point where the cyclists are allowed to pass each other. Suppose
two cyclist have integer speed p and ¢, with p > ¢, then the faster cyclist is initially
in front, and catches up to the slower cyclist at (¢ — p)/p of a lap per one lap the
slower cyclist completes; It takes exactly p/(q¢ — p) laps (of the slower cyclist) for the
two cyclist to overlap, so provided p/(q — p) is an integer then the two cyclist will only
pass each other at x.

Let M be the least common multiplier of p and ¢. If p/(q — p) is an integer, then
soisp+ M/[(p+ M) — (¢ + M)]; If two cyclist only passes each other at x, then by
increasing the speed of both cyclist by M, they will still only pass at . Moreover,
M/[(q+ M) — M] and M/[(p+ M) — M] are integers; if another cyclist starts at = and



is moving at speed M, then he/she will only be over taken by the cyclists moving at
speed p + M and speed g + M at the point x.

Can you use the above information to construct 33 cyclist that will only pass at the
point x?

Senior Questions

1.

3.

After cutting the cheese twice, the pieces of cheese would be in the ratios 1/(1 + x),
z/(1+ )% and z%(1 + 2?). To divide the pieces of cheese such that there is an equal
amount in each pile, we solve

1 T x?

1—|—:1:+(a:—|—1)2 (x4 1)Y

which has solutions z = 14 /2. Since Alex can pick any number z > 1, he can divide
the piles in to equal amounts in just two cuts by taking z = 1 + /2.

Suppose Alex wants to choose an integer ratio to cut the cheese. Would the above
solution still work? if not, then can he keep cutting the cheese into more pieces to
eventually have two piles of equal amount?

. Let f(x) = az®, then f'(x) = abx® Y. We want to find a and b such that f'(f(z)) =

a?br’®V = g; ie b(b — 1) = 1 and a®b = 1. Solving to get b = (1 &+ /5)/2 and

a=1/2/(1++5).

(a) Let F, be the n'" term of the sequence, then F,,» = F,,1 + F}; the next 3 terms
of the sequence are 21, 34, 55.

(b)

Fn+2:Fn+1+Fn
:Fn+Fn71+Fn71+Fn72
:Fn+Fn—1+Fn—2+Fn—2+Fn—3

:Fn‘i‘anl"_"’FZ‘i‘FQ"_Fl
=S+ F=5,+1



