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1. Yes. Let us work backward starting from A+1 and applying the two allowed operations
multiple times to get to A. Put the digit 1 on the left of A+ 1, to obtain a new number
B;. Then put the digit 1 on the left of B; to obtain Bs. In this way, recursively putting
the digit 1 to the left 8 times, we obtain the number Bg. Note that Bg — A is divisible
by 9, because the sum of its digits is divisible by 9. Hence, we can always subtract 9
recursively from Bg to obtain A.

2. Consider the triangle with vertices A = (—a,0), B = (a,0) and C' = (b,c). Let M be
the midpoint of AC and O the midpoint of AB. Then the median joining O and C is
given by

y = (b/c),

and the median joining M and B is given by

(x —a).
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Hence, by solving the last two equation simultaneously, we can see that the point of
interception of the three medians of the triangle ABC' is given by (b/3,¢/3); i.e the
medians interception of ABC' is the average of its coordinates.

Now by translating the triangle ABC' in the first coordinate direction by an amount
of 4, and in the second coordinate direction by an amount of d,. We can see that the
resultant triangle will have medians interception at (b/3 + d,,¢/3 + d,). In particular,
the medians interception of ABC' after translation is still the average of its coordi-
nates. Moreover, rotation of triangle about its medians interception fixes its medians
interception.

Since any triangle on a plane can be obtained via translation and rotation, we conclude
that the medians interception of any triangle in a plane is given by the average of its
coordinates. Therefore, the solution to this problem is (12/3,96/3).

3. Since a, b, ¢ are the roots of the equation 2® + 2z = 1, we have

2 +2r—1=(z—a)(z—0b)(z—c).



Expanding the RHS of the above cubic equation and equating like powers of x gives
a+b+c=0and ab+ ab+ bc = 2 and abc = 1. Therefore,

a>+ b+ =(a+b+c) —2(ab+ac+be) = —4.
Hence, using the fact that 2 = 1 — 2z for = a, b, ¢, we have

A+ +a+P+P+b+E+E+ =+ +PF—a—-b—c+3
— 440+3=—1.

. There are 4! ways to choose a number leading with one of the digits from {1,2,3,4,5}.
Hence, the total number of possible permutation is 5 x 4! = 120.

If we list the 120 possible permutation of numbers, each on top of other, then the
number of occurrence of each of the digits {1,2,3,4,5} in each column is the same
(each unique digit appears 4! = 24 times). Note that the average value of each column
is 3, thus the average of the listed 120 numbers is 3333. Hence their sum is 3333 x 120 =
399960.

. The sum of the primes is equal to
S =45+ 9p1o + 99p100 + - - -, (1)

where p1g is the sum of all digits of the primes in the tenth position, and pyq is the
sum of all digits of the primes in the hundredth position, and so on.

Since 4, 6,8 are not prime, we must have those digits on the tenth or higher position
of the primes. Hence, from , it is clear that p;g > 4+ 6 + 8 = 18, and pio0, P1000s - - -
all zero produces the smallest S possible. In particular, one has S > 45 4+ 162 = 207.
In fact, it is possible to construct a solution such that S = 207.

. Since 6! =6 x5 x4 x 3 x2=2%x 3% x5, the maximum value of n will depend on the
number of the factors 2, 3 or 5 that is contained in 77!.

Let |z ] denote the largest integer smaller than z. Since | 21| =38, [II| =19, [Z] =09,
|5 =4, |Z] =2and [Z] =1, we have 77! = 238H19H9H472+1 5 4 "where A is a integer
containing no factors of 2.

Similarly, we can find that 77! = 32#8+3+1 x B and 77! = 5?°*3 x O, where B and C
are integers, such that B, C' containing no factors of 3, 5 respectively. Hence, we have

77 = 27 x 337 x 528 x D, where D is an integer containing no factors of 2,3 and 5.
From this, we conclude that the largest possible n is | 2] = 18.



Senior Questions

1. Here p and q are prime. We have

pl+1=(2p+1)?°
=4p® +4p+1
p! = 4p® +4p
(p—1!=4p+4
p-—1)N=p+1=3p+5.
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Since p is prime, (p — 1)! — (p — 1) is divisible by p. Thus the LHS of is an integer.

In particular, 3 4+ 5/p is an integer, so that p = 5. The unknown ¢ is found similarly.

2. The substitution 2z = sec v may help.
3. Since C'E is perpendicular to AB, the triangles AAEC and ACE B are similar. Hence,

(a) ZEAC = /ECB, thus /ZLAE = /MCE.

cB _ AC cM _ AL
(b) &5 = 45 thus G = 4%

It follows that ALAFE is similar to AMCE. Therefore, /FLA = ZEMC, which
implies the quadrilateral LAEM is cyclic. Hence, ZLEM = ZLAC = 90°.
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